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Abstract:

The Adomian decomposition method is the recurrent procedure to obtain the
approximate solution in the form of the series. It is named after George Adomian, who
developed an approximate analytical method for solving nonlinear differential equations,
both ordinary and partial. The Adomian decomposition method represents a step toward
unified theory for partial differential equations (PDESs).

My mentor is Dr. Aleksey Telyakovskiy, and my task is to solve the diffusion type
equation using the Adomian decomposition method. The main idea of studying a
diffusion equation is to understand how concentration gradients change over time and
space. We first derived an expression for the velocity field of the fluid near the disk. It
represents a complicated three-dimensional structure with the no-slip condition on the
disk surface. Using this expression for the velocity field, we obtained the concentration
equation. We then apply Adomian decomposition to construct an approximate solution
for the concentration in the vicinity of the rotating disk. We analyze such problem, since
in chemical engineering you often need to model processes when there are rotating parts
and chemical reaction is happening. We consider infinite rotating disk to make
mathematical analysis simpler. It is an approximation of more realistic disk of a finite
radius; still we are able to get an idea of the key features of the process. As an example
of the specific real-world system, we can use Ethanol as solvent and Sodium Ethoxide
(NaC2Hs0) and Methyl lodide (CHsl) as reactants. Moreover, we calculated the Peclet
number that represents the ratio of advection to diffusion of a physical quantity for this
specific system, and we calculated the diffusion coefficient.
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Chapter 1:
Introduction

Understanding the effect of a volume reaction on a diffusion of substance near a
rotating disk is an interesting area of study in hydrodynamics and mass and heat transfer
in chemical engineering. Our task is to solve and analyze the diffusion type equation
using the Adomian decomposition method. The main idea of studying diffusion equation
is to understand how concentration gradients change over time and space.

We first derive the expression for the velocity field of the fluid near the rotating
disk. It represents a complicated three-dimensional structure with the no-slip condition
on the disk surface. Various mathematicians such as: Leonhard Euler, d'Alembert,
Lagrange, Laplace, and Poisson, to name some, have studied velocity fields appearing in
fluids [7], [9]. Moreover, more advances were made by Claude-Louis Navier and George
Gabriel Stokes. In our work, we follow the approach of Cochran [2]. Using his
expression for the velocity field, we obtained the form of the diffusion equation. After
that, we apply the Adomian decomposition method to construct an approximate solution
for the system in the vicinity of the rotating disk.

The Adomian decomposition method is a recurrent procedure to obtain
approximate solution in the form of a series. Applying this method, we approximate the
nonlinear reaction term by an Adomian polynomials. By constructing higher degree
polynomials, we can obtain the term of chemical kinetic reaction for a particular system.

To undertake this problem involving the volume reaction, we study several



approaches to approximate the system of governing equations. First, we obtain the
velocity field to construct the flow in our particular system. The Navier-Stokes equation
describes the flow. We have a boundary value problem for this system of PDEs. To
obtain a specific expression for the velocity, we use the technique of Cochran provided in
his paper, “The Flow Due to a Rotating Disk [2]. Using his approach we express the
system of differential equations that describe the steady-state motion of an
incompressible viscous fluid due to an infinite rotating disk. Specifically, using the
boundary conditions we can solve the system of differential equations. It the process
when we needed to obtain coefficients in series expression, we used numerical integration.
The procedure is effective, and we have an analytical expression for the velocity field.
(For the mathematical details see Appendix A.)

Using the above solution of the system of equations, the diffusion on a rotating
disk gave us an idea of the behavior of the concentration gradients in the system. (We
have only dependence on space, since we analyze the steady-state.) Our work is based on
the approach introduced by Polyanin et al [5]. In the paper, they express the reaction in
terms of steady-state mass transfer at the surface of a disk rotating around with its axis at
a constant angular velocity. By applying the boundary conditions, his expression can
hold the approximation of the characteristic in diffusion. That is to say, the system of
equations holds the expression of the motion in the fluid becoming dimensionless. In our
system, particles began to concentrate at the surface of the rotating disc. Using this fact,
we can rearrange the system of the equations what exponentially decrease from the
rotating disk. (For the mathematical details see Appendix B.)

Finally, we obtained the governing equation that posesses the described



characteristics. The equation now can express the diffusion of a substance to a rotating
disk and moreover we have volume reaction in the fluid. One of the terms is the
expression for the chemical kinetics, and as we mentioned at the beginning of this paper
we applied the Adomian decomposition method to express the nonlinear reaction term
with Adomian polynomial. That is to say, the Adomian method constructs a solution in
the form of a series:

u(z,t) = Xpzoun(z,t) , (1.1)
where terms are found consequently. To apply the Adomian method, we represent a
differential equation as:

L,+R,+N,=c,, (1.2)
where L,, is a linear term that is easily invertible, R,, is the remainder of the linear
operator, N,, is the nonlinear term and c,, is the right-hand side. The nonlinear term is
decomposed into a special series where each term is represented by Adomian polynomial:

Nnp = Y=o 4n (1.3)
The method originated from the analysis of the stochastic differential equation.

We use the Adomian decomposition method that it involves Adomian polynomials.
To generate the expression for the Adomian polynomials 4,,, we used the approach
introduced in [8]. The algorithm for calculating the Adomian polynomials for nonlinear
operators is based on parameterization. As an example of the specific real-world system
that can be modeled by our equation, we take Ethanol as a solvent and Sodium Ethoxide
(NaC2H50) and Methyl lodide (CH3I) as solutes. Moreover, we calculated upper bound
on Peclet number that represents the ratio of advection to the diffusion of a physical

quantity for this specific system. Finally, we calculated the diffusion coefficient. (For



the mathematical details see Appendix C.)



Chapter 2:
Formulation of Problem and Solution Procedure

We assumed that the process is accompanied by an irreversible volume chemical
reaction with a rate:

W, = K,F,(C), (2.1)
where K,, represents the rate for volume chemical reaction and F,(C) represents the
kinetic function of the volume reaction. The Navier-Stokes equations describe the closed
system of equations of motion for a viscous incompressible (in our case) Newtonian fluid

consisting of the continuity equation which is written in the form:

Vx Vy aVy _
ax + ay + 0z 0,

and three momentum equations:

6VX 6VX 6VX aVyx _ 16P 02 VX 0? VX 0% Vx
TV W Vg = ot VG Y5 o) T an

6Vy 6Vy aVy Vy _ 1 aP 0? Vy 0? Vy 0? Vy
ot Ve = ot VG T T o) T

aVZ 6VZ 6VZ 6VZ 10P 02 VZ 02 VZ 02 Vz
Vo Wy Ve = >t VGe T 5 T o) Tz

All of the physical variables are expressed in the orthogonal Cartesian system X, Y and
Z, trepresents time, g terms express the mass force density component, and the constant
v represents the kinetic viscosity of the fluid. Also Vy, Vy, V, are components of the
velocity vector, and pressure is denoted by P. All of these quantities are unknown, except
the kinetic viscosity. Consider the flow caused by an infinite plane disk rotating at a

constant angular velocity w around axis perpendicular to the surface of the disk. The



flow has a three dimensional structure. Using the cylindrical system of coordinates

R, ¢, Z for the Navier-Stokes equations and Laplace operator 4, we could describe the
velocity field. Here we assume that there is no dependence on the angle ¢, so the
independent variables are R, Z where R the distance from the axis of rotating, and Z is
the distance from the surface of the rotating disk. (The detailed expression is in Appendix

C). After transforming the system of equations into cylindrical coordinates, we obtain:

Vg avy VR _
R Tz tRT0
Ve SR+ V, TR VE = =25 v(AVp — 59),
a 0
Ve V"’ +Vy ;/Z"’ + VRV"’ v(4Vy —
A aVZ+VZ%= l‘”’ V-4V,
=22 R+ 2.2)

Let us describe the system that undergoes volume reaction. Here c is the ratio of
the concentration C, and the particular concentration at the disk surface is Cs, or ¢ =
C/Cs. c represents the normalized concentration of substance in the fluid, z represents
the normalized distance from the surface of the rotating disk, k,, represents the constant
rate of particular volume reaction, and f,(c) represents the chemical kinetic function
describing the rate of volume reaction. The expression f,,(c) = F,(C)/F,(Cs) represents
the normalized rate of chemical volume reaction at a particular distance from the rotating
disk. For the high Peclet numbers, which represent the ratio of advection to diffusion of a
physical quantity for this specific system, the distribution of the concentration of the

substance in the fluid is described in the following form:

d%c 5 dc
E-FPQ'Z E:kv'ﬁj(C) ,



with boundary conditions being:

co=1, c(0) =0. (2.3)
The dimensionless variables and parameters are introduced as follows: a is the
characteristic length (This is defined in Appendix A), w is the angular velocity and v is
the kinetic viscosity of the fluid:

Z=£, Pe=0.513, azﬂ,
a D w

aZ-K,,-F,,(Cs)
D-Cg ’

k, = (2.4)

Moreover, we decided that the chemical kinetic function is in the form of a third degree
polynomial. Such forms appear in real-world chemical reactions, and this is the
nonlinear term to which we apply the Adomian decomposition method.

The Adomian decomposition method is one of the approximate solution
techniques and it is often used for the solution of differential equations. We selected the
Adomian decomposition method since it allows us to deal with nonlinearities in a very
general form. The majority of the methods construct solutions numerically, but we are
interested in analytical solutions since it allows us to better understand the structure of the
solutions. We looked at other methods too. We applied the general procedure of a
reduction of our differential equation to a quasilinear equation in the normal form. The
transformed system of the solutions helps the simplification and classification of
equations (Solution of the Wronskian). However, this type of strategy led to a very
complex expression in terms of exponential functions, which cannot be integrated in the

closed form. Although we used the Adomian decomposition method, there is more than



one approach to obtaining the Adomian polynomials [1], [3], [8]. In our study, we
applied the Adomian decomposition method of Zhu [8] to construct the Adomian
polynomials to obtain the solution to the governing equation. The chemical kinetic
function is nonlinear, and Zhu's technique is promising, since it can be applied to any
type of equation, including nonlinear equations.

Using Zhu's technique, we are able to describe the term f,(c) in term of Adomian
polynomials as:

fo(€) = Xn=04,, . (2.5)
Applying Zhu's method [8] for calculating an Adomian polynomial, 4,,, with the initial
concentration and the initial rate of change in concentration c, we were able to re-
construct the nonlinearly behaving concentration in the form of polynomial expression.
Once we decided on the rate of change ¢'(0), we were able to solve the initial value
problems in terms of c¢. We could obtain Adomian polynomials for f,(c), in terms of
earlier obtained approximations. It is easier to deal with polynomials than with the
original expression for f,,(c). Itis hard to solve boundary value problems, so we solved
the initial value problem. It resulted in an unknown ¢’(0) that we vary in the solution
process.

co =1, c'(0) =c. (2.6)
We obtain the first four Adomian polynomials (Detailed calculations are in Appendix C):

_ 3
Ay =ky-cj

Ay =3k, -ct-c,

Ay =3 -k, co-c2+ci-cy,

Ay =3 -k, cd-c3+6-k, co-cr-Cy+ky-ci. (2.7)



A, is used to calculate ¢;; A, is used to calculate c,; etc... The accuracy of the solution
is dependent on the number of iterations of the Adomian decomposition method. The
calculation of Adomian polynomials is a work-intensive procedure. As a result, we
represent our work to the first four Adomian polynomials for our specific nonlinear term.
At this point, we represent our equation in the form of a general differential equation:

L,c + R,c = Nyc, (2.8)
and the inverse transformation of the general differential equation:

L™'Lc = L™Y(Rc) + L™1(No).
Using the above expression, and applying it to equation (2.2) with variables (2.4) and
(2.5), we construct the solution in the form:

c(y) =¢c(0) +c'(0)y + L™Y(Rc) + L™Y(Nc), (2.9)
substituting Adomian polynomial (2.4) to (2.6):

c(y) =c(0)+c’'(0)y+ L 1(Rc) + L‘l(z;'{’zoAn). (2.10)
Our task is to find an approximate solution to he equation (2.8). Later, using each term in
(2.5) we will obtain each term of ¢, (y).
Specifically,

co =1+ (0)y,
For calculation purpose, ¢’(0) — c in the expressions below:

cl=%kv-c3-y5+il(v-c2-y4+%kv-c-y3+%kv-y2—%Pe-c-y4,
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and the total concentration is expressed in the form of the series:
C=cog+citcy+cz3+...,
C represents the total concentration for a specific distance y from the surface of the disk.
So the approximate solution is:
C =Xi0C;- (2.13)
This result is our approximate solution for the concentration of substance near the

rotating disk when the substance undergoes the irreversible volume chemical reaction.
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Chapter 3:
Results and Discussion

We obtained the following approximation for the concentration:
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The above expression is the final formula that describes the concentration at the

particular distance y, with a dimensionless constant rate for a volume reaction k,,, and for

a variable Peclet number Pe [6]. Moreover, c is the rate of change in the solvent at the

surface of the disk, and it is arbitrary. (The calculation of k,, and Pe for our example are

in Appendix D).

The following figure shows the values of parameters that we used to analyze the Total

Concentration equation.

(1)Table for the VVolume Reaction for Selected Values of Kv:

Terms

Values

Diffusion Coefficient: D

8.0x107° rcm?-s?
[ 1

Arrhenius Parameter: A

2.42 x10" [dm3 -mol*- s’l]

Activating Energy: Ea 81.6 [kJ-mol ™
Gas Constant: R 8.134 (3 K- 'mol—l]
Room Temperature: 285.15 [K]

Volume Reaction at the Surface of Rotating Disk:

2.726092x107* [dm3 -mol - s‘l]

Fv(Cs)

Rate of Change in Concentration: ¢ -1 [ concentration - s‘l]
Peclet Number: Pe 120

Concentration at Surface of Disk: Cs 10

[Table 1]. Table of Values to Calculate the Total Concentration for Selected Kv
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Some of the values in the table are taken from [10], [12]. The corresponding

graph is constructed using Maple for the following values of K,:

K, ={1x10"°1x10°1x10* 1x107°%1x10"°},

The Value of T otal Concentration for Different Rate of Chemical

Feaction Constant
14
0.5+
D T T T T
4 nz n3 n4
8 F
-0.5 4

[Figure 1]. The Value of Total Concentration for Different Rate of Chemical Reaction Constant
The figure above shows the total concentration with respect to the distance. We

selected various rate constants of the volume reaction K, , and we substituted them into
the equation. Each curve on the graph corresponds to one value of K,. As we take
different values of K, , it does not seem to make a significant difference in the results. In

addition, our expression does not produce physically meaningful results for large values

of y, i.e. from the surface of the rotating disk.
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(2) Table for the Volume Reaction for Selected Values of Cs:

Terms

Values

Diffusion Coefficient: D

-9 3 -1
8.0x10 [Mm-57]

Arrhenius Parameter: A

2.42 x10" [dm3 -mol -s’l]

Activating Energy: Ea 81.6 [kJ-mol ™
Gas Constant: R 8.134 (3 K- 'mol—l]
Room Temperature: 285.15 [K]

Volume Reaction at the Surface of Rotating Disk:

2.726092x107* [dm3 -mol - s’l]

Fv(Cs)

Rate of Change in Concentration: ¢ -1 [ concentration - sfl]
Peclet Number: Pe 120

Rate of Constant for Volume Reaction 3x10™*

[Table 2]. Table of Values to Calculate the Total Concentration for Selected Cs

The corresponding graph is constructed using Maple:

Cs ={0.0001,0.001,10,50,100,150,1000}
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The Waliue of Total Concentration for Different Concentration on the
Auface of the Diak

-1 4

[Figure 2]. The Value of Total Concentration for Different Concentration on the Surface of the Disk

The figure above shows the total concentration with respect to the distance. We
selected various concentrations Cs on the surface of the rotating disk, and we substituted
them into the resulting expression. Each curve on the graph corresponds to one value of
Cs. As [Figure 2] and [Table 2] expressing the relationship of the results by selecting
Cs, the volume reaction make a significant difference within the result, especially when
we choose a small concentration of the surface of the rotating disk. In addition, if we

take the distance y relatively far away from the rotating disk, we are not able to obtain

physically meaningful solutions. Our concentration becomes negative.
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(3) Table for the Volume Reaction for Selected Values of Pe:

Terms

Values

Diffusion Coefficient: D

-9 3 -1
8.0x10 [Mm-57]

Arrhenius Parameter: A

2.42 x10" [dm3 -mol -s’l]

Activating Energy: Ea 81.6 [kJ-mol ™
Gas Constant: R 8.134 (3 K- 'mol—l]
Room Temperature: 285.15 [K]

Volume Reaction at the Surface of Rotating Disk:

2.726092x107* [dm3 -mol - s’l]

Fv(Cs)

Rate of Change in Concentration: ¢ -1 [ concentration - sfl]
Concentration at Surface of Disk: Cs 10

Rate of Constant for Volume Reaction 3x10™*

[Table 3]. Table of Values to Calculate the Total Concentration for Selected Pe

Some of the valuables on the table are taken from [10], [12]. The corresponding

graph is constructed using Maple:

Pe ={1,20,50,80,100,120,150,200},
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The Value of Total Concentration for Different Peclet Mumber

14
D T T T T
0.35 0.40
F
-1
-2
-3
-4

[Figure 3]. The Value of Total Concentration for Different Peclet Number

The figure above shows the total concentration with respect to the distance. We
took various Peclet numbers, and we substituted them in the expressions for the solution.
Each curve on the graph corresponds with each variable of Pe. [Figure 3] and [Table 3]
express the relationship of the results by selecting Pe . The expression of the total
concentration decreases by selecting higher Peclet number. In addition, if we take the

distance vy large, i.e. relatively far away from the rotating disk, we are not able to express

the physical meaningful solutions.
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(4) Table for the VVolume Reaction for Selected Values of c:

Terms

Values

Diffusion Coefficient: D

-9 3 -1
8.0x10 [Mm™-s7]

Arrhenius Parameter: A

2.42 x10" [dm3 -mol ™ -s’l]

Activating Energy: Ea 81.6 [kJ-mol ™
Gas Constant: R 8134 [J KL mol’l]
Room Temperature: 285.15 [K]

Volume Reaction at the Surface of Rotating Disk:

Fv(Cs)

2.726092x107* [dm3 -mol ™ -s’l]

Peclet Number: Pe 120
Concentration at Surface of Disk: Cs 10
Rate of Constant for Volume Reaction 3x10™

[Table 4]. Table of Values to Calculate the Total Concentration for Selected Rate of Change for Concentration

Some of the valuables in the table are taken from [10], [12]. The corresponding

graph is constructed using Maple:

c={-1+e’-1+e' -1+e? -1+e° -1+e’ -1+e°},
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The Value of Total Concentration for Different Rate Cabnge in
Concentration
1 P | ————————— e —

0.3+

0.6

0.4+

0.2

3
| 0.30 033 0.40

024 F

-0.4

-0A+

-0.2+

[Figure 4]. The Value of Total Concentration for Different rate Change in Concentration
The figure above illustrates the total concentration with respect to the distance.
We selected various rates of change, and we substituted them into the resulting
expression. Each curve on the graph corresponds to one value of c¢. All of the curves
show the increases of the total concentration with take distance. As [Figure 4] and
[Table 4] express the result as selecting ¢, although we took various values of cand
construct the graph, the tendency stay same. In addition, if we take the distance y
relatively far away from the rotating disk, we are not able to obtain the physically

realistic solution.
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(5) Table for the VVolume Reaction for Selected Values of Diffusion Coefficient:

Terms

Variables

Arrhenius Parameter: A

2.42 x10" [dm3 -mol ™ -s’l]

Activating Energy: Ea 81.6 [kJ-mol™
Gas Constant: R 8134 [J KL mol’l]
Room Temperature: 285.15 [K]

Volume Reaction at the Surface of Rotating Disk:

2.726092x107* [dm3 -mol ™ -s’l]

Fv(Cs)

Peclet Number: Pe 120
Concentration at Surface of Disk: Cs 10
Rate of Constant for Volume Reaction 3x10™

[Table 5]. Table of Values to Calculate the Total Concentration for Selected Diffusion Coefficient

Some of the valuables on the table are given in [10], [12]. The corresponding

graph is constructed using Maple for:

D={lx 10°1%x10%1x10°1x107* 1x 10_3},
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The Value of Total Concentration for Different Diffusion Coefficient

-0.5 '

[Figure 5]. The Value of Total Concentration for Different Diffusion Coefficient
The figure above illustrates the total concentration with respect to the distance.
We selected a diffusion coefficient, and we substituted it into the resulting expression.
Each curve on the graph corresponds to one values of D. [Figure 5] and [Table 5] shows
that the result by selecting diffusion if the diffusion coefficient were significantly smaller
than the denominator term, the equation of the total concentration express increasing
tendency as the distance increases. In addition, if we take the distance y relatively far

away from the rotating disk, we are not able to obtain realistic solution.
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Chapter 4:
Conclusions and Future Research

Our results provide an analytical expression for the total concentration with
respect to the distance. We conducted a number of simulations for reasonable values of
parameters. We construct the expression for concentration near the surface of the rotating
disk. If we take a distance too far away from the surface of the disk, it results in
physically unreasonable solutions. The collection of graphs illustrates these problems for
total concentration.

Our analysis was conducted for the case of time-independent problem. As the
next future step it would be interesting to see the effect that time variables can have on

the results. So we think on considering time-dependent problem.
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Appendix A:
Calculating the Velocity Field

Nonlinear Boundary Value Problem for the Navier-Stokes Equations

We consider the flow caused by an infinite planner disk rotating at a constant
angular velocity w. Three-dimensional motion is modeled around the rotating axis.
Using the cylindrical system of coordinates R, ¢, Z to describe the Navier-Stokes

equations with the Laplace operator 4, we can provide a schematic picture. Disk is in

XY-plane [5]:
Z
A
7 4 Point P
VoL E
N cosé
< 7
-’ﬂ W y
A
@dﬂ:pd‘w
}5
X

[Figu re 6]. Three Dimensional Illustrate on Conversion of Cartesian Coordinates to Cylindrical Coordinates [4]
Using the following equations with the no-slip condition on the disk surface and
condition of non-perturbed radial and angular motions and pressure remote from the disk,

we can write [5]:

av av 14
_R+_Z+_R:O’
OR 0z R
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VR Vg

9VR VR 2 _ 10P VR
Vg aZ+VZ 7 Vo =

_55 +v(4Vy — F)’

av av VRV %4
VeTr tVegg + = vAVs — 30

vz vy . la_P
VRE"'VZE_ pGZ+VAVZ'
19
ROZ
We obtained the boundary conditions of the form:

62

4= 577"

apP
R5D + (AD)
V=0, Vyg=R-w, V;=0, at Z=0,
Vg =0, V¢ =0, P - Pyitiay at Z — o, (A2)
and we look for a solution to the problem following the von Karman transformation as:
Ve=w-R-(2), Voy=w- -R-u(z), Vz=+vv-w-v(2),
P =Pyitiq + P v -w-p-z where Z=%Z. (A3)
Substituting expressions from (A3) into (A1), we generated a system of ordinary
differential equations instead of a system of partial differential equation. So the Navier-

Stokes equations are transformed into the system of ordinary differential equations:

uP (@) = i1 (@) + 1 (@) - 13(2),

uP(2) = 1’ - v(2) + 21 (D) (2),

v@(2) =v'(2) - v(2) + 7',

1'(z) = —2u,(2). (A4)
Substituting (A3) into (A2), we also obtained transformed boundary conditions:

U =0, u, =1, v=0, at z=0,

=0, u, =1, p—0, at z- 0. (A5)

The equation for the pressure is not coupled with other equations. We can obtain the

distribution of pressure knowing the distribution of the transverse velocity:

p(2) = —V/() +v'(2) + T2 T2 (A6)

So we obtained pressure distribution in terms of velocity.
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Boundary conditionatz=0

In order to find the velocity distribution, we take the solution in the form of a
series near the disk when z approaches zero and we take the solution in the form of series
when z approaches infinity, and merged these series. So near z = 0, we look for a

solution to the system of the differential equations in the form of the Taylor series:

ui(2) = p(0) + pyaz + 5222 + 5223 4

12(2) = 11(0) + pp 12 + 22 2% + %f + ...

v(z) =v1(0) +vi12 + 1/21—'!222 + %23 + (A7)
Using the general form of equations, we used (A7) to obtain the derivative terms:

wm@), 1@, 1@, 1@, 12, 1K@, v@), v(2), vPz

(A8)

We then substitute the series representation of each term in the governing equations and
combine terms with the same powers of z. This expansion gives us the behavior of the
flow, modeled by the system (A4), near the surface of the disk. In other words, looking
at the same power of z, we can obtain coefficients of the series in system (A7).

The obtained results as z approaches zero are:

M1z =—1, py3 =Vl — 2Uz1,
Mz2 =0, Uy3 =211+ Vily;,

vy =0, Vy = —2Uy .

Boundary condition as z — oo

In order to find all of these coefficients in the series expansion we needed to

analyze the behavior as zapproaches infinity. We note that not all coefficients can be
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found explicitly. We look for the solution in the form of a series as zapproaches infinity,
which is expressed in terms of exponential functions:

w(2) =Uyg+Upje™ %+ Upe 2+ Upze 3% + .,
12(z) = Upo + Up1e™% + Uy pe 2% + Uy ze 3% + .,
v(2) = Vo + Vie % + V,e72% + V3e73% + . (A9)

Using the above series expansion, we write derivative terms of relevant orders appearing

in (A4):

m@, 1@, w2 @, k@), 1@ @, v@), V(). (AL)
We then substitute the series representation of each term in the governing equations, and
combine terms with the same exponents. This expansion gives the behavior of the flow,
modeled by the system (A4), as distance z approaches infinity. In other words, looking at
the exponential terms, we obtain unknown coefficients in the system (A9).
The obtained results as zapproaches infinity are:

2 412
z _ Ui1tUzs
2¢?

‘u.l == Ul'le_c + U1,26—3CZ + °t

Uy = Uz’le_cz + U2’3e_3cz + ceey

2011 Uf1+U3 4
Vv =—Cc+—Fe F - 22
c 2¢3

e %7 4+ .

The above expressions with respect to z give a characterization of the velocity field.
Unfortunately, there are unknown coefficients which cannot be determined using Taylor
expansion even if we take higher degree expression. However using expressions at z =0

and as z — oo we are able to obtain the whole velocity field as outlined below.
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Application of the technique from [2]

Cochran's technique [2] allows us to model the steady motion of an
incompressible viscous fluid caused by an infinite rotating disk in cylindrical coordinates
[4]. We use the system of ordinary differential equations (A4) with boundary conditions
(A5) [9]. We reanalyzed the system of equations following his method. The equations
with boundary conditions are:

uP(2) = w1 (2)v(2) + 13 (2) - 13(2),

1P (2) = 122DV (2) + () — 12(2). (A11)
Since formal Taylor Expansions of u;, u, and v are written in terms of the exponential

function in terms of e~“* as z approaches infinity, we can obtain the leading terms in the
expansion form our equations(A11). The translated system of equation can write with
some constants A and B:

u(z)=A-e %, u,(z)=B-e %, v(z) =—c+ %e"”. (A12)
Applying the von Karman's method to obtain an approximate solution we integrate (A11).
We then need to analyze the rate of decay in the system. So we match the expressions for
some finite value of z : z,. As a result new boundary conditions are:

#1(20) =0, p'1(20) =0, ua(z0) =0, pz(20) =0, py(2) =0, pa(2) = 1.

(A13)

Using (A13), we construct the lowest degree polynomial that satisfies all of the above
boundary conditions. Specifically, u, (z) becomes a quadratic polynomial equation and
U, (z) becomes a cubic polynomial equation. Using the conditions on higher order

derivatives of u, (z), u,(z) we obtain and derive the following equations:



31

m@ =12 z+ G =77,

(@) = 1= 1 +5-2). (AL4)
Based on (Al14), we have the derivatives of each function. Substituting the obtained
expressions into (All), and using the mathematical software Maple, we obtain:

a = 0.51433880,

zo = 2.79407820.
These calculations and estimations gave us the values of a and of particular distance z.
Cochran [2] used these variables to conduct various numerical simulations to obtain
meaningful and reasonable values of parameters. The method he used was the
multidimensional Newton's Method. He used (A4) and numerical integration of the
equations (A9). We did not replicate all the details of Cochran's derivation since it
requires in cumbersome and tedious manipulation of the expressions. Thus, we used the
solution given in [2] and other sources, too. The solution to our system of ordinary
differential equations finally turns into the form:

U1(z) = 0.5143z — 0.5143z2,

Uz(z) = 1—0.616z,

v(z) = —0.5143z2 + 0.333z53,

p(z) = 0.393 — 1.02z, (A15)

as z approaches zero, and

U1 (z) = 0.934¢708862

U1 (z) = 1.208e 708862

v(z) ~ —0.886,

p(z) = 0.393, (A16)

as z approaches infinity. Using the expressions in (A16), we can estimate the

perturbations caused by the rotating disk in the fluid away from the surface of the disk.
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These equations reproduce boundary conditions (A2). However, the remote
dimensionless axial velocity is not zero. This is the rate at which the disk draws the
ambient fluid. The radial and angular velocities are perturbed only near the disk surface,
in the so-called dynamic boundary layer. The thickness of this disk is independent of the
rotational coordinate and is approximately equal to o, which represents the thickness of
the hydrodynamic boundary layer:

a=3ﬂ.
w
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Appendix B:
Mass Transfer Equation

Mass Transfer Equation

Under the assumption that the medium’s density and viscosity are independent of
the concentration and temperature distributions, we can conclude that they do not affect
the flow field. Then, we can decouple the hydrodynamic problem of the fluid motion and
the diffusion-heat problem of finding the concentration and temperature fields. In the
Cartesian coordinate system X, Y, and Z, solute transfers in the absence of homogeneous

transformations is described by the equation [5]:

oc oc oc oc 0%c = 9%c | 9%c
E+VX6_X+VY6_Y+VZ¢?_Z_D(W+67+@)' (Bl)

where C represents the concentration, and D represents the diffusion coefficient mass

diffusivity with Vy, Vy, V,, being the fluid velocity components.

Dimensionless Equation and Boundary Conditions

If a surface (heterogeneous) chemical reaction with a finite rate occurs on the
interface, then the boundary condition that represents an infinitely fast heterogeneous
chemical reaction must be replaced by the more complicated boundary conditions. When
we defined terms in the equation, we used a characteristic length a(ex: the characteristic
length) and a characteristic velocity U(ex: non-perturbed flow velocity away from a

particle on the axis of the rotating disk). Then, expression (B1) is converted with the
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following with dimensionless variables:

_ bt _X _Y —Z _$a
a?’ T a’ y_a' Z_a' E_a'
—Yx Y — Yz _ G=¢
=T WS =g o= (B2)
where &, be the distance measured along the normal to the surface [5].
Using variables defined by (B2), we can rewrite (B1) as:
dc dc dc dc 9%c = 9%c = d%c
E+P€(an+VyE+Vza)—ﬁ+m+p, (B3)

where Pe represents a dimensionless parameter (Peclet number) characterizing the ratio

of convective transfer to diffusion transfer:

Pe = %.

(B3) expresses the concentration term without chemical reaction, since we are
considering overall reaction in the system, we will add the reaction term later in this
procedure.

Using the obtained equation (B3), we need to rewrite the boundary condition given on the
surface of the disk and away from it. Then the boundary conditions translate into:

c=0,as - oo,

c=1 as £-0.

If we have heterogeneous chemical reaction with finite velocity of fluid, then instead of

the condition, é; = 0, ¢ — 1,we used:

ac
0&q

where K represents the rate of constant of the surface chemical reaction, and KFs(C)

$a=0,D = Ks - F5(C),

represents the rate of the surface reaction. For this different setting, we take ¢ = C; —

C/C;, and rewrite the convective diffusion equation, which was obtained in (B3) as:
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—5 + Pe(vV)c = Ac, (B4)

where V represents the Hamilton operator and 4 represents the Laplace operator.
Rewriting expression (B4) in the cylindrical coordinates, the differential operators

translate into:

#¢, 6C

(vV)c-vRaR+ Z—+ R 99’

19 0%c 1 d%c
Ac ==—(R— — +=—
R OR( 6R) 0z2 ~ R2a¢?

R =/x% + y2. (B5)
Rewriting the expression (B4) with (B5) and Pe = aU/D = Sc, we obtain:

dc 1 Ug Oc 1 .10 1 93¢
+"’ =) ==

et nge v I = SRS RID + TR+ ] (B6)

Overall, the equation describes the physical and chemical hydrodynamic problem without
boundary conditions in terms of dimensionless variables. Sc is called the large Schmidt
number [13], which is a dimensionless number. It is defined as the ratio of momentum
diffusivity (viscosity) to mass diffusivity, and is used to characterize fluid flow in which
there are the simultaneous momentum and the mass diffusion convection processes. In
other words, it is the ratio of the shear component for diffusivity viscosity/density to the

diffusivity for mass transfer D.Specifically, it is expressed as:

u viscousdif fusionrate

v
D p-D - molecular(mass)dif fusionrate -

Diffusion to a Rotating Disk: (Infinite Plane Disk)

Consider steady-state mass transfer to the surface of a disk rotating around its axis

at a constant angular velocity w. Our assumption was that remote from the disk, the
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concentration is equal to the constant C;. The z-axis is normal to the surface of the disk.
The motion of a fluid was obtained in Appendix A [5] for this nonlinear boundary value
problem for the Navier-Stokes equations.

Under the assumption of a steady-state process we can modify (B6) as:

dc Up dc 1,190 9%c 1 d%c

dc dac

VRor T V257t R og = sclrar Rap) T oz T wagr) (B7)
with the following boundary conditions:

z=0,c=1,

z > oo,c - 0.
We assume that solution ¢ depends on Z only, i.e. ¢ =c(Z), then (B7) will be:

a 1 92 ]

vz, [c(D)] = 55 [c(@)] and W ==,
So for the new variable W we have:

Scov, w=% (B8)

C-Vy ==
Solving the differential equation (B8), we obtaine:
z
W(z) = W(0)exp [Sc[ v;(Z)dz] (B9)
0

We analyze the differential equation as z — 0:

W(0) = o

[ exp [Sc[vz(Z)dZ]dz
0 0
The final obtained expression is as follows:
}oexp [ScvaZ(Z)dZ]dz
c(2)=% z (B10)

[ exp [ScvaZ(Z)dZ]dz
0 0

Substituting the variables from (A15) and (A16) into the above the expression (B10) we



get:

c(z) =

f exp [SCf(

0.5123 03332

)dZ]dz

fexp Scf(

0.51230.3332%

YdZ]dz

37

(B11)
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Appendix C:
Construction of the Adomian Polynomials

The Adomian Decomposition (Construction of the Adomian Polynomials)

The Adomian decomposition method is the recurrent procedure to obtain an
approximate solution in the form of a series. Applying this method, we can express the
nonlinear reaction term by Adomian polynomials. That is to say, the Adomian method is
used to construct the solutions in the form of a series in general:

u(z,t) = Yazoun(z,t),
where terms are found consequently. To apply the Adomian method, we represented a
differential equation as:

L,+R,+N, =S5,
where L,, is the linear term that is easily invertible, R,, is the remainder of the linear
operator, N,, is the nonlinear term and S is the right-hand side expression. The nonlinear
term is then decomposed into a special series where each term is represented by the

Adomian polynomial:

Nu, =Y A,. (C1)

This approach was first introduced in analysis of the stochastic differential equations.
Specifically, we apply the method introduced by Zhu [8]. We use a third degree

polynomial function to obtain the approximate concentration. Applying Zhu's method,
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(C1) is rewritten as:

Yoo ko Ak AL = ky(c + ey + A2c, + A3¢5 )3 (C2)
The initial concentration has to satisfy our initial conditions, so we decided:

co=1+c(0)z. (C3)
We substitute A = 0, it eliminates all the terms except for the very first term. So the first
the Adomian polynomial is expressed as:

Ay = ky(co)®. (C4)
Similarly, taking the first derivative (C2) with respect to A and setting A = 0, we have:

0A0+A11 _ 6[ky(C0+C1/’l)3]
oA E ’

Ay =3k, - ¢t cy,
Similarly, taking the second order derivative (C2) with respect to A and setting A = 0, we

have:

02(A0+A11+A212) az[kv(C0+Cll+C212)3]

EYE - EYE ’

A, = 3k, (coc? + cécy).
Using similar derivations we can obtain the Adomian polynomials of a higher degree, for
example.

Az =3k, (co)?c3 + 6k, (co - 1 - ¢3) + kyy(c1)3.

Calculation of the total concentration using Adomian polynomial

Let’s analyze the differential equation:

L, =R, +N,. (C5)
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We already know the expression of the term R,,:

— _pe.z2%0
R, =—Pe-z =
Moreover, we accomplished the non-linear term of the differential equation will be

represented as:

where A,, are the Adomian polynomials. Since our L,, is the second order derivative, we
need to integrate twice to determine the concentration. Let’s write the transformation
step of the Adomian method in the general form:

¢, = L7'R, + L7'4,,. (C6)

Here are the first terms when we start the procedures. For the A, term:

yy
L4y = [ [ k,(1+c'(0)2)3dzdy,,
010
=k yS 4ok, oyt ok, o y3 4 2 kyy? (C7)
20w Yotk Yot sky oo y? +okyt.
For the R, term:
yy dc
LRy = — Pe-z2=2,
o=[f-pe
= _LYpo.c. vt
= 12Pe c-y”*. (C8)

The first term c; is obtained by the addition of (C7) and (C8):
¢ =—ky 3y 4+ 2k, 2yt + 2k, - cy® +2k,y? ——Pe - cy* (C9)
17 20" 4"V 2 v 2V 12 :
Similarly, the second term c, is determined by two terms. The inverse of the Adomian

polynomial is determined by:



y1
LA, = { foy[Skv - ¢2 - c,]dzdy;.

Substituting the known expressions for of the concentration terms, we obtained the

following result:

41

(C10)

y
_ y1 P 1 1 1 1
LA, = { { [Bk,(1+¢ (0)22)(5;(”63),5 + Zkvczy‘* +-ky cy® + Sky

— 1—12 Pe - c-y*)]dzdy,

_ 14259, 13,24 3 21 p, . 1 23\+,8
= 480k,,cy +8(7Okvc +7kvc( 12Pe c+4kvc )y
1,11

1 1 1
+o (ki -+ kyc(—5Pe-c+kyc?))y” +

8k2y4

1.3 1 1 9 9
+E(Ek”(_ﬁpe - C +Zk5C2) +Ek5 . cz)y6 +4—0k5 . cys.
R, term:

dCl

dz’

LR, = [ [7 —Pez?
= —— Pek,c®-y® ——Pe=Pe-c+k,c?y’ ——Pek, - cy®
224 v Y 42 3 veY 20 v CY
1
—EPekvyS.
The second term c, is determined by the addition of (C9) and (C10):

Cr = —=kBcS - y? + 2 (SkE ¢t + 2k, - c2(— Pe - c+2ky, - c2))y®
+2GokZ ¢ +ky - c(—Pe-c+ 2k, - c2))y
+=Chy(—Pe - c+2K, - c2) +—kZ- 2y

+4%k§ cy® +%k§ -yt —iPekv -c3.y8

1 1 1 1
—;Pe(—sPe-c+ky c?)y’ ——Pe -k, cy®——Pe-k, - y5.

The third term c, for the concentration is defined by the following expression:

e 1 713 1 6 12 3 s 11 1l s w0 178
= g g R g ey gy g .wgnki

1 4 1 27y .e 1 3 f 1 4 1 27
Togoom Le¢ B TR P+ T8 Tommn O St 3 B |+

(C11)

(C12)

(C13)
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(We decide to stop here, since further terms ¢;, i = 4 will be even lengthier. For

example c, is longer than a page. In our work we use the first four terms c,, c;,
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c,,and c3) Then the approximation for the total concentration is expressed in form of

C=co+citcy+c3+..,

Or using summation notation we can write:
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Appendix D:
Calculation of values for Pe and k,, for our system

Calculation of values for Pe and k,, for our system

As we mentioned earlier in Abstract, we use Ethanol as a solvent and Sodium
Ethoxide (NaC2H50) and Methyl lodide (CH3I) as a solute. Let introduce again the

equations for Pe and k,, for our system:

Pe = 0.512,
D
_ aszFv(Cs)
k, = e, (D1)

where v describes the kinetic viscosity, a is the characteristic length (It was derived in
Appendix A), K,, is the rate constant for the volume reaction, C, describes the
concentration at the surface of the rotating disk, F, - C; is the kinetic reaction term for the
volume reaction at the surface of the rotating disk, and D represents the expression of the
diffusion constant. From Appendix A:

a = 0.51433880[m/radian]. (D2)
From [10] and the equation v = u/p, and u represents the dynamic viscosity and p
represents the density of the liquid, the diffusion coefficient, we can solve the expression
of the particular chemical reaction. The diffusion coefficients for the most ions are
similar and at the room temperature they will be in the range of 8.0 x 107°t0 9.5 X

10~°[m?/s] [11].
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We then calculated the value of v:

u = 0.001095[Ns/m?],[Pa-s],

p =0.789[g - cm™3],

v = 1.878327 - 10~%[m?/s]. (D3)
Then we obtain the dimensionless Peclet number for the Ethanol reaction, using the lower

range of the diffusion constant:

1.878327x107°

Pe; = 0.51 =%

)

= 119.7433463.

Similarly, using the upper range of the diffusion constant:

1.878327x107°

Pe, = 0.51 SEX10-0

)

= 100.8365021. (D4)
We assume that the kinetic reaction term for F,(C) as that the volume reaction at the
surface of the rotating disk has the similar structure as the general kinetic reaction. So we
can obtain the rate of reaction constant using the Arrhenius parameters given in [12]:
InF,(C;) = InA — =, (D5)
where A is the Arrhenius parameter for our chemical reaction. The —E, /R is the
activation energy, and T is temperature. Using data from [12]:
A =242 x 10" [dm3mol~1s71]:
E, = 81.6[k] - mol™1]:
R = 8.314[] - K 'mol™1]:

T = 285.15[K]: (D6)
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Then, we obtained the rate of reaction constant:
Eq
E,(Cs) = exp(— E) X A,
E,(C,) = 2.726092 x 10~*[dm3mol~1s™1]. (D7)
We used the values from (D4) and (D7) and substitute them into (3.1), and we call this

newly constructed equation as a total concentration equation.





