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Abstract

Extreme weather, climate, and financial events are frequently featured in

the news due to their significant impact on both human life and the envi-

ronment. This work presents statistical modeling tools for analyzing such

extreme events. We propose a multivariate model to describe events like

storms, floods, heatwaves, and financial market crashes. The model incorpo-

rates covariates that influence the size or probability of these extreme events.

Specifically, we implement a vector generalized linear model (VGLM), an

extension of standard regression methods. We also develop parameter es-

timators, including theorems on their existence and uniqueness. To facili-

tate practical use, we have created a freely available computational package.

In addition, we offer recommendations on best practices for handling com-

mon computational challenges in applying the model to real-world data. We

demonstrate the effectiveness of our model by applying it to precipitation

data in California and Nevada, achieving strong results.
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Chapter 1

Introduction and Motivation

1.1 Overview

In recent years, the world has witnessed an unprecedented increase in the

frequency and intensity of extreme events across various domains. From

prolonged droughts and devastating floods to volatile market fluctuations,

these events significantly impact human lives, infrastructure, and financial

systems. The ability to accurately model and quantify such extreme behav-

iors has become increasingly crucial for effective risk management, informed

decision-making, and proactive planning across disciplines.

Though several models for these phenomena exist (see, e.g., Weyant et al.,

2025, or Arendarczyk et al., 2018 and the references therein), in this work,

we focus on the introduction and development of a new Vector Generalized
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Linear Model (VGLM) for a trivariate vector generated by stochastic events

with Pareto marginals. This novel approach extends previous work by al-

lowing the parameters of the marginal distributions to depend on covariates.

This allows for leveraging vast amounts of external data that may exist for

each stochastic episode and induce heterogeneity, which is often present in

real-world data.

1.2 Motivation and Background

Now, more than ever, the world around us appears to be experiencing in-

creased extremes across numerous domains. The most striking examples

occur in climate and weather science, where we witness an increased fre-

quency and severity in extreme weather events. These range from prolonged

droughts to deadly floods, record-breaking heat waves, and destructive high

winds, causing untold devastation in both human lives and the economy, see

World Weather and Climate Extremes Archive, World Meteorological Orga-

nization.

Financial markets also exhibit substantial volatility, exemplified by the rise of

cryptocurrencies. The advent of digital currencies has fostered a new spec-
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ulative arena with dramatic shifts in valuations and unprecedented boom-

and-bust patterns. Figure 1.1 shows an example of the cryptocurrency price

movement exhibiting large jumps.

Figure 1.1: Daily closing prices of Bitcoin (BTC) in USD($). Data is from
Yahoo! Finance and covers the period from July 31, 2024 to December 31,
2024. Date is on the x-axis and the closing price is on the y-axis.

As can be seen in this limited plot, there is a large jump in price in Novem-

ber 2024. Even in traditional markets, log-returns—a barometer of market

sentiment—show large swings with massive shocks. Figure 1.2 contains Tesla

stock prices also showing large volatility.
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Figure 1.2: Daily stock closing prices of Tesla (TSLA) from January 1, 2019
to December 31, 2024 (x-axis). The closing price is shown in USD ($) on the
y-axis.

Again, large swings in price changes are evident, which sharp upticks leading

to sudden declines even among broader macro trends. Being able to accu-

rately model and quantify such extreme behavior is of paramount impor-

tance. Consider an insurance company reviewing daily claims lodged against

it. Should these totals exceed their available capital, they could face ruin

without alternative support. Being able to quantify the total excess claims,

maximum daily claim, and expected duration of the overages would enable

the company to purchase the appropriate amount of protection to minimize

their risk while maintaining profitability.
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Another topic we will delve into more deeply is precipitation. The United

Nations reports: "A 2022 World Bank study estimated that 1.81 billion people

– nearly a quarter of the world’s population – are directly exposed to 1-in-100-

year flood events, with 89 per cent living in low- and middle-income countries.

Being able to understand and predict more accurate rain/snowfalls would

allow regions and towns to properly prepare for flood and mud slide events

or droughts. Lacking this insight could lead to critical infrastructure failure,

loss of life and severe economic impact.

1.3 Stochastic Events and Mathematical Frame-
work

A stochastic event such as flood is characterized mathematically as a trivari-

ate vector:

(X, Y,N) =

(
N∑
i=1

Xi,

N∨
i=1

Xi, N

)
, (1.1)

where X represents the magnitude (sum of observations), Y represents the

maximum observation, and N represents the duration of the event, measured

as the number of consecutive observations. The random variables X1, X2, . . .

are independent and identically distributed (IID) and represent observations
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from the process of interest, while N is a positive integer-valued random

variable independent of the {Xi} sequence. In the flood example the process

of interest may be the daily maximum river stage or daily total precipitation

in a given location. See Arendarczyk et al. 2018 for reference.

To better understand the concept of stochastic events, consider Figure 1.3,

which shows observations crossing above and below a threshold of zero.

Figure 1.3: Example of stochastic episodes around a threshold value of zero.
The points mark the values of the process’ observations. The shaded areas
show the episodes/events.

When consecutive observations cross above or below a threshold, they form

distinct episodes characterized by their total magnitude, maximum value,

and duration.
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This visualization demonstrates how stochastic events naturally arise in thresh-

old exceedance analysis. For example, the first episode in this hypothetical

process results in the trivariate vector (X = 13, Y = 8, N = 4), representing

an event with a total magnitude of 13, a maximum value of 8, and a duration

of 4 time units.

Returning to the notion of possible applications, we can consider the following

domains:

• Climate Science: Heat waves can be modeled as periods of consec-

utive days with maximum temperatures exceeding a high threshold.

Similarly, precipitation events can be characterized as consecutive wet

days, and floods as consecutive observations of water levels above a

flood threshold. See Weyant et al., 2025.

• Hydrology: Drought events can be defined as consecutive days with

precipitation below a critical threshold, providing insights into their

severity (magnitude), intensity (maximum), and persistence (duration).

• Energy Demand: Heating or cooling events can be defined as con-

secutive days classified as "heating/cooling" days, where the definition
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involves a threshold of daily temperature, helping energy companies

plan resource allocation.

• Finance: Episodes of growth for financial assets can be modeled as

periods of consecutive positive log-returns, while market downturns

represent periods of consecutive negative returns.

• Insurance: Claim events exceeding certain thresholds can be modeled

to better understand their potential magnitude, maximum severity, and

duration for improved risk assessment.

• Epidemiology: Disease outbreaks can be characterized by episodes

where infection rates exceed endemic thresholds, providing insights into

the total case burden, peak intensity, and duration of epidemic waves.

In each of these contexts, the trivariate structure of stochastic events provides

a comprehensive and holistic characterization of the phenomenon of interest,

capturing not just whether a threshold is exceeded, but also the extent,

intensity, and persistence of the exceedance.
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1.4 Related Work

The study of stochastic events, as defined in Equation (1.1), has a rich history

in statistical literature. Previous research has explored various distributional

assumptions for the underlying observations and duration.

1.4.1 The TETLG Model

One prominent model assumes that the observations of interest are indepen-

dent and identically distributed (IID) from an Exponential distribution with

mean 1/λ, denoted: Xi
iid∼ Exp(λ), with probability density function (PDF)

as follows:

g(x) = λe−λx, x ∈ R+ (1.2)

The distribution of duration N is typically modeled using a Geometric dis-

tribution with probability mass function as follows:

P (N = k) = p(1− p)k−1, k ∈ N = {1, 2, . . .}, (1.3)

and denoted by Geo(p). This combination leads to the Trivariate distri-

bution with Exponential, Truncated Logistic, and Geometric marginals, or

T ET LG(λ, p), as detailed by Kozubowski et al. (2011) which provides closed-
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form expressions for the joint density function and establishes the existence

and uniqueness of the maximum likelihood estimators for the parameters λ

and p.

1.4.2 The GSMP Model

A significant extension to the TETLG model addresses the light-tailed nature

of the Exponential distribution, which may be inappropriate for modeling

heavy-tailed phenomena common in extreme events. The Geometric Sum

and Maximum of Pareto variables (GSMP) model, introduced by Arendar-

czyk et al. (2018), assumes that the vector of observed durations follows a

multivariate Pareto distribution with the following stochastic representation:

[X1, X2, . . . , Xn]
⊤ d
=

[
E1

Z
,
E2

Z
, . . . ,

En

Z

]⊤
(1.4)

where the Ei
iid∼ Exp(λ) and Z is a mixing variable with Ei ⊥ Z (i.e. Z is

independent from Xi). The GSMP model introduces a dependence structure

among observations. In this framework, the Xi are identically distributed

but no longer independent, providing greater flexibility in modeling complex

dependencies.
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1.4.3 Vector Generalized Linear Models

Traditional stochastic event models assume that the observed events are in-

dependent and identically distributed. However, in many real-world applica-

tions, the parameters governing these events may depend on covariates that

vary over time or across different contexts. For a thorough treatment on

the subject, refer to Yee (2015). To address the specific limitations of the

TETLG model, Zuniga et al. (2021) introduced a Vector Generalized Linear

Model (VGLM), allowing the TETLG parameters to depend on covariates

through appropriate link functions.

This dissertation extends the VGLM approach to the GSMP model, devel-

oping a VGLM framework for stochastic events arising from a multivariate

Pareto distribution. This extension accommodates both the heavy-tailed na-

ture of many extreme phenomena and the non-stationarity and heterogeneity

often present in real-world data.

1.5 Contributions & Outline

This dissertation makes several significant contributions to the statistical

modeling of stochastic events, including the following:
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1. Development of a Vector Generalized Linear Model (VGLM) for the

GSMP distribution, allowing the parameters to depend on covariates.

2. Derivation of maximum likelihood estimation procedures for the model

parameters under various scenarios.

3. Investigation of the statistical properties of the estimators, including

consistency and asymptotic behavior.

4. Implementation of the model in efficient computational algorithms.

5. Application of the model to real-world data, demonstrating its utility

in climate science, hydrology, and finance.

6. An open-source statistical library, gsmp_vglm, that fits the GSMP-

VGLM and TETLG-VGLM models. This includes goodness-of-fit meth-

ods as well. See Luerken 2025.

The remainder of this dissertation is organized as follows:

• Chapter 2 presents the theoretical derivations of the GSMP-VGLM

model, including the likelihood function, parameter estimation, and

statistical properties including Goodness-of-Fit methods for validation.
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• Chapter 3 discusses computational methods for implementing the

GSMP-VGLM, including optimization algorithms, numerical challenges,

and software implementation.

• Chapter 4 presents an application of the GSMP-VGLM model to

precipitation data.

• Chapter 5 includes some additional features of the model, specifi-

cally parameterizations as a Hurdle model to handle over-dispersion of

duration = 1.

• Chapter 6 reviews the open-source Python library we wrote, gsmp_-

vglm, including discussions of underlying libraries used, class structures

and reviews of the primary code used for sample generation, parameter

estimation and goodness-of-fit as well as example files.

• Chapter 7 summarizes our work and lays out several interesting future

directions for this work going forward.

By addressing both the theoretical foundations and practical applications

of the GSMP-VGLM, this dissertation provides a comprehensive framework

for modeling complex stochastic events with broad applicability across disci-

plines.



14

Chapter 2

Theoretical Derivations of the
GSMP-VGLM Model

In this chapter, we begin by reviewing the “genealogy” of our work by dis-

cussing the foundational models that deal with the sum, maxima and du-

ration of stochastic events. After a review we establish the formulation of

our primary contribution, the GSMP-VGLM model and proceed to estab-

lish the statistical properties of maximum likelihood estimators (MLE’s) of

the parameters in various cases before leading to a situation where all pa-

rameters are unknown. We show the efficacy of these estimators through

numerous simulation studies. Finally, we conclude the chapter by deriving

the Goodness-of-Fit procedures and reviewing their performance through

simulation studies.
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2.1 Historical Development of GSMP Models

The modeling of stochastic episodes characterized by random sums, max-

ima, and durations has evolved through a series of increasingly sophisticated

frameworks addressing specific aspects of the problem we study, with each

motivated by diverse scientific applications.

The earliest such work dates back to of Kozubowski and Panorska (2005)

and Biondi et al. (2005) that sought to model the joint distribution of

the duration and magnitude of events built from observations X1, X2, . . .
iid∼

Exp(λ) with N ∼ Geo(p) and independent of the sequence Xi. The resulting

bivariate stochastic vector (N,
∑N

i=1Xi) was named Bivariate Exponential-

Geometric (BEG) model, for its exponential and geometric marginals. These

two papers established the statistical properties of the estimators and demon-

strated the utility of these approaches in finance in Kozubowski and Panorska

(2005) and in climate and hydrology in Biondi et al. (2005).

The next step came with the development of the Bivariate Truncated Logistic-

Geometric (BTLG) model. This work defined a bivariate vector (N, Y =
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maxi=1,...,n Xi) where X1, X2, . . .
iid∼ Exp(λ) and N ∼ Geo(p) and independent

of the sequence {Xi}. Statistical properties and estimation for the BTLG

mode were developed in Kozubowski and Panorska (2007). A subsequent

paper by Biondi et al. (2007) applied this model to a 2300-year long dendro-

climatic record from the Eastern Sierra Nevada headwaters. Another paper

by Saito et al. (2008) extended this framework to streamflow reconstruction

using tree-ring data, showing how the BTLG model could capture peak-flow

magnitudes and durations in paleohydrological contexts.

Next significant development was the exact distribution of the sum and max-

imum of n iid exponential random variables in Qaedan et al. (2012). This

paper was a major step forward for two reasons. First, it linked the magni-

tude of episodes to peak intensity. Secondly, it laid the final piece needed to

unite duration, magnitude and maximum into one trivariate model. This was

achieved in Kozubowski et al. (2011) with the publication of the Trivariate

distribution with Exponential, Truncated Logistic, and Geometric marginals

(TETLG) model (see Section 1.4.1 for the mathematical formulation). This

significant work established the trivariate stochastic vector composed of the

magnitude, maximum and duration of events built from N iid exponential
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observations X1, X2, . . . , where N ∼ Geo(p) was independent of the sequence

{Xi}. The paper developed properties of the TETLG vector, its marginal

and conditional distributions, as well as MLEs of the parameters with their

asymptotic properties.

Within the field of climatology, the work of Cavanaugh et al. (2015) demon-

strated that daily precipitation data at many weather stations around the

world followed a power law distribution. This finding meant that the work we

described earlier that assumed exponential observations would fail to capture

the true distribution of total daily precipitation. To address this, Arendar-

czyk et al. (2018a) constructed a bivariate model of the sum and duration

of stochastic events similar to the BEG model. However, rather than iid Ex-

ponential observations, their new model, called Bivariate distribution with

Lomax and Geometric marginals (BLG), had the observations X1, . . . , Xn

within an event of duration n follow a multivariate Pareto Type II (Lo-

max) distribution. Next, Arendarczyk et al. (2018b) developed a trivariate

stochastic vector called Geometric Sum and Maximum of Pareto variables

(GSMP) model, where the distribution of the observations within an event,

given the duration of an events N = n, followed the multivariate Lomax
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distribution, and N was geometric and independent of {Xi}. The GSMP

model was an extension of the TETLG model to events built from heavy

tailed observations. This paper developed properties of the GSMP model

(also described in Section 1.4.2), MLE estimators of its parameters, and pre-

sented an application of the GSMP model to stock returns.

The last paper closely connected to our work was the application of a Vector

Generalized Linear Model (VGLM) to the TETLG framework, demonstrated

in Zuniga et al. (2021). This allowed different events to have unique param-

eterizations rather than rely on a restrictive assumption that all parameters

must remain static from event to event. This paper established the MLE

estimators of the parameters and presented a Goodness-of-Fit procedure for

the TETLG-VGLM model.

This leads us to our work, where we will combine the flexibility of the VGLM

framework with the heavy tail GSMP model, making the resulting model

appropriate for the motivating episodes of heavy precipitation.
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2.2 The VGLM model

The foundation of our work is the Geometric Sum and Maximum of Pareto

Variables (GSMP) model, introduced and studied in Arendarczyk et al.

(2018). We extend the GSMP model to a Vector Generalized Linear Model

(VGLM) framework. We begin with the definition of the base GSMP model

from Arendarczyk et al. (2018).

Let (X1, . . . , Xn) be a random vector with a Pareto II (or Lomax) distribution

with the probability density function (PDF):

fα,λ,n(x1, . . . , xn) =
(αλ)nΓ

(
1
α
+ n
)

Γ
(
1
α

) (
1 + αλ

n∑
i=1

xi

)− 1
α
−n

, xi ∈ R+, (2.1)

where i = 1, . . . , n, λ > 0 is a scale parameter and α ≥ 0 is a tail parameter.

The one-dimensional marginal distributions of Pareto II are univariate Lomax

distributions (see, e.g., Arnold, 1983), with the survival function (SF)

P (Xi > x) = (1 + αλx)−
1
α , x ∈ R+. (2.2)

Note that parameter α controls the tail of the SF, that is the larger the α, the

heavier the tail of Xi. When α = 0 we understand the Lomax distribution
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as the (limiting) exponential distribution.

The vector (X1, . . . , Xn) has the following stochastic representation:

(X1, . . . , Xn)
d
=

(
E1

Z
, . . . ,

En

Z

)
, (2.3)

where the {Ei} are independent and identically distributed (IID) exponential

variables with common PDF:

f(x) = λe−λx, x ∈ R+, (2.4)

and the random variable Z, independent of the {Ei}, has a Gamma distribu-

tion with both shape and scale parameters equal to 1/α and the PDF given

by:

gα(x) =
(1/α)1/α

Γ(1/α)
x

1
α
−1e−

1
α
x, x ∈ R+. (2.5)

Z is often called the mixing random variable as it introduces a dependence

structure to the vector (X1, . . . , Xn). In other words, the Xi are identi-

cally distributed, but not independent. Note that all univariate marginals of

(X1, . . . , Xn) have Pareto II (Lomax) distributions.
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The GSMP vector (X, Y,N) with parameters α, λ and p, denoted as (X, Y,N) ∼

GSMP(α, λ, p), is defined by:

(X, Y,N)
d
=

(
N∑
i=1

Xi,

N∨
i=1

Xi, N

)
, (2.6)

where, conditionally on N = n, the vector (X1, . . . , Xn) has the multivariate

Pareto distribution defined above and N is a geometric random variable

independent of the {Xi} with probability mass function:

pn = P (N = n) = p(1− p)n−1, n ∈ N,

where 0 < p < 1 is the probability of success. The PDF of the vector

(X, Y,N) ∼ GSMP(α, λ, p) is given by:

gα,λ,p(x, y, n) =
Γ
(
n+ 1

α

)
Γ
(
1
α

) (αλ)nH(x, y, n) (1 + αλx)−
1
α
−n p(1− p)n−1, (2.7)

with

H(x, y, n) =



∑k
s=1

an(s)
(n−1)!

(x− sy)n−2 for n ≥ 2, (x, y) ∈ Sk, k = 1, ..., n− 1,

1 for n = 1, (x, y) ∈ S0,

0 otherwise,
(2.8)
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and

an(s) = n(n− 1)

(
n− 1

s− 1

)
(−1)s+1, n ≥ 2, s = 1, . . . , n− 1, (2.9)

where S0 = {(x, y) ∈ R2 : x = y, x > 0}, and

Sk =
{
(x, y) ∈ R2 : 0 ≤ 1

k + 1
x ≤ y ≤ 1

k
x

}
, k = 1, 2, . . . , n− 1. (2.10)

In the limiting case when α = 0, the GSMP model reduces to the TETLG

model introduced in Kozubowski et al. (2011), where the random variables

(X1, . . . , Xn) are IID exponential with PDF given by (2.4).

The goal of this research is to develop a VGLM for the random vector

(X, Y,N) ∼ GSMP(α, λ, p) so that its parameters may depend on covari-

ates. We begin by formulating λ and p as functions of covariates.

Let (X1, Y1, N1), (X2, Y2, N2), . . . , (Xℓ, Yℓ, Nℓ) be independent observations from

a GSMP(α, λi, pi) distribution with i = 1, 2, . . . , ℓ, respectively.

Since both λ and p have restricted values, we use the following link functions:

pi =
eβ

⊤Zi

1 + eβ
⊤Zi

, i = 1, 2, . . . , ℓ, (2.11)
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where β = [β0, β1, . . . , βm]
⊤ ∈ Rm+1 is a vector of unknown coefficients and

Zi = [1, Zi,1, . . . , Zi,m]
⊤ ∈ Rm+1 is a vector of covariates for pi, and

λi = eη
⊤Wi , i = 1, 2, . . . , ℓ, (2.12)

where η = [η0, η1, . . . , ηk]
⊤ ∈ Rk+1 is a vector of unknown coefficients and

Wi = [1,Wi,1, . . . ,Wi,k]
⊤ ∈ Rk+1 is a vector of covariates for λi.

We call this VGLM VGSMP(α,η,β). In the next section, we describe the

estimation of parameters for this model.

2.3 Estimation of parameters

We employ the maximum likelihood approach (MLE) for parameter estima-

tion. Let (X1, Y1, N1), (X2, Y2, N2), . . . , (Xℓ, Yℓ, Nℓ) be independent observa-

tions from GSMP(α, λi, pi), i = 1, 2, . . . , ℓ, respectively.

The log-likelihood function of this sample takes the following form:

L(α,λ,p) = log

{
ℓ∏

i=1

Γ
(
ni +

1
α

)
Γ
(
1
α

) αniλni
i (1 + αλixi)

− 1
α
−ni

}

+ log
ℓ∏

i=1

pi(1− pi)
ni−1 +

n∑
i=1

log (H(xi, yi, ni)) .

(2.13)
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After substituting equations (2.11) and (2.12) into (2.13), we obtain:

L(α,η,β) = g(α,η) + h(β) + C, (2.14)

where

g(α,η) = log

{
ℓ∏

i=1

Γ
(
ni +

1
α

)
Γ
(
1
α

) αnie(η
⊤wi)ni

(
1 + αeη

⊤wixi

)− 1
α
−ni

}
, (2.15)

h(β) = β⊤
ℓ∑

i=1

zi −
ℓ∑

i=1

ni log
(
1 + eβ

⊤zi
)
, (2.16)

and

C =
ℓ∑

i=1

log (H(xi, yi, ni)) . (2.17)

Note that the left-hand part of Equation 2.15 can be simplified which will

lead to a different formulation used later in this dissertation. Specifically, we

have:

log

{
ℓ∏

i=1

Γ
(
ni +

1
α

)
Γ
(
1
α

) αni

}
=

ℓ∑
i=1

log

{
Γ
(
ni +

1
α

)
Γ
(
1
α

) αni

}

=
ℓ∑

i=1

log


(∏ni−1

j=0

(
j + 1

α

))
Γ
(
1
α

)
Γ
(
1
α

) αni


=

ℓ∑
i=1

log


(∏ni−1

j=0 (jα + 1)
)
αni

αni


=

ℓ∑
i=1

log

{
ni−1∏
j=0

(jα + 1)

}
.
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Therefore, we can rewrite Equation 2.15 as

g(α,η) = log

{
ℓ∏

i=1

(
ni−1∏
j=0

(jα + 1)

)
e(η

⊤wi)ni

(
1 + αeη

⊤wixi

)− 1
α
−ni

}
.

(2.18)

In order to establish the MLEs, we will proceed by considering several cases

wherein some parameters are assumed to be known while others require es-

timation. The three scenarios are as follows:

1. First, we find MLE of parameters α and β under assumption that η

are known.

2. In the second scenario we assume the knowledge of parameter α and

find MLE for parameters η and β.

3. In the last considered scenario we examine the most general model,

where α,η and β are unknown parameters.

Note, that C does not depend on the parameters α,β and η. Furthermore,

the structure of the log-likelihood function (2.14) implies that we can es-

timate β = [β0, β1, . . . , βm]
⊤ separately from α and η = [η0, η1, . . . , ηk]

⊤.

Therefore, to find MLEs we separately maximize function g(α,η) with re-

spect to arguments α and η, and function h(β) with respect to β.
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The estimation of β in our VGLM is the same as the estimation of β in

the VGLM for the TETLG model discussed in Zuniga (2021). Thus, we

use their result that under certain conditions, the MLEs [β̂0, β̂1, . . . , β̂k]
⊤ of

[β0, β1, . . . , βk]
⊤ exist and are unique, see Theorem 2.2 in Zuniga et. al (2021).

We cite this result below for completeness of the exposition.

Theorem 2.3.1 Suppose that in the above setting we have n > m and there

are at least m+ 1 data points (xi, yi, ni) where ni > 1. Further, assume that

the sub-matrix of the n × (m + 1) matrix Z = [zi,j] whose rows correspond

to the i values where ni > 1 is of full rank. Then the function h(·) in (2.16)

attains a unique maximum value at β̂ ∈ Rm+1, which satisfies the system of

equations
ℓ∑

i=1

zi,j =
ℓ∑

i=1

nizi,j
eβ̂

⊤
zi

1 + eβ̂
⊤
zi
, j = 0, . . . ,m. (2.19)

2.3.1 Case 1: Known α

In the scenario considered in this section we assume the knowledge of pa-

rameter α ∈ [0,∞) and find MLE for parameters η ∈ Rk+1 and β ∈ Rm+1.

Let α ∈ [0,∞). In order to find η̂ ∈ R that maximizes the function gα(η) :=

g(α,η),η ∈ R first observe that

gα(η) = log

{
ℓ∏

i=1

Γ
(
ni +

1
α

)
Γ
(
1
α

) αni

}
+ fα(η), (2.20)
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where

fα(η) = η⊤
ℓ∑

i=1

niwi−
ℓ∑

i=1

(
1

α
+ ni

)
log
(
1 + αeη

⊤wixi

)
η ∈ Rk+1. (2.21)

Thus, in the case considered, we shall find η̂ ∈ R that maximizes fα(η).

Theorem 2.3.2 Consider VGSMP(α,η,β) with α known. Moreover, sup-

pose that n > k and n × (k + 1) matrix W = [wi,l], i ∈ {1, 2, . . . , n}, l ∈

{0, 1, . . . , k} is of full rank, so that there is a subset of k+1 linearly indepen-

dent vectors among the wi. Then the MLE β̂ ∈ Rm+1 of β exists, is unique,

and satisfies the system of equations (2.19). The MLE and η̂ ∈ Rk+1 of η

also exists, is unique and satisfies the following system of equations

n∑
i=1

niwi,l =
n∑

i=1

(1 + αni)

[
wi,lxie

η⊤wi

1 + αxieη
⊤wi

]
, l = 0, 1, . . . , k. (2.22)

The proof of Theorem 2.3.2 is based on the following lemmas.

Lemma 1 For any α, n, x > 0, the function

fα,n,x(y) = ny −
(
1

α
+ n

)
log(1 + αxey), y ∈ R, α, n, x > 0. (2.23)

strictly concave on R with the limit of −∞ as y → ±∞.

Proof. Since α, n, x > 0 and since (αxey) > 0 for all y ∈ R, then

d2

dy2
fα,n,x(y) = −

(
1
α
+ n
) (

αxey

(1+αxey)2

)
< 0 for all y ∈ R and fα,n,x(y) is there-

fore strictly concave. The limits at ±∞ can be obtained by standard calcu-
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lations.

□

The following result that is Lemma 6.3 in Zuniga et al. (2021), is used in the

proof of Theorem 2.3.2 and is included here for convenience of the reader.

Lemma 2 Suppose that k, n ∈ N with n ≥ k and let {wi} where wi =

[Wi,1, . . . ,Wi,k]
⊤ and i ∈ An = {1, . . . , n} be a set of n vectors in Rk. Further,

suppose that the n × k matrix W = [wi,j] is of full rank, so that there is a

subset of k linearly independent vectors among the wi. Then, there exists

δ > 0 such that for each non-zero η = [η1 . . . , ηk]
⊤ ∈ Rk there exists i ∈ An

such that

|η⊤wi| ≥ δ||η|| =

(
k∑

j=1

η2j

)1/2

(2.24)

Proof of Theorem 2.3.2 The existence and uniqueness of β̂ is guaranteed

by Theorem 2.3.1. In order to prove the existence and uniqueness of η̂, we

shall proceed as follows. To prove the existence, we shall show that there

exists η̂ that maximizes fα(η) in 2.21, i.e., for any M ∈ R there exists r > 0

such that for any η ∈ Rk+1, that satisfies ||η|| > r, we have fα(η) ≤M .

Let M ∈ R. First, observe that for a given η ∈ Rk+1, we have

fα(η) =
ℓ∑

i=1

fα,ni,xi
(η⊤wi). (2.25)

where fα,ni,xi
(·), i ∈ An := {1, 2, . . . , n} is defined in 2.23. Due to the Lemma
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1 there exists c > 0 such that

fα,ni,xi
(η⊤wi) ≤ c (2.26)

for all η and i ∈ An. Furthermore, let L = M − (n− 1)c.

Since the limit of each fα,ni,xi
(y) is −∞, as y → ±∞, then by Lemma 1 there

exists t > 0 such that for all i ∈ An and y ∈ R, that satisfy |y| ≥ t, we have

fα,ni,xi
(y) ≤ L.

Set r = t/δ where δ > 0 is a constant which existence is guaranteed by

Lemma 2. Then, due to Lemma 2, for a given η ∈ Rk+1, that satisfies

||η|| ≥ r there exists j ∈ An such that |η⊤wj| ≥ δ||η|| ≥ t, which follows

that

fα,nj ,xj
(η⊤wj) ≤ L. (2.27)

Finally, combining 2.27 and 2.26 with 2.25, for a given η ∈ Rk+1, that satisfies

||η|| ≥ r, we obtain

fα(η) = fα,nj ,xj
(η⊤wj) +

ℓ∑
i ̸=j

fα,ni,xi
(η⊤wi) ≤M + (n− 1)c+ (n− 1)c = M.
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This proves the existence of η̂ ∈ Rk+1 such that

fα(η̂) = S = sup
η∈Rk+1

fα(η). (2.28)

To show uniqueness, assume by contradiction that there exist η̂1 ̸= η̂2 that

satisfy 2.28 and let η̂λ = λη̂1 + (1− λη̂2) for some λ ∈ (0, 1). By Lemma 1

all the functions fα,ni,xi
(y) are strictly concave, hence fα,ni,xi

(η⊤w) is strictly

concave as a function of η ∈ Rk+1 for each i ∈ An, which by representation

2.25 follows that fα(η) is strictly concave. Thus,

fα(η̂λ) > λfα(η̂1) + (1− λ)fα(η̂2) = S,

which contradicts 2.28. This completes the proof.

Evaluation of Estimators

To assess the performance of the MLEs in the case where α is known, we

performed a simulation study where several different sample sizes were gen-

erated from various VGSMP distributions where α was known but var-

ied. Doing so would allow us to understand the impact of both sample

size, ℓ and α on the quality of estimation. Specifically, we would repeat

500 draws from a VGSMP(α,η = [1, 0.5,−0.25]⊤,β = [2,−2, 2]⊤) distribu-

tion where the sample size ranged between {20, 50, 100, 500, 1000, 5000} and
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α ∈ {0.001, 1.1, 2.1}. Covariates were drawn as iid realizations from a U(0, 1)

distribution. For each draw, the estimated parameter vector, η̂ was stored.

Finally, the stored estimates η̂ were plotted in boxplots. The resulting box-

plots are shown in Figures 2.1 (α = 0.001), 2.2 (α = 1.1) and 2.3 (α = 2.1)

:

Figure 2.1: Boxplots of parameter estimates of each element of η (x-axis)
when α = 0.001. For each parameter, there are six boxplots associated with
the smallest sample size (red) to the largest sample (yellow). The y-axis
shows the actual values observed and the dashed horizontal lines show the
true value of the data.

As can be seen in Figure 2.1, there is a common theme in the efficiency of the

estimators: namely that, as the sample size increased, the variability of the

estimator diminished, as one would expect. We also see that all estimators



32

appear fairly well centered around the true parameter estimates.

Figure 2.2: Boxplots of parameter estimates of each element of η (x-axis)
when α = 1.1. For each parameter, there are six boxplots associated with
the smallest sample size (red) to the largest sample (yellow). The y-axis
shows the actual values observed and the dashed horizontal lines show the
true value of the data.

When α increased from 0.0001 to 1.1, the overall trend of estimator efficiency

with increased sample size persists, but now the overall error of the estimators

increases. Since the volatility of the underlying process Xi increases as α

increases, this finding is consistent with expectation.



33

Figure 2.3: Boxplots of parameter estimates of each element of η (x-axis)
when α = 2.1. For each parameter, there are six boxplots associated with
the smallest sample size (red) to the largest sample (yellow). The y-axis
shows the actual values observed and the dashed horizontal lines show the
true value of the data.

Lastly, when α > 2, we still have unbiased estimates of the true parameters,

but now with increased estimator error for a given sample size when compared

to Figures 2.1 and 2.2. These findings agree with intuition that the estimator

is more volatile when α grows large and the sample size decreases.

2.3.2 Case 2: Known η

In this section, we examine the scenario where the parameter vector η is

known, and we need to estimate α ∈ [0,∞). This analysis provides valuable
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insights into the behavior of the GSMP-VGLM model and the role of the tail

parameter α.

When η is known, we can define gη(α) := g(α,η) and study its behavior with

respect to α. To maximize the log-likelihood function, we need to analyze

how gη(α) behaves as α changes, particularly in the neighborhoods of α = 0

and as α→∞.

Proposition 2.3.3 Let gη(α) := g(α,η), where g(α,η) is given in 2.18 and

define statistic Sn as follows:

Sn :=

∑ℓ
i=1(ni − λixi)

2∑ℓ
i=1 ni

.

Then

(i) limα→0 gη(α) =
∑ℓ

i=1 [ni log(λi)− λixi].

(ii) If Sn > 1 then gη(α) is increasing in the right neighborhood of α = 0.

If Sn < 1 then gη(α) is decreasing in the right neighborhood of α = 0.

(iii) limα→∞ gη(α) = −∞.

The proof of the proposition is as follows:

Proof. To prove (i) observe that g(α) = w1(α) + w2(α) +
∑ℓ

i=1 ni log λi,
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where

lim
α→0

w1(α) = lim
α→0

[
ℓ∑

i=1

ni−1∑
j=1

log(jα + 1)−
ℓ∑

i=1

ni log(1 + αλixi)

]
= 0,

and

lim
α→0

w2(α) = lim
α→0

[
−

ℓ∑
i=1

1

α
log(1 + αλixi)

]
=

ℓ∑
i=1

[ni log(λi)− λixi] ,

where the last limit is obtained by applying L’Hopital’s rule. This completes

the proof of part (i).

To prove (ii) observe that d
dα
g(α) = a1(u) + a2(u), where

lim
α→0

a1(u) = lim
α→0

ℓ∑
i=1

ni−1∑
j=1

j

jα + 1
−

ℓ∑
i=1

ni
λixi

1 + αλixi

=
ℓ∑

i=1

ni(ni − 1)

2
−

ℓ∑
i=1

niλixi,

(2.29)

and

lim
α→0

a2(u) = lim
α→0

1

α2

ℓ∑
i=1

[
log(1 + αλixi)−

αλixi

1 + αλixi

]
=

1

2

ℓ∑
i=1

(λixi)
2,

(2.30)

where the limit of a2(u) is obtained by applying L’Hopital’s rule. Combining



36

the limits in (2.29) and (2.30) we obtain the following limit of the derivative

of g(α) at zero:

lim
α→0

d

dα
g(α) = lim

α→0
[a1(u) + a2(u)] =

ℓ∑
i=1

ni(ni − 1)

2
−

ℓ∑
i=1

niλixi +
1

2

ℓ∑
i=1

(λixi)
2

=
1

2

[
ℓ∑

i=1

(ni − λixi)
2 −

ℓ∑
i=1

ni

]

=
1

2
(Sn − 1)

ℓ∑
i=1

ni.

(2.31)

Since ni > 0 for all i = 1, ..., ℓ, then limα→0
d
dα
g(α) > 0 when Sn > 1, and

limα→0
d
dα
g(α) < 0 when Sn < 1. This completes the proof of part (ii).

To prove (iii), observe that

g(α) = u1(α) + u2(α) + u3(α), (2.32)

where

lim
α→∞

u1(α) = lim
α→∞

ℓ∑
i=1

ni−1∑
j=0

log

(
1

α
+ j

)
= −∞,

and

lim
α→∞

u2(α) = lim
α→∞

[
−

ℓ∑
i=1

ni log

(
1

αλ
+ xi

)]
= −

n∑
i=1

ni log xi,

and
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lim
α→∞

u3(α) = lim
α→∞

[
− 1

α

ℓ∑
i=1

log (1 + αλixi)

]
= 0,

where the last limit is obtained by applying L’Hospital’s rule. The result

follows.

□

The following Theorem is a straightforward consequence of Proposition 2.3.3

(iii).

Theorem 2.3.4 Assume that η is known in the VGSMP(α,η,β) model.

Then the MLEs α̂ ∈ [0,∞) and β̂ ∈ Rm+1 of α and β, respectively, always

exist. Moreover, if condition Sn > 1 in Proposition 2.3.3 (ii) is satisfied,

then α̂ > 0.

Though Theorem 2.3.4 establishes the existence of an MLE for α, it does not

establish uniqueness. To better understand the behavior of the log-likelihood

function v(α) = gη(α) for different values of α, we conducted several simula-

tion experiments. The goal was to see the behavior of v(α) close to zero and

more globally.

For the first simulation we used a very small α = 0.001. We plotted function

v(α) close to zero in Figure 2.4 and then zoomed out to plot v(α) on a larger

interval of α values in Figure 2.5.
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Figure 2.4 shows the behavior of the log-likelihood function for data generated

with α = 0.001, focusing on a narrow range of values around the true value.

This plot shows a clear peak near α = 0.001, which supports the hypothesis

of uniqueness of the MLE of α.

Figure 2.4: The log-likelihood function v(α) when α = 0.001. The x-axis
shows a range of possible α values from 0.001 to 0.01, while the y-axis shows
the value of v(α)

When we zoom out to examine a wider range of α values, as shown in Figure

2.5, we can see the global behavior of the function v(α). The graph shows that

the maximum of v(α) is close to zero and that it is unique, which supports

our hypothesis.
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Figure 2.5: Similar to 2.4, but with the x-axis now from 0.001 to 0.3. The
y-axis is scaled accordingly.

For data generated with a larger value of α = 1, the behavior is similar

but with the maximum occurring at a larger value of α, as demonstrated in

Figure 2.6.
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Figure 2.6: Varying values of α on the x-axis between 0.001 to 200 for v(α)
when the true value of α = 1. The y-axis shows the resulting value of the
function v(α).

The graph shows one maximum, again supporting our hypotheses of unique

MLE of α. We performed more simulation studies for various values of α and

obtained the same behavior of v(α).

While these plots do not prove that the MLE of α is unique, they collec-

tively not only provide strong empirical evidence for the theoretical results

in Proposition 2.3.3, but also demonstrate support for our hypothesis that

the log-likelihood function has a unique maximum.
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The practical value of part (ii) of Proposition 2.3.3 is in using statistic Sn

to determine if the underlying process follows an exponential or Pareto II

distribution with α > 0. Since the risk of large events for exponentially

distributed random variable is qualitatively different (smaller) from that for

a power-law tailed Pareto II (with α > 0) determining whether the data

comes from an exponential or heavy-tailed distribution is of primary practical

importance. The idea here is to use statistic Sn in testing the null hypothesis

that α = 0 versus an alternative that α > 0. While we do not present a full

derivation of the testing process, we did check empirically how often using

Sn would provide correct answer to the question whether the underlying

distribution of the process generating events is exponential. Namely, we

generated samples from the TETLG (α = 0) or GSMP (α > 0) VGLMs and

computed the proportion of times that a statistic A defined below is negative.

Specifically, we calculate:

A =
n∑

i=1

(ni − λixi)
2 −

n∑
i=1

ni (2.33)

If A > 0, then Sn > 1 and the MLE of α is positive. If A < 0, then Sn < 1

and the MLE of α is 0, which corresponds to the TETLG model.
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We summarized the results of the simulation study in Table 2.1. The first

column in 2.1 contains α values for the generated samples, which varied from

α = 0 (exponential or TETLG case) to α = 0.5 through increasing values

of α. The first row of the table provides the sample sizes which varied from

20 to 1000. For each combination of α and sample size we generated 100

values of statistic A, that is we generates 100 samples from either TETLG

or GSMP models with 2 covariates. We drew the values of covariates from

uniform distribution on (0, 1). The elements of the table are the proportions

of time that statistic A < 0, that is the proportion of times statistic A (or

Sn) suggests that the sample comes from the exponential distribution.

α sample Size
20 50 100 500 1000

0.0000 0.64 0.56 0.48 0.44 0.40
0.0001 0.60 0.59 0.50 0.40 0.36
0.0010 0.56 0.52 0.52 0.43 0.35
0.0100 0.51 0.34 0.29 0.05 0.00
0.1000 0.12 0.00 0.00 0.00 0.00
0.2000 0.01 0.01 0.00 0.00 0.00
0.5000 0.00 0.00 0.00 0.00 0.00

Table 2.1: The table shows the proportion of times (out of 100 simulations)
that the statistic A < 0 for different true values of α (rows) and sample sizes
(columns).

The results in Table 2.1 show that as the sample size increases and as α
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increases, the proportion of A < 0 signaling exponential model approaches

zero. In fact, we have reasonable results for relatively small α = 0.1 and rel-

atively small sample size of 50. The simulation results demonstrate that the

statistic A becomes increasingly effective at correctly identifying the TETLG

model (α = 0) versus the GSMP model (α > 0) as the sample size and α

increase. For α = 0, the proportion of times that A < 0 remains relatively

high even for large sample size of 1000, which means that statistic A is not

very effective when the data are drawn from the exponential model.

We did not pursue testing using statistic A or Sn as there is a very good

test for exponential versus Pareto distribution presented in Kozubowski et

al. (2009).

2.3.3 Case 3: α and η Unknown

In this section, we address the most general and challenging case of parame-

ter estimation in the GSMP-VGLM model, where all parameters—α, η, and

β—are unknown and must be estimated simultaneously from the observed

data. This scenario is of particular practical importance, as it represents

the typical situation encountered in real-world applications where no prior

knowledge of parameter values is available.
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To maximize g(α,η), we first show that for a fixed α ≥ 0, there exists a

unique η(α) that maximizes g(α,η) with respect to η. Therefore, our goal is

to maximize fα(η) defined in 2.21 with respect to η. Due to Theorem 2.3.2,

under the condition of a fixed α ≥ 0 and some additional assumptions on the

matrix W, there exists a unique η(α) that maximizes fα(η). The next step

is to maximize

v(α) = g(α,η(α)), (2.34)

with respect to α ≥ 0, where η(α) satisfies the system of equations 2.22. To

accomplish this, in the following Proposition we study the behavior of the

function v(·) in the right neighborhood of 0 and at ∞.

Proposition 2.3.5 Suppose that we have n > k and n × (k + 1) matrix

W = [wi,l], i ∈ {1, 2, . . . , n}, l ∈ {0, 1, . . . , k} is of full rank, so that there is

a subset of k + 1 linearly independent vectors among the wi. Then,

(i)

v(0) = η(0)⊤
ℓ∑

i=1

niwi −
ℓ∑

i=1

nixie
η(0)⊤wi , (2.35)

where η(0) satisfies the following system of equations

ℓ∑
i=1

niwi,l =
ℓ∑

i=1

wi,lxie
η(0)⊤wi l = 0, 1, . . . , k. (2.36)
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(ii) limα→∞ v(α) = −∞.

The proof of Proposition 2.3.5 is as follows:

Proof. To prove (i), note that due to Theorem 2.3.2, η(α) that maximizes

g(α,η(α)), for a given α ∈ [0,∞), satisfies the following system of equations

ℓ∑
i=1

niwil =
ℓ∑

i=1

(1 + αni)

[
wilxie

η⊤wi

1 + αxieη
⊤wi

]
, l = 0, 1, . . . , k.

Converging with α→ 0 we obtain 2.36. In order to find the limit of v(α) as

α→ 0 observe that
∑ℓ

i=1

∑ni−1
j=1 log(jα+1) vanishes at α = 0. Moreover, by

applying L’Hopital’s rule we obtain

lim
α→0

ℓ∑
i=1

(
1

α
+ ni

)
log
(
1 + αxie

η(α)⊤wi

)
=

ℓ∑
i=1

nixie
η(0)⊤wi ,

where η(0) satisfies 2.36. To prove (ii) consider the following decomposition

v(α) = v1(α) + v2(α) + v3(α), where each of the elements v1(α), v2(α), v3(α)

is investigated separately. First, observe that

v1(α) =
ℓ∑

i=1

ni−1∑
j=0

log

(
1

α
+ j

)
→ −∞, as α→∞,

Moreover,

v2(α) = −
ℓ∑

i=1

ni log

(
1

αeη(α)⊤wi
+ xi

)
< −

ℓ∑
i=1

ni log (xi) <∞,

where the first inequality holds by observation that 1

αeη
⊤(α)wi

> 0, and the
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second inequality is due to the fact that (x1, x2, . . . , xℓ) is a sample from mul-

tivariate Lomax distribution and hence xi > 0, for all i = 1, 2, . . . , ℓ which

follows that log(xi) is a finite constant, for all i = 1, 2, . . . , ℓ.

Analogously, for α > 0, we have

v3(α) = −
ℓ∑

i=1

1

α
log
(
1 + αeη(α)

⊤wixi

)
≤ −

ℓ∑
i=1

1

α
log(1) = 0.

This completes the proof. □

The following Theorem is a straightforward consequence of Proposition 2.3.5

(ii).

Theorem 2.3.6 Assume that α,η,β are unknown in the VGLM(α,η,β)

model. Suppose that we have n > k and n × (k + 1) matrix W = [wi,l], i ∈

{1, 2, . . . , n}, l ∈ {0, 1, . . . , k} is of full rank, so that there is a subset of k+1

linearly independent vectors among the wi. Then the MLEs α̂ ∈ [0,∞), η̂ ∈

Rk+1, and β̂ ∈ Rm+1 of α, η, and β, respectively, always exist.

Evaluation of Estimators

To assess the performance of the MLEs in the general case where all pa-

rameters are unknown, we conducted extensive simulation studies. We gen-

erated ℓ = 1000 observations from a VGSMP(α,η = [1, 0.5,−0.25]⊤,β =

[−1,−2, 0.5]⊤) and covariates generated as iid observations from a U(0, 1)
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distribution. To see the effect of different α, we varied α between 0 (TETLG)

as well as {0.001, 0.1, 1, 5}. This process was repeated 100 times where all

parameter estimates (α̂, η̂, β̂) were stored to create boxplots which are shown

in Figures 2.7 (change with α), 2.8 (change with sample size for estimates of

ηi) and 2.9 (change with sample size for estimates of βi). Figure 2.7 shows

the distribution of α̂ for different true values of α:

Figure 2.7: Boxplots of α̂ estimates when all parameters are unknown. Each
boxplot is associated with a different value of α from α = 0 (TETLG) to
α = 5. The y-axes in each boxplot vary for each value of α.

Figure 2.7 shows that the model is generally unbiased and that the volatility

increases as α grows larger as expected. Note that when the true α = 0, the

solver cannot actually reach zero and often hits the lower bound of the search

range. Figures 2.8 and 2.9 show the distributions of η̂ and β̂, respectively:
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Figure 2.8: Boxplots for each specific value of η̂. Each value of η has five
different values that are based on the different values of α tested with α = 0
on the left and increasing to α = 5 on the right. The dashed black line shows
the true value of each parameter, while the y-axis shows the values of the
estimator.

Figure 2.8 shows a pattern we observed in Section 2.3.1 as we varied α:

namely that the estimators’ uncertainly increases as α increases. Regardless

of the value of α, the parameter estimates remain unbiased. Figure 2.9 shows

a similar plot for β. Change of α does not affect variability of the estimator

of betai because the estimator is based on the observed values of N only.
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Figure 2.9: Boxplots for each specific value of β̂. Each value of β has five
different values that are based on the different values of α tested with α = 0
on the left and increasing to α = 5 on the right. The dashed black line shows
the true value of each parameter, while the y-axis shows the values of the
estimator.

These simulation results reveal several important patterns:

1. The MLEs generally converge to the true parameter values, with the

variability decreasing as the sample size increases.

2. The accuracy of α̂ improves as the true value of α increases, reflecting

the increasing distinctiveness of the GSMP model from the TETLG

model.

3. The estimates of η show a systematic pattern where their magnitudes
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tend to increase as the true value of α increases. This pattern reflects

the complex interplay between α and η in determining the scale pa-

rameter λ of the GSMP model.

4. In contrast, the estimates of β remain stable and relatively unaffected

by the value of α. This stability is consistent with the structure of the

log-likelihood function, which allows β to be estimated independently

of α and η.

The observed pattern where the magnitude of η̂ increases with α while β̂

remains unaffected is particularly noteworthy. This behavior is a direct con-

sequence of the decomposition of the log-likelihood function into separate

components for (α,η) and β. As α increases, the Pareto distribution be-

comes increasingly heavy-tailed, requiring larger values of η to maintain the

same scale of observations. However, since the distribution of N (governed

by β) is independent of the distribution of the individual observations, the

estimation of β remains stable across different values of α.

These additional comparisons confirm our theoretical understanding of the

GSMP-VGLM model and provide valuable guidance for practical applica-

tions. When interpreting the results of a GSMP-VGLM analysis, it is im-

portant to consider the estimated parameters jointly rather than in isolation,
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particularly for α and η, which exhibit a complex interdependence.

2.4 Establishing Goodness-of-Fit Properties

As with any model, we would like to have means of checking if the model fits

the data reasonably well. The difficulty in checking the goodness of fit for a

VGLM is that each observation is (potentially) coming from a given distri-

bution but with different parameters. That is we have observations coming

from a given model which are independent but not identically distributed.

Thus, the typical goodness of fit strategy of regression which is standardiza-

tion of the residuals and check if they form IID observations from a standard

normal distribution does not work in this case.

Our idea is to modify the "typical standardization" process so that the in-

dependent observations become also identically distributed. The idea is to

transform the observations from VGSMP using estimated parameters, so

they become identically distributed.

The mathematics of this method rests on the fact that for any continuous

random variable X with CDF F , the random variable Y = F (X) has a stan-
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dard uniform distribution. Therefore, if we can find F we can transform an

observation X from a given distribution to an observation from U(0, 1). We

use this idea on the marginal distributions of the VGLM-GSMP vector. We

explain the steps on the marginal of magnitude X.

Since the magnitude has a Pareto II (Lomax) distribution with parameters

α and λ, the CDF of X is

FX(x) = 1− Pr(Xi > x) = 1− (1 + αλx)−
1
α , x ∈ R+. (2.37)

Suppose X1, X2, . . . , Xk is a sample of independent observations from the

Lomax distribution, each Xi having parameters αi and βi and CDF Fi(·).

Then, the variables Yi = Fi(Xi) are IID Uniform on the interval (0, 1).

In practice we do not know the true values of the parameters, but we do have

their estimates: (α̂i, β̂i) for all the observations. We then estimate the true

CDF F with (̂F ) where the true parameters are replaced by their estimates.

If the estimates are close to the true parameters, then we have good fit of

the model to the data and the Ye,i = F̂i(Xi) are close to an IID sample from

U(0, 1). We can check this fit using standard graphical methods and/or use
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tests of goodness-of-fit such as the Kolmogorov-Smirnov test.

Although the idea of checking the fit of the maximum Y is the same, the

difference is in the implementation. The CDF of magnitude has an explicit

representation. The PDF and CDF of maximum do not have an explicit

form. The PDF of maximum has an integral representation as follows:

fY (y) =
αλp

Γ
(
1
α

) ∫ ∞

0

z
1
α e−z(1+αλy)

{p+ (1− p)e−αλzy}2
dz, y ∈ R+.

Therefore we have to numerically approximate the CDF and the PDF in

order to use this idea of checking goodness-of-fit.

2.4.1 Deriving Goodness-of-Fit for X

From Arendarczyk et al. (2018), we know that the marginal density of a

single (Xi, Yi, Ni) triple from a GSMP(α, λi, pi), where we observed Xi = xi,

is:

fX(x) = piλi(1 + αpiλixi)
−( 1+α

α ) (2.38)

To find the CDF, we must integrate this over [0, x]:

FX(x) =

∫ x

0

piλi(1 + αpiλix)
−( 1+α

α )dx
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Setting u = 1+αpiλixi and replaced dx with du
αpiλi

and simplifying, we have:

FX(x) = FX(u)

=
piλi

αpiλi

∫ 1+αpiλixi

1

u−( 1+α
α )du

= 1− (1 + piλixi)
− 1

α

Therefore, after fitting the VGSMP(α,η,β) model, we can construct λ and

p and use the resulting values of x to derive the vector of, what should be,

U(0, 1) random variables.

Simulation Study Example

To show how this works in practice, we drew 1000 triples from a VGSMP(α,η,β)

where α = 0.1, η = [1.0, 0.5,−0.25]⊤, β = [2.0,−2.0, 1.0]⊤), W & Z were

drawn from a standard uniform distribution. We estimated the parameters

η and β and then used these to construct λ and p. Finally, we found F̂Xi
(xi)

for all 1000 observations and then plotted these in a QQ-Plot of the Standard

Uniform distribution in Figure 2.10. The results were quite encouraging, as

the fit proved to be very good.
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Figure 2.10: QQ-Plot of the observed data with fitted parameters against a
a theoretical U(0, 1) distribution. The red line is the theoretical perfect fit
between observed and theoretical quantiles.

Additionally, we also ran the Kolmogorov-Smirnov Test comparing the ob-

served values and the Standard Uniform CDF on the 5% significance level.

The tested hypotheses were:

Ho : F̂Xi
(xi) come from U(0, 1) vs. Ho : F̂Xi

(xi) do not come from U(0, 1),

with i = 1, 2, . . . , n. The results were: the test-statistic of 0.01928 with a
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resulting p-value of 0.8439. Given this, we do not reject the Null Hypothesis

that the data we returned is consistent with a Standard Uniform distribution.

2.4.2 Deriving Goodness-of-Fit for Y

Consider an arbitrary triple, (X, Y,N) from a GSMP(α, λ, p) distribution.

Our goal is to derive FY (y) = Pr(Y ≤ y), y ∈ R+. We begin by doing

standard conditioning:

FY (y) =
∞∑
n=1

Pr(Y ≤ y|N = n) · pn (2.39)

where pn = Pr(N = n) which is geometrically distributed with parameter p

by assumption. Recall that since Y =
∨N

i=1 Li where, once we condition on

N = n, (L1, . . . , Ln) follows a multivariate Pareto II (Lomax) distribution,

and that we can express this vector stochastically as:

(L1, . . . , Ln)
d
=

(
E1

Z
, . . . ,

En

Z

)

where Ei
iid∼ Exp(λ) and Z ∼ Γ(1/α, 1/α). Using this, we can express Equa-

tion (2.39) as

Pr(Y ≤ y|N = n) = Pr

(
E1

Z
≤ y, . . . ,

En

Z
≤ y

)
=

∫ ∞

0

[FE(yz)]
nfZ(z)dz
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where FE(x) = 1 − e−λx, x ∈ R+ is the CDF of an Exp(λ) distribution and

fZ(x) is the density of the Γ(1/α, 1/α)) distribution. This means that

FY (y) =

∫ ∞

0

{
∞∑
n=1

[FE(yz)]
n · fZ(z) · pn

}
dz

=

∫ ∞

0

G(FE(yz)) · fZ(z)dz

= E [G(FE(yZ))]

where G(FE(yz)) =
∑∞

n=1[FE(yz)]
n ·pn and G(·) is the probability generating

function (PGF) of N:

G(s) =
∞∑
n=1

snpn

=
∞∑
n=1

snp(−p)n=1

=
ps

1− (1− p)s

where s ∈ [0, 1]. We may also define Z = αT , where T ∼ Γ(1/α, 1), which

means we can express

FE(yZ) = 1− e−αλyT

Therefore, we can express FY (y) as the expected value of a function of the

random variable T ∼ Γ(1/α, 1) as follows:

FY (y) = E
[

p · (1− e−αλyT )

1− (1− p)(1− e−αλyT )

]
(2.40)
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We estimate the expected value in equation (2.40) using Monte Carlo tech-

nique as the sample mean of k observations of the values of that function,

see equation (2.41).

FY (y) ≈
1

k

∑
j=1

k
p · (1− e−αλyTj)

1− (1− p)(1− e−αλyTj)
(2.41)

where k is some large number of samples from a Γ(1/α, 1) distribution.

This derivation was for a single triple from a GSMP distribution, but we

can easily extend this to our VGSMP(α,η,β) distribution. In this case,

we assume that each triple now has a unique λi and pi, and that these

parameters are linked to η and β using the associated link functions and

covariates. Thus, unique λi and pi can be found given Z,W and estimates

of η & β. Furthermore, Monte Carlo simulation can easily be done at scale

by drawing (ℓ, k) matrices of Γ(1/α, 1) random variables and applying the

function to those.

Simulation Study Example

To demonstrate this in practice, we kept the same set up as in Section 2.4.1,

where we draw 1000 triples from a VGSMP(α,η,β) where α = 0.1, η =
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[1.0, 0.5,−0.25]⊤, β = [2.0,−2.0, 1.0]⊤), W & Z were drawn from a standard

uniform distribution. Again, we estimated the parameters η and β and then

used these to construct λ and p. In this case, we performed a Monte Carlo

approximation for each of our 1,000 values of Y . This means, for all 1,000

values of Y , we generated 10,000 Γ(1/α, 1) variables, put them into Equation

(2.40) and returned the sample means. Lastly, we plotted these in a QQ-Plot

of the Standard Uniform distribution, and once again, the results were very

good, as seen in Figure 2.11.
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Figure 2.11: QQ-Plot of the observed data with fitted parameters against a
a theoretical U(0, 1) distribution. The red line is the theoretical perfect fit
between observed and theoretical quantiles.

Additionally, we also ran the Kolmogorov-Smirnov Test comparing the ob-

served values and the Standard Uniform CDF. The results were a test-

statistic of 0.01547 with a resulting p-value of 0.9675. Given this, we do

not reject the Null Hypothesis that the data we returned is consistent with

a Standard Uniform distribution.
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Chapter 3

Computational Estimation of
GSMP-VGLM Model

Chapter 2 established the theoretical results we need to perform estimation

and perform Goodness-of-fit checks in practice. However, there are several

computational issues that need to be overcome before this method can be

put into practice. In this chapter, we review various ways we can estimate

η and β, including issues we uncovered and a preferred solution which was

able to overcome this issue. We also review applications of Machine Learning

techniques which we leveraged in order to find α in practice.

3.1 Overview of Estimation Approaches

Parameter estimation in the GSMP-VGLM framework presented significant

computational challenges due to the complex interaction between model pa-
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rameters and the structure of the likelihood function. This section explores

three distinct computational approaches to estimating the parameter vectors

η and β:

1. Exact solutions via Normal Equations

2. Solving systems of nonlinear equations based on derivatives of the log-

likelihood equation

3. Directly optimizing the likelihood function

Each approach offers unique advantages and limitations that affect the ef-

ficiency, accuracy, and reliability of the estimation process, and we present

our recommendations at the end of the chapter.

3.2 Exact Solutions via Normal Equations

This section provides a quick derivation of a matrix solution that can be

solved to provide a direct estimate of the parameters. We present two poten-

tial ways this solution can be applied in practice and challenges that impact

both methods.
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3.2.1 Theoretical Motivations & Derivation

Recall that the exact solution of η can be found by solving Equation 2.22:

n∑
i=1

niwi =
n∑

i=1

(1 + αni)

[
wixie

η⊤Wi

1 + αxieη
⊤Wi

]

This equation can be reformulated as follows:

n∑
i=1

αniwi =
n∑

i=1

(1 + αni)

[
wixie

η⊤wi

1 + αxieη
⊤wi

]
n∑

i=1

αniwi =
n∑

i=1

(1 + αni)wi

[
1− 1

1 + αxieη
⊤wi

]
n∑

i=1

αniwi =
n∑

i=1

wi +
n∑

i−=1

αniwi −
n∑

i=1

(1− αni)

[
1

1 + αxieη
⊤wi

]
wi

n∑
i=1

wi =
n∑

i=1

[
1− αni

1 + αxieη
⊤wi

]
wi

The equation is always true if
[

1−αni

1+αxieη
⊤wi

]
= 1. This condition is equivalent

to the following statement:

Wη = r (3.1)

where r = ln(n/x) and W is the covariate matrix. From the earlier require-

ments on this equation outlined in Theorem 2.3.2, W would be invertible as

long as it is square, i.e. ℓ = k + 1. This means that the solution η̂ = W−1r

would exist and provide a direction solution.

In a specific case, if 2 = ℓ = k + 1, we can further show that the specific
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values of η̂ would be:

η̂0 =
w2 ln(n1/x1)− w1 ln(n2/x2)

w2 − w1

η̂1 =
ln(n2/x2)− ln(n1/x1)

w2 − w1

where W =

1 w1

1 w2

, n = [n1, n2]
⊤ and x = [x1, x2]

⊤

3.2.2 Normal Equation Solution

In practice it is highly unlikely that ℓ = k + 1, and this condition puts an

unnaturally tight constraint on the problem. However, it is possible to extend

this solution to the general case where ℓ ≥ k+1 by using a Normal Equation

approach as done in OLS regression. In other words, we define

η̂ = (W⊤W)−W⊤r (3.2)

where we use the Moore-Penrose pseudoinverse. It can be shown that in the

special case of 2 = ℓ = k + 1, these two solutions are identical. Further we

can derive the same estimates for β. Given

h(β) = β
ℓ∑

i=1

zi −
ℓ∑

i=1

ni ln
(
1 + eβ

⊤zi
)
,
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the derivative of h(β) with respect to β is

∂h(β)

∂β
=

ℓ∑
ℓ=1

zi −
ℓ∑

i=1

ni

[
zie

β⊤zi

1 + eβ
⊤zi

]
.

This value is zero if ni

[
eβ

⊤zi

1+eβ
⊤zi

]
= 1∀i.

β⊤z = − ln(ni − 1) for all i = 1, . . . , n.

This can only be satisfied when ni > i. Let n⋆ be the values of n where

ni > 1, and let Z⋆ be the corresponding rows of Z. Then

Z⋆β = − ln(n⋆ − 1), thus W⋆β = W⊤
⋆ ln(n⋆ − 1),

and so β̂ = −(W⊤
⋆ W⋆)

−W⊤
⋆ ln(n⋆ − 1).

3.2.3 Applying in Practice

Though we have potential exact solutions, how we can apply this in practice

could be done in two possible ways in the case of ℓ ≥ k+1. For conciseness,

we focus on the case where we are estimating η but this reasoning could

easily be applied to β. The two solutions are:

1. Average estimates W−1r applied to ℓ × ℓ subsets of the data.:
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In this approach, we can either bootstrap ρ samples of ℓ × ℓ blocks

from the full data. The estimates η̂1, . . . , η̂ρ are stored and the final

estimate is η̂avg =
1
ρ

∑ρ
i=1 η̂i.

2. Solve using the Normal Equations.: Apply equation 3.2 directly,

which we denote η̂NE.

3.2.4 Analysis of Avg. Exact Solutions vs. Normal
Equation

To study the performance of these approaches, we simulated data from a

GSMP-VGLM distribution with true parameter vectors η = [1, 0.5]⊤ and

β = [−1,−2]. 1000 rows of data were drawn, i.e. ℓ = 1000 and we utilized

one covariate and intercept term, i.e. k = 1. We also selected different

α values in {1e−17, 0.0001, 0.1, 1, 5}. We then estimated η̂NE and saved the

results, as well as constructing η̂avg from averaging the 500 2×2 submatrices.

The time needed to perform each operation was also logged. This entire

process was repeated 300 times. Figures 3.1 & 3.2 show the results.
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Figure 3.1: Boxplots of the estimated values of each component of η using
averages of 2x2 matrices (left two boxplots) and the normal equations (right
two boxplots). For each method and value of η, there are five plots for
different values of α ranging from 1× 1017 (leftmost) to 5 (rightmost). The
y-axis shows the full-range of parameter estimates found scaled to include
the largest value across all parameters and methods.
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Figure 3.2: The same plot as in Figure 3.1, but "zoomed" to y-values between
±10.

As can be clearly seen in the figures, the boxplots of data are impossible to

view when plotting all results due to large volatility in the η̂avg estimates.

When zoomed in however, we can observe that the average estimates are

far more volatile than those obtained using normal equations, but that the

median value (horizontal black dash in boxplots) align across η̂avg and η̂NE.

This is most clear in the case when α = 5 and there is large bias in the η̂0 term.

We also present KDE plots of the runtime in the following figure:
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Figure 3.3: KDE plots of the observed computation time for each method
where the “average” method is in blue and the “Normal Equation” method
in red. The dashed vertical lines show the mean time across all simulations.
The x-axis is the time taken and the y-axis is the density value of the KDE
estimator.

Here we observe that the average computation time of η̂avg is several orders

larger than η̂NE. Increasing the size of ℓ and k would cause these estimates

to vary, but it should be clear that η̂avg would always take more time to

compute due to the nature of the estimation process.

Based on these two findings, we prefer η̂NE as the estimation function, but

note that this estimation becomes increasingly unstable as α increases, and

that the intercept term becomes increasingly biased. These findings highlight

the major pro and con of the Exact solution: Extremely fast and direct
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computation without the need for iterative solutions contrast with unstable

estimation as α increases. Since, in practice, we cannot generally state what

α is we cannot recommend using this as the sole estimation approach for

practitioners. However, we do believe this approach can add a great deal of

value as providing an informed initialization to other methods which we’ll

discuss shortly.

3.3 Numerical Solvers for Systems of Nonlinear
Equations

The next potential solution to estimating parameters in the GSMP-VGLM

framework involves solving the systems of nonlinear equations derived from

setting the derivatives of the log-likelihood function to zero. This section

examines the application of numerical solvers to this problem, with partic-

ular focus on the challenges and limitations encountered when using these

methods.

3.3.1 Solving the Maximum Likelihood Equations

The maximum likelihood estimation of η in our GSMP-VGLM model requires

solving the following system of equations:
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n∑
i=1

niwi,l =
n∑

i=1

(1 + αni)

[
wi,lxie

η⊤wi

1 + αxieη
⊤wi

]
, l = 0, 1, . . . , k. (3.3)

Similarly, for β, we need to solve:

n∑
i=1

zi,j =
n∑

i=1

nizi,j
eβ

⊤zi

1 + eβ
⊤zi

, j = 0, . . . ,m (3.4)

In principle, solving these equations should provide the maximum likelihood

estimates directly, though there is no closed-form solution. Instead, compu-

tational methods must be used to provide the solution.

3.3.2 The fsolve Algorithm and Implementation

The most direct solution is to solve the system of equations shown earlier

directly. In Python, this can be done using several packages, but we used the

scientific computing package scipy and it’s fsolve function to accomplish

this. fsolve is a wrapper around a library called MINPACK which typically

uses two variations of Powell’s Hybrid method for root-finding in non-linear

systems of equations.

Powell’s hybrid method combines quasi-Newtonian solutions with gradient
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based methods using a trust-region approach. Given a system of equations

F(θ) =


f1(x;θ)

...

fn(x;θ)

 = 0,

the objective is to find a root θ∗ such that F(θ∗) = 0. The component

functions, fi(x;θ) are parameterized by θ and have observations x. At each

iteration, Powell’s method performs the following high-level procedure:

1. Compute or approximate the Jacobian, JF

2. Determine the Gauss-Newton step using the Jacobian. If this step lands

inside of a “trust region”, ∆, then the parameters update based on the

Gauss-Newton step.

3. If the Gauss-Newton step is outside of the trust region, the function

calculates the gradient in the direction of steepest descent with a dy-

namically calculated step-size. If the dynamic step size is also out of

the trust region, then the step-size is truncated to land exactly on the

boundary of the trust region.

4. If the Gradient step is inside the trust region and the Gauss-Newton

step is outside the trust region, then the line between the two steps is
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found and the step is taken where this line intersects the trust region.

fsolve employs two variations of this method; one which calculates the Jaco-

bian directly and the other which approximates the Jacobian using Broyden’s

method, though the fundamental mechanics remain the same. By blending

both Newtonian methods and gradient-based methods, this system can be

highly effective and rapidly converge. However, there is no guarantee that

this approach will work and there are known situations where this method

can fail.

3.3.3 Issues with Implementation

Though this method is quite powerful and yielded good performance, we were

able to uncover cases during simulation studies where the estimation became

suddenly quite poor, with estimates varying wildly (e.g. ± 100 where other

studies had intervals less than 0.1 for the same ℓ and α). The ultimate issue

will be detailed in Section 3.4 momentarily, but of critical importance was

that this system of linear equations was based on the derivative of the log-

likelihood function, meaning that the Jacobian of the system of equations in

this case is equivalent to the Hessian of the log-likelihood function. Issues

which we can show impact the Hessian led to the instability of this method.
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Due to the observed instability that could be induced, this method cannot

be universally trusted and we continued our search to find a more robust

method.

3.4 Direct Maximization of Likelihood Func-
tions

An alternative approach to parameter estimation in the GSMP-VGLM frame-

work involves directly maximizing the log-likelihood function rather than

solving the system of equations that results from its derivative set to zero.

This section discusses the objective function, standard optimizing procedures

used in practice, reviewing why these methods can fail and then showing how

a simpler gradient-based solver can overcome these limitations. The remain-

der of the section reviews additional implementation details and possible

extensions.

3.4.1 The Maximum Likelihood Objective

The log-likelihood function for our GSMP-VGLM model, as derived in Chap-

ter 2, takes the form:
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L(α,η,β) = g(α,η) + h(β) + C (3.5)

where:

g(α,η) = log

{
n∏

i=1

Γ
(
ni +

1
α

)
Γ
(
1
α

) αnie(η
⊤wi)ni

(
1 + αeη

⊤wixi

)− 1
α
−ni

}
, (3.6)

h(β) = β⊤
n∑

i=1

zi −
n∑

i=1

ni log
(
1 + eβ

⊤zi
)
, (3.7)

and C is a constant independent of the parameters. Direct maximization

seeks to find:

(η̂, β̂) = arg max
η,β

α fixed

L(α,η,β). (3.8)

It is clear that h(β) is independent of g(α,η), and we also showed that,

when α was fixed, we could determine g(α,η(α)). Then in practice, what

we attempt to achieve in this approach is to directly search the parameter

space for values that maximize the log-likelihood function rather than trying

to solve a system of nonlinear equations.

Of course both approaches will rely on (at least) the first derivative and,
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depending on the likelihood maximization function, the second derivative.

Thus, the issues that were shown in Section 3.3 can and do impact the

estimation process, but in a much more direct way.

3.4.2 Taylor Series Approximation Background

When dealing with concave/convex function optimization, which we estab-

lished is the case for h(β) and g(α,η), a common approach is to utilize Taylor

Series approximation of the function. This is a method where a continuous

and differentiable function, f , can be well-approximated locally using poly-

nomials centered at some fixed point, x.

Though this approximation could be of any order, in practice f is most-

commonly approximated using a first-order approximation (i.e. using lines/hy-

perplanes to approximate f) or a second-order approximation (i.e. using

parabolas/hyperparabolas to approximate f). We can express the first-order

approximation mathematically as:

f(x+∆) ≈ f(x) +∇f(x)⊤∆, (3.9)

where ∆ is some vector distance, typically assumed to have small magnitude
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(e.g. ||∆||2 < ϵ. Similarly, the second-order approximation is:

f(x+∆) ≈ f(x) +∇f(x)⊤∆+
1

2
∆⊤Hf (x)∆ (3.10)

where Hf is the Hessian of f .

Before discussing how to use this in likelihood optimization, we need to

make an explicit statement that most optimization methods are build around

minimizing convex functions, so rather than maximizing the log-likelihood,

L(·), we seek to minimize the negative log-likelihood function, NL(·) :=

−L(·).

Gradient Descent

Given a convex function to minimize, NL(θ), we assume that the function

behaves like the first order approximation:

NL(θ) +∇θNL(θ)⊤∆, (3.11)

and the goal is to find ∆ that minimizes the function. It can be shown that

the optimal value is

∆ := −∇θNL(θ)
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and that the value of NL(θ) ≥ NL([θ −∇θNL(θ)]).

Of course we don’t assume that the first-order approximation is perfect and

adjust the parameter θ exactly by the value of the gradient, −∇θNL(θ).

Instead, we only adjust the parameter vector by some small fraction of the

gradient: −γ ·∇θNL(θ), where γ ∈ R+ is some small value known as the “step

size” or “learning rate”. The larger the value of γ, the larger the “step” taken

to adjust θ. Thus, over some number of iterations, we define the updated

parameter vector as

θ(t+1) := θ(t) −−γ · ∇θ(t)NL(θ(t))

If the step size is appropriate, given enough steps, the gradient descent algo-

rithm will reach the global minimum. Of course unless it lands exactly at the

optimal value, the gradient will be nonzero and could oscillate in the neigh-

borhood of the minimum. To force convergence, there are several practices,

but a schedule to reduce the step size is often introduced to make the value

of γ converge to 0. Other variants will be discussed later, but a common

approach is setting γ(t+1) = c · γ(t) where c ∈ (0, 1).
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We’ll discuss this in subsequent sections, but though Gradient Descent does

converge, the major weakness is the dependence on γ(t) for the function to

converge. It can be very slow and inefficient compared to other methods and

for this reason, Gradient Descent is not typically preferred in solving convex

optimization problems.

Newtonian Methods

Given the objective defined in the section above, rather than assuming that

NL(θ) behaves like a line/hyperplane, we can instead assume that the func-

tion behaves like a parabola/hyperparabola:

NL(θ) +∇θNL(θ)⊤∆+
1

2
∆⊤HNL(θ)∆.

Though calculating a full Hessian matrix at each step is slower and much more

computationally intensive, there is a significant advantage to this. Because

it is a parabola/hyperparabola, the function achieves a unique global mini-

mum. So rather than defining a “step size”, Newtonian methods determine

the specific step location by minimizing the parabola. Put mathematically,

we set ∆ as
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∆ := argmin
∆
NL(θ) +∇θNL(θ)⊤∆+

1

2
∆⊤HNL(θ)∆,

which can easily be found by setting the derivative of the hyperparabola with

respect to ∆ equal to 0 and solving for ∆. The result is

∆ := − [HNL(θ)]
−1∇θNL(θ). (3.12)

Because NL(θ) is convex, the Hessian is an invertible square matrix, so this

can always be calculated.

Summarizing, even though the Newtonian methods are more computationally

intensive, they don’t require a parameter that needs tuning (though this can

be added). If the approximation of NL(·) with a hyperparabola is good, then

convergence using these approaches can be extremely fast and requires only a

few iterations. Furthermore, there are numerous solvers that do not build the

entire Hessian, but rather approximate it with a quasi-Newtonian method,

such as BFGS (Broyden-Fletcher-Goldfarb-Shanno) or L-BFGS (Limited-

memory BFGS).
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Newtonian Issues and the Fundamental Advantage of Gradient De-
scent

In our implementation, we initially explored these Newtonian approaches

to minimize the negative log-likelihood. Though this could be a successful

solver, we found situations in simulation studies where the solver exhibited

highly divergent behavior, particularly when we used skewed distributions

for our covariates that were on different scales.

As a last resort, we implemented a very basic Gradient Descent implemen-

tation with lots of iterations and extremely small step sizes. The results

were dramatically improved approximations of the function of interest. This

raised the question: why should a generally poor solver best the Newtonian

solvers? After more analysis, we determined that the principal cause was a

known issue with Hessian-based solvers: nearly flat dimensions of the func-

tion of interest.

Newtonian and Quasi-Newtonian solvers rely on the Hessian to set the step

size, which can be highly useful when the shape of the function is well ap-

proximated by the Hessian. However, when NL(·) has at least one nearly flat
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dimension, the Hessian provides a poor approximation and results in wildly

large steps in the nearly flat dimension(s).

Gradient Descent solvers, by contrast, do not have to suffer in these cases

and can still make progress in cases where the Hessian is nearly singular. It

may converge slowly in flat dimensions, but there are several best practices

and more advanced variants that can be implemented to ensure progress is

achieved.

Before we discuss implementation details, we do acknowledge that a step size

limiter can be implemented within Newtonian methods, i.e.

∆ := −γ · [HNL(θ)]
−1∇θNL(θ), γ ∈ (0, 1).

This can help control the cases of extremely large step sizes, but we did not

find this to be a practical solution for several reasons:

1. The Step Size is Variable: The step size in Newtonian Methods

is adaptive, and can vary greatly from one step to the next. Decay

schedules tend to be monotonic and cannot adapt. Even if it were

possible to vary the step size limiter adaptively, it cannot distinguish
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when the large step is “good” versus “bad”.

2. No Guaranteed Convergence with Decay Schedules: Unlike

Gradient Descent with Decay Schedules which will converge to the min-

imum given enough iterations, we cannot impose this condition with

Newtonian solvers, as the step sizes can be extremely large and push

the solver into a bad zone even as the step-size goes to zero.

3. Extremely Small Steps Defeats the Purpose: Even if it were

possible to restrict the step size of the Newtonian solver to be very cau-

tious and decay uniformly, the ultimate output is to have implemented

a Gradient Descent style solver (many iterations, small, controlled step

sizes) but in a highly computationally inefficient manner as you would

be computing or at least approximating the Hessian with each step.

3.4.3 Implementation Details and Practical Considera-
tions

Our implementation of gradient descent for maximizing the GSMP-VGLM

log-likelihood incorporates several practical refinements beyond the basic al-

gorithm outlined above. These refinements address specific challenges en-

countered in our numerical experiments and significantly improve the relia-
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bility and efficiency of the estimation procedure.

Coordinate-wise Optimization

Rather than optimizing all parameters simultaneously, we found that a coordinate-

wise approach often yielded better results. Specifically, we alternated be-

tween:

1. Optimizing β with fixed α and η.

2. Optimizing η with fixed α and β.

3. For the full model, optimizing α with fixed η and β.

This approach leverages the partial separability of the log-likelihood function

and allows for different step size schedules tailored to the specific properties

of each parameter group.

Initialization Strategies

The success of gradient descent can depend significantly on the choice of

initial parameter values. We explored several initialization strategies:

1. Zero Initialization: Setting all parameters to zero (or small random

values) is a simple baseline approach but can lead to slow convergence

if the true parameters are far from zero.
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2. Normal Equations Approximation: As discussed in Section 3.2,

the normal equations can provide a closed-form approximation that,

while not exactly satisfying the maximum likelihood equations, often

serves as a reasonable starting point.

3. Multiple Random Starts: In some cases, we employed multiple ran-

dom initializations and selected the solution with the highest final like-

lihood value, helping to address potential concerns about local maxima.

Our empirical investigations suggested that the normal equations approxima-

tion generally provided the most reliable initialization, significantly reducing

the number of iterations required for convergence compared to simpler ini-

tialization schemes.

Gradient Computation and Numerical Stability

Accurate and numerically stable computation of the gradient is essential for

successful optimization. In our implementation, all parameters were cast as

float64 or int64 so that we could utilize double-precision floating-point

operations to help prevent ‘underflow’ and ‘overflow’. Though these precau-

tions increase the memory consumed by the program, this turned out to be

particularly useful when trying to fit the model in situations where the mag-
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nitude of the durations of excess were extremely large or when the likelihood

function has near-zero values in the Hessian along the main diagonal.

Convergence Criteria

Determining when and how to terminate the gradient descent algorithm re-

quires careful consideration. In our current implementation, we stopped the

optimization only after running a pre-specified number of iteration steps.

Since we utilize step size decay, in theory, enough steps in conjunction with

a good decay schedule should ensure that the optimization stops on or near

the optimal value.

Going forward, there are additional methods that we could instantiate that

would allow for early termination. These include:

1. Parameter Precision Thresholds: The optimization will terminate

before the maximum number of iterations if the change in all parame-

ters is less than some pre-defined threshold over successive iterations,

e.g. if all parameters do not change above the third decimal for 10

iterations.

2. Likelihood Precision Thresholds: The optimization will terminate

before the maximum number of iterations if the change in the log-
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likelihood function is less than some pre-defined threshold over succes-

sive iterations, e.g. if the log-likelihood function doesn’t change above

the third decimal for 10 iterations.

In practice, we found that utilizing the solution from the Normal Equations

(Equations 3.2 & 3.2.2) as an initialization point, coupled with step decay

will ensure consistent convergence in most cases with about 100-2000 steps,

though this does depend on the number of observations, the number of total

covariates used in the estimation process, and the curvature of NL(·).

3.4.4 Advanced Gradient-Based Methods

Though our current Gradient-based solution has provided a consistent solver

across all situations we’ve studied, it is not the most efficient form of gradient

descent. Thanks to their application in tuning Deep Learning models, there

have been several advanced forms of gradient-based optimization techniques

that could potentially offer improvements in speed and robustness. We’ll

discuss two major forms, Momentum and and Adam.

Momentum Methods

In the standard “vanilla” Gradient Descent, the gradient is calculated at

each iteration. The information is used to adjust the parameter vector and
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then that information is completely discarded. However, if the gradient in

successive steps had been pointing in generally the same direction (at least in

some dimensions), then this information could be used to help increase the

convergence speed. Momentum methods augment standard gradient descent

by incorporating the prior gradient information from previous updates to

help speed up convergence. The idea is to calculate

m(t+1) = µm(t) + γt∇f(θ(t)) (3.13)

θ(t+1) = θ(t) +m(t+1) (3.14)

where

• µ ∈ [0, 1) is the momentum coefficient and dictates how much influence

prior steps get.

• m(t) is the momentum vector at iteration t, and

• γt is the step size at time t.

Momentum methods can accelerate convergence, particularly in regions where

the gradient consistently points in similar directions across iterations, but can
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be problematic if the momentum weight is too large and the step sizes are

too large.

Adam Optimizer

We also explored implementing the Adam (Adaptive Moment Estimation)

optimizer, which extends the notion of momentum discussed earlier while also

providing adaptive step sizes. It computes adaptive step for each parameter

based on the first and second moments of the gradients. It first calculates a

term very similar to the moment value we saw before:

m(t) = β1m
(t−1) + (1− β1)∇f(θ(t)) (3.15)

However, the primary difference is that this is now a convex combination of

prior gradients (i.e. ‘momentum’) and the current gradient, which increases

stability. It then calculates a new term v(t)

v(t) = β2v
(t−1) + (1− β2)(∇f(θ(t)))2, (3.16)

which is a convex combination of squares of prior gradients and the current

gradient. This is done to provide a notion of variance around each of the

gradient dimensions which will be used to adjust the step in the next itera-

tion. As currently written, both terms are biased, so the following correction
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is applied:

m̂(t) =
m(t)

1− βt
1

(3.17)

v̂(t) =
v(t)

1− βt
2

(3.18)

Finally, the gradient step is now taken using the following equation:

θ(t+1) = θ(t) − γ
m̂(t)

√
v̂(t) + ϵ

(3.19)

where:

• β1 and β2 weight how important prior gradients and their variance are

(respectively),

• γ is the step size, and

• ϵ is a small constant for numeric stability when the denominator is

small.

The primary addition is the m̂(t)
√
v̂(t)+ϵ

term. If the momentum term in a par-

ticular parameter is highly variable, then v̂(t) will be large and will result

in a smaller contribution in that dimension relative to another dimension
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which has been very stable. This helps the solver converge quickly like in

Momentum solvers, but better handles noisy or sparse gradients. This also

helps it overcome some of the issues that momentum suffers in flat portions

of the likelihood, though it is by no means immune.

We had attempted to implement Adam as part of a migration of the code

base to PyTorch in an effort to speed up our performance. However, our

estimates were never as good as “vanilla” Gradient Descent. Though flat

gradients could have been problematic, it is also possible that a mistake was

made in the implementation that we were never able to resolve.

3.4.5 Conclusions on Likelihood Maximization

Our comprehensive investigation of likelihood maximization approaches for

the GSMP-VGLM model leads to several important conclusions:

1. Superiority of Gradient-Based Methods: Gradient Descent is gen-

erally a slower and more inefficient solver in general. However, Gradi-

ent Descent and its variants consistently outperformed Hessian-based

methods in terms of reliability and robustness, directly addressing the

potential issues caused by near zero values of the Hessian in the likeli-
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hood function.

2. Improved Initialization: Being able to leverage the solutions used

from the Normal Equations 3.2.2 as a starting point provides an ex-

cellent initialization, particularly when dealing with small values of α.

This can allow for smaller step sizes and maximum iterations.

3. Step Size Control as Key Factor: Proper step size management,

particularly through decaying schedules, has been instrumental in pro-

ducing robust optimization results.

4. Practical Implementation: Our current gradient descent implemen-

tation with enhanced initialization strategies and step-size management

offers a practical solution that can be applied on generic problems with-

out requiring specialized skills and lots of tuning work.

These findings fundamentally changed our approach to how we approached

estimation and implementation of the GSMP-VGLM in practice. Though

our initial attempts utilized more traditional Hessian-based methods (ei-

ther directly to maximize the likelihood function or indirectly as part of

fsolve), our thorough analysis uncovered that known issues with Hessian-

based solvers could easily apply in this case. Since we wanted our solution to
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be robust to all possible inputs, we opted towards a more reliable, if tradi-

tionally more inefficient solver. Our work shows that our current approach,

augmented as it is with initialization from the Normal Equations and with

step-size decay schedules offers a practical solution that can be applied to

any generic problem without requiring specialized skills on behalf of the users

or a lot of time spent tuning.

3.5 Telescopic Grid Search for α Parameter Es-
timation

The estimation of the shape parameter α in the GSMP-VGLM framework

presents unique challenges that necessitate specialized approaches. While

the methods discussed in previous sections provide effective strategies for

estimating the parameter vectors η and β, the estimation of α requires ad-

ditional consideration due to its distinct role in the model and its complex

interaction with other parameters. This section introduces and analyzes the

Telescopic Grid Search method, a systematic approach to determining the

optimal value of α that combines the efficiency of directed search with the

reliability of global exploration.
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3.5.1 The Challenge of α Estimation

As we showed in Chapter 2, an MLE for α exists, but 1) we cannot prove that

it is unique or 2) provide a mechanism to find it. A natural consideration

would be if we could apply our solutions in Section 3.5 and use gradient-based

solvers to estimate g(α,η) directly. This proved to be difficult to implement

for several major reasons:

1. Bounded Parameter Space: Unlike η and β, which can take any real

values, α is constrained to be positive (α > 0). This bounded nature

of the parameter space introduces a large challenge for gradient-based

methods, which may attempt to “step” into infeasible regions without

controls that can be difficult to implement.

2. Interactions between α and η: As demonstrated in Chapter 2, the

value of η is tied to the value of α, i.e. η(α). This means that changes

in α have an effect on the estimation of η that is not going to be

detected in the gradient of η alone and can cause bad steps in the η

solver. This means that there would have to be some sort of nested

optimization procedure.

3. Volatility in v(α): As we showed in Section 2.3.2, the form of v(α)
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can change dramatically depending on the true value of α. Since this

isn’t known in advance, it would be very difficult to find parameters

that would generalize well across all problems.

These issues make direct application of standard optimization techniques

extremely challenging for estimating α in practice and would require a good

deal of fine-tuning. To address this, we sought to find other optimization

approaches that could meet these challenges while still being robust and

practical to implement.

3.5.2 Conceptual Framework of Telescopic Grid Search

Telescopic Grid Search (TGS) is a specialized global optimization approach

used commonly in Machine Learning application to find optimal hyperpa-

rameters or parameters by searching through the resulting parameter spaces.

TGS is an extension of Exhaustive Grid Search where all possible combina-

tions of parameters are checked to find the optimal response. TGS extends

this idea by using multiple iterations of grids that successively narrow around

ideal candidates after each iteration, much like how viewing stars through

a telescope begins with a wide focus to find the field of interest before con-

tinuing to zoom in until a clear picture of the region of interest is achieved.
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In this way, Telescopic Grid Search creates a more efficient search procedure

that can still find accurate estimates of the global optima while reducing the

overall time spent in less-optimal regions.

At a high level, the TGS algorithm for α estimation proceeds as follows:

1. Initial Coarse Grid: Define a wide, coarse grid of candidate α values

spanning the feasible range.

2. Profile Likelihood Evaluation: For each candidate α value, find η

and β with fixed α and evaluate the resulting log-likelihood.

3. Region Identification: Identify the region(s) containing the highest

log-likelihood values. However, from our analytical study, we believe

this to be a single region in v(α).

4. Grid Refinement: Generate a finer grid concentrated within the iden-

tified high-likelihood region.

5. Iterative Refinement: Repeat the evaluation and refinement process

until some kind of stopping criteria is reached (more to this discussion

later).
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6. Final Output: Return the value of α that produced the highest log-

likelihood and associated η and β.

This approach effectively decomposes the complex optimization problem of

three parameters, α, η and β, into a series of nested optimizations.

3.5.3 Detailed Algorithm Specification

We now present a formal specification of the Telescopic Grid Search algorithm

for α estimation in the GSMP-VGLM framework with complete pseudo-code.

Note: Though this is a common technique, the specific implementation be-

low is mine, and includes early termination based on changes in the log-

likelihood, though this could be changed/augmented with estimate precision

or removed entirely to just force the maximum number of iterations be run.

3.5.4 TGS Details

Several key aspects of this algorithm warrant further elaboration:

Grid Generation

The function GenerateGrid creates a grid of values that are spaced according

to specified bounds. In practice this takes one of two forms:
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Algorithm 1 Telescopic Grid Search for α Estimation
1: Input: Data X,N,W,Z; initial range [αmin, αmax]; grid size k; conver-

gence threshold ϵ; maximum iterations M
2: Output: Estimated parameters α̂, η̂, β̂
3: Initialize iteration counter t← 0
4: αgrid ← GenerateGrid(αmin, αmax, k) ▷ Generate a uniformly spaced grid
5: Lbest ← −∞ ▷ Initialize best log-likelihood
6: while t < M do
7: Lgrid ← {∅} ▷ Initialize empty list for log-likelihood values
8: for each αi ∈ αgrid do
9: Optimize ηi,βi with fixed αi using gradient descent

10: Compute log-likelihood L(αi,ηi,βi)
11: Lgrid ← Lgrid ∪ {L(αi,ηi,βi)}
12: end for
13: ibest ← argmaxi Lgrid ▷ Index of best α value
14: αbest ← αgrid[ibest]
15: if |Lgrid[ibest]− Lbest| < ϵ then
16: break ▷ Convergence achieved
17: end if
18: Lbest ← Lgrid[ibest]
19: imin ← max(0, ibest − 1)
20: imax ← min((k − 1), ibest + 1)
21: α′

min ← α[imin] ▷ Refine bounds
22: α′

max ← α[imax]
23: αgrid ← GenerateGrid(α′

min, α
′
max, k) ▷ Generate refined grid

24: t← t+ 1
25: end while
26: Perform final optimization of η,β with fixed αbest

27: return αbest,η,β



99

1. Linear-Scale Spacing: Here each point in the space is a fixed distance

apart from the subsequent values. This is used when there is not a large

range in potential candidate values.

2. Log-scale Spacing: In this regime, points are spaced uniformly in the

log-scale. This is used when there is a broad range of values that span

multiple orders of magnitude.

In practice, the linear-scale, a spaced grid with k points between αmin and

αmax is generated as:

αi = αmin + i(αmax − αmin), i = 0, 1, . . . , k − 1, (3.20)

while the logarithmically spaced grid is generated as:

αi = αmin ·
(
αmax

αmin

)i/(k−1)

, i = 0, 1, . . . , k − 1 (3.21)

Refinement Strategy

A common approach used in TGS is to define a “magnification/refinement

factor” which defines a neighborhood around αbest and uses this to restrict

the search space in coming intervals. The value of this factor dictates how

aggressively the space is focused.
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However, in our analysis, we found this to be a problematic detail in practice

due to two issues:

1. Lack of Optimal Magnification Factor Guidance: The inability

to set a robust magnification scale. Since the magnification factor de-

termines how fast the function can converge around the optimum, there

is a direct correlation between the function being optimized, v(α), the

magnification factor, and the maximum number of iterations, and with-

out knowledge of v(α), it isn’t possible to state an ideal magnification

factor that would be robust to all situations that doesn’t involve having

to spend a large number of iteration steps.

2. Poor Behavior When True α is Near Zero: In the case where the

real value of α was either 0 or very small, the magnification factor could

wind up “zooming away” from the true value, with successive iterations

getting further and further away from the optimal value.

Instead, we chose to anchor the successive bounds to the value to the left and

right of the optimal value found in practice (unless the optimal value were in

the boundary). This effectively defined the shrinkage bound and generally
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ensured a good rate of enhancement while also preventing a large number

of iterations and poor behavior when the true value of α was small. An

additional benefit was that at least two points were re-evaluated and if the

gradient descent procedures have been dramatically adjusted, this can pro-

vide clear evidence of bad tuning if the repeated points exhibit high volatility.

Convergence Criteria

The algorithm employs two convergence criteria:

1. Grid-Width Threshold: The algorithm terminates when the width

of the telescopic grid is no larger than some pre-defined threshold δ.

This criterion is analogous to imposing a numeric precision constraint

on α that must be met.

2. Function Improvement Threshold: The algorithm terminates when

the improvement in log-likelihood between successive iterations falls be-

low a pre-specified threshold ϵ. This criterion identifies when further

refinement is unlikely to yield significant improvements.

3. Maximum Iterations: A maximum number of magnification steps is

defined and after the final step is run, the α which produced the largest

log-likelihood at any step is returned. This provides no guarantees on
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parameter precision or functional improvement, but, with a sufficiently

large number of magnification steps can be generally robust in practice.

In practice, a maximum number of iterations is set and could be quite large

with either a grid-width constraint or function-improvement threshold in

place to allow for early termination.

Parallel Implementation

A known drawback of TGS is that it is fundamentally an exhaustive search

procedure, and often requires more steps than other, more targeted optimiza-

tion algorithms. However, thanks to the simplicity of the approach, it gains

a significant advantage in that it naturally lends itself to parallelization of

each estimation point within an exploration step. This is because exploring

different candidate values of α are completely independent of each other. In

earlier evaluation work we conducted, we were able to use multi-threading to

distribute the optimization tasks across available computational cores. This

can be visualized in the sample pseudo-Python code:

# Pseudo-code for parallel implementation
def evaluate_alpha_parallel(alpha_grid):

with ThreadPoolExecutor(max_workers=n_cores) as executor:
results = list(executor.map(optimize_and_evaluate,

alpha_grid))
return results
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This parallel implementation can reduce wall-clock time substantially, par-

ticularly as the number of cores increases. In particular, if the number of

estimation points in each round is a multiple of cores, then it becomes pos-

sible to explore more candidate α values in each iteration without increasing

run time. This typically means that a smaller maximum iteration size may

be chosen and/or increased likelihood of early termination. This makes TGS

far more robust and competitive even for larger initial search spaces.
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3.5.5 Visual Demonstration of Telescopic Grid Search

Figure 3.4: Three iterations of Telescopic Grid Search. The x-axis shows
values of α while the y-axis shows the log-likelihood values associated with
the points. Only points with dots represent actually estimated values; the
connecting lines are linear interpolations between them. The blue line rep-
resents the first set of estimated values which spans the width of the x-axis.
The orange line shows the next iteration and the green represents the final
iteration. The red dot is the actual value of α used to generate the data.

To provide intuition for the Telescopic Grid Search process, Figure 3.4 demon-

strates how the algorithm progressively narrows its focus to identify the op-

timal α value. This example illustrates the algorithm’s behavior on a dataset

generated from a GSMP-VGLM model with true α = 0.13.

Several key observations can be made from this visualization:

1. Initial Exploration: The first iteration (blue curve) covers a wide
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range of α values, allowing a large swath to be explored.

2. Progressive Refinement: The next iteration (orange curve) explores

only a region with a greater likelihood of containing the true value. This

reviews a smaller domain, but with increased likelihood of containing

the optimal α.

3. Final Refinement: The final iteration (green curve) provides fine-

grained exploration around the maximum likelihood estimate, correctly

identifying the maximum value of α = 0.13.

This visualization demonstrates the efficiency of TGS in navigating from a

broad initial search to a precise final estimate, by systematically narrowing

the search space based on the results of the prior round.

3.5.6 Comparison to Other Exploratory Searches

Though another more complicated approach exists (and will be discussed

in the next section), for comparison, we can contrast this against two other

exploratory methods:

• Random Search (RS): This method allows a user to specify the

number of samples to be drawn from a potential search space. Each



106

point is evaluated and the randomly drawn α that reveals the largest

log-likelihood value is selected as the optimal value.

• Exhaustive Grid Search (EGS): This approach foregoes iterative

searching that begins broadly before narrowing in on the regions more

likely to contain the true maximum value. Instead, a uniformly spaced

array of points is proposed and evaluated, where the α producing the

largest log-likelihood is selected as the optimal value. In practice, this

grid tends to sample points with very small spacing between points,

meaning many points need to be sampled.

Both of these alternatives suffer significant drawbacks compared to TGS. In

particular, with RS, there is no guarantee that the true optimum is reached,

and any information learned in the sampling is not used to improve sub-

sequent estimation. GGS can generally provide good results if the spacing

is fine-grained enough. Unfortunately, this means that a large number of

points needs to be sampled, and many points are in regions that clearly are

suboptimal. Instead, TGS provides a simple mechanism that will learn from

earlier iterations and spend time searching in domains with high likelihood

of containing the true optimum with minimal tuning or computational com-

plexity.
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3.5.7 Practical Recommendations

Based on our extensive experimentation with Telescopic Grid Search for α es-

timation, we offer the following practical recommendations for implementing

this approach:

1. Broad Initial Grid Bounds: Unless there is strong evidence for a

specific range of α, we recommend making the initial grid fairly broad,

containing a value close to 0 and a reasonably large upper bound, such

as 10. A log-scale grid could be used here, but so could a linear-

scale grid. It is also possible to combine both approaches, with initial

searches at the log-scale before moving to a linear-scale grid when the

optimal grid is between consecutive powers.

2. Be Skeptical of Optimal Values Near the Boundary: If the

resulting optimal value is very near the initial boundary, consider com-

puting the A test statistic from Equation 2.33 and fitting a TETLG-

VGLM model as well. If the result is near the upper bound, consider

rerunning the analysis with a larger upper bound.

3. Parallel Implementation: This approach may still require a large

number of test points. Fortunately, each magnification step can be
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parallelized for improved speed, and this could make the approach quite

practical.

These recommendations provide a practical guide for implementing Tele-

scopic Grid Search in diverse applications, ensuring reliable and efficient es-

timation of the α parameter in the GSMP-VGLM framework.

3.5.8 Conclusions on Telescopic Grid Search

The Telescopic Grid Search approach represents a refinement of exhaustive

parameter searching that lends itself easily to α estimation in the GSMP-

VGLM framework. By combining global exploration with progressive re-

finement, TGS effectively navigates the shape of v(α) which we defined in

Equation 2.34, to identify the optimal α value with high reliability and com-

putational efficiency.

Our simulations found that TGS outperforms alternative approaches across

multiple dimensions of performance—accuracy, reliability, efficiency, and ease

of implementation. The method’s natural parallelizability further enhances

its practical utility, making it particularly well-suited for applications involv-

ing larger datasets or more complex model specifications.
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Though less efficient than other models which we will discuss briefly, the

simplicity of the approach combined with the ability to parallelize each es-

timation point makes TGS a practical alternative to α estimation. In the

subsequent section, we will explore an alternative approach to global opti-

mization for α estimation based on Bayesian optimization principles, provid-

ing a complementary approach to handle the estimation process.

3.6 Bayesian Optimization for α Parameter Es-
timation

While the Telescopic Grid Search method described in the previous section

provides a robust approach to estimating the α parameter in our GSMP-

VGLM framework, it does possess a few significant drawbacks. While it does

learn from prior attempts, the estimation process is hardly intelligent and

merely repeats a coarse search pattern with increasing precision. In cases

where limiting computation may be at a premium, this approach will waste

time spending too much time exploring areas that couldn’t be valid. An

alternative solution that can improve on this is Bayesian Optimization (BO).

Unlike other exhaustive and random search methods, this approach attempts
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to construct a surrogate of the underlying function being optimized given

the observed data. Defining a function on the surrogate function that blends

observed data and model uncertainty, BO can suggest new candidate values

to test. Bayesian Optimization can often achieve comparable performance to

other exhaustive search algorithms with far fewer evaluations. In this section,

we explore the theoretical foundations of Bayesian Optimization, how it can

be implemented into our GSMP-VGLM estimation framework.

3.6.1 Theoretical Foundations of Bayesian Optimization

Bayesian Optimization can be especially useful in cases where

1. There is a multi-stage approach in parameter estimation.

2. Testing points may be complicated, expensive or slow.

3. The function of interest may not have gradients or have complicated

bounding of parameters.

Bayesian Optimization attempts to overcome these issues by building a prob-

abilistic model of the function of interest. Fundamentally there are three

components to Bayesian Optimization:

1. Surrogate Model: A probabilistic model that approximates the func-

tion of interest and quantifies uncertainty about its predictions.
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2. Acquisition Function: A function derived from the surrogate model

that guides the selection of points for evaluation by balancing explo-

ration (sampling in regions of high uncertainty) and exploitation (sam-

pling in regions with promising expected values).

3. Sequential Sampling Strategy: An iterative process that alternates

between updating the surrogate model based on observed function eval-

uations and selecting new points to evaluate based on the acquisition

function. This will not get much attention here as we utilized a very

simple sampling strategy that alternated between selecting a single new

candidate and then evaluating it.

In our case, we seek to find the α that optimizes Equation (2.14):

L(α) = max
η(α),β

L(α,η(α),β) (3.22)

Since this involves bounds on α (α ∈ (0,∞)) and optimizing a η(α) for a

given α, GSMP-VGLM estimation is an ideal candidate for Bayesian Opti-

mization.
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3.6.2 Gaussian Process Surrogate Functions

The heart and soul of the probabilistic model is the surrogate model, from

which all other aspects of the model follow. In practice, the most commonly

used form of probabilistic model used as the surrogate is the Gaussian Pro-

cess, in large part due to their closed-form, flexibility and ability to capture

the uncertainty. They are quite popular and many libraries exists to train

and fit Gaussian Processes computationally, including several that utilize

GPU’s for enhanced performance.

A Gaussian Process is a stochastic process where any finite collection of

points from the process have a multivariate Gaussian distribution, see Ras-

mussen and Williams (2006). More formally, given a function, f , and a set

of points, {x1,x2, . . . ,xn}, if {f(x1), f(x2), . . . , f(xn)} ∼ N (µ(x),K), then

f is a Gaussian Process, GP(µ(x),K). µ(x) is the mean function and K is

an n×n matrix with elements κ(xi,xj) for i, j ∈ {1, 2, . . . , n} where κ(·, ·) is

a covariance function. The latter function is also known as a kernel function,

and this plays the key role in the GP , since it constrains the way that func-

tions can behave between points. Fortunately, covariance functions need only

meet a few basic criteria, and covariance functions may even by combined to
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make new covariance functions, meaning there is a great deal of flexibility in

practice.

Another feature we alluded to earlier was that there is a closed-form so-

lution afforded by this model. In particular, given a set of inputs, X =

{x1,x2, . . . ,xn} and corresponding outputs, F = {f(x1), f(x2), . . . , f(xn)},

we have an analytical solution for the posterior predictive distribution around

any new point, x⋆:

f⋆|x⋆,X,F ∼ N (µ⋆, σ⋆)

where

µ⋆ = µ(x⋆) + κ(x⋆,X)K−1(F− µ(X)) and

σ2
⋆ = κ(x⋆,x⋆)− κ(x⋆,X)K−1κ(X,x⋆)

Gaussian Processes for GSMP-VGLM

For our purpose, we want to approximate L(α), i.e.

L(α) ∼ GP(µ(α),Kα)

where the elements of Kα consist of the covariance function in the form

κ(α, α′). We replace X and F with α = [α1, α2, . . . , αn]
⊤, the tested values
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of α and L = [L(α1),L(α2), . . . ,L(αn)]
⊤, the corresponding log-likelihood

function values.

3.6.3 Acquisition Functions for Bayesian Optimization

Having established our surrogate model, we need to be able to convert this

information into a different function (the Acquisition function) that, when

maximized, will suggest a new candidate value of α to try. There are several

forms of Acquisition function which we’ll discuss below.

Upper Confidence Bound (UCB)

The UCB acquisition function combines the mean functions of the Gaussian

Process with a multiple of the size of the uncertainty at that point:

UCB(x) = µ(x) + γ · σ(x)

where γ > 0 is a defined parameter that changes how much the function ex-

amines unexplored regions rather than trying to continue examining regions

that have large values of µ(x). UCB effectively looks at vertical “slices” of

the surrogate function to determine the most likely regions containing the

maximum value. This will be in contrast to the next two acquisition func-

tions.
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Probability of Improvement (PI)

Unlike UCB which looks at vertical “slices”, the PI acquisition function

maximizes the probability of improving over the current best observation,

fmax := {f(x1), f(x2), . . . , f(xn)}. This is akin to predicting the probability

of being above a threshold:

PI(x) = P (f(x) ≥ fmax + γ) = Φ

(
µ(x)− fmax − γ

σ(x)

)
,

where Φ(·) is the CDF of the N (0, 1) distribution and γ > 0 is a constant to

encourage that unexplored regions are examined.

Expected Improvement (EI)

In practice, PI can be extremely greedy and produce poor results. This is

because PI only cares about high probability of improvement and does not try

to consider the magnitude of the improvement. The EI acquisition function

tries to quantify the expected gain relative to the current maximum:

EI(x) = E [max(f(x)− fmax − γ, 0)] ,

which has a closed-form expression:

EI(x) = (µ(x)− fmax − γ) Φ(Z) + σ(x)ϕ(Z),
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where

Z =
µ(x)− fmax − γ

σ(x)
,

and ϕ(·) is the PDF of the N (0, 1) distribution and γ > 0 has the same role

in PI.

3.6.4 Implementation of Bayesian Optimization for GSMP-
VGLM

With this foundation, it is quite straight-forward to implement this in the

GSMP-VGLM case. The core algorithm for Bayesian Optimization of the α

parameter is outlined below:

As can be clearly seen in the algorithm, you provide initial bounds on poten-

tial ranges for α, the number of points to evaluate, an initial testing point

and an acquisition function. An initial GP is fit to the evaluation point and

then the acquisition function is applied. This process repeats iteratively until

some notion of convergence has been achieved or until the maximum number

of samples has been evaluated.

In stark contrast to the Telescopic Grid Search algorithm described in Section

3.6, this approach does not blindly evaluate all points in a space; rather it only

looks at areas that are deemed to have high potential at including superior
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Algorithm 2 Bayesian Optimization for α Estimation
1: Input: Data X,N,W,Z; bounds [αmin, αmax]; initial test point, α0; total

sample size nmax; acquisition function a(α)
2: Output: Estimated parameters α̂, η̂, β̂.
3: Generate initial design A = [α0]
4: Evaluate profile log-likelihood at initial points: L = [L(α0)]
5: Find current best: α+ ← argmaxi L(αi), L+ ← L(α+)
6: for t = 1 to nmax do
7: Fit Gaussian Process model to A and L
8: Compute acquisition function a(α) using the GP model
9: Find next point: αt ← argmaxα∈[αmin,αmax] a(α)

10: A = A ∪ {αt} ▷ Update A
11: Evaluate profile log-likelihood at αt: Lt ← L(αt)
12: L = L ∪ {L(αt)} ▷ Update L
13: if Lt > L+ then
14: if |L+ − Lt| < ϵ then ▷ Convergence achieved
15: Update current best: α+ ← αt, L+ ← Lt

16: break
17: end if
18: Update current best: α+ ← αt, L+ ← Lt

19: end if
20: end for
21: Perform final optimization of η,β with fixed α+

22: return α+,η,β
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solutions. In practice, this method tends to not only converge faster, but to

do so in far fewer steps.

Advanced Implementation Details

The version presented above is a minimum working example, though there

are several ways to boost performance of this model in practice, depending

on what additional information and resources are available. These are:

1. Including Previous Measurements: It is possible that there have

been some initial studies done where known values of A and L have

already been established. These values can be passed into the optimizer

which allows users to go directly to the optimization for-loop.

2. Provide range of α Values: Rather than passing a simple value, it

is possible to pass a grid of candidate values through, as in the first

step of Telescopic Grid Search. This can be done if there is strong

intuition where the maximum may lie, or to prevent over-exploration

in suboptimal areas, though this tends to defeat the purpose if the

range of possible values is large.

3. Parallel Implementation: As in Telescopic Grid Search, it is also

possible to parallelize the search process. To accomplish this, rather
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than returning the optimal value of the acquisition function, the top k

values are returned and each thread is used to evaluate these points,

where k, the number of available processing cores, is a factor of nmax.

This can generally yield faster convergence.

Benefits Over Telescopic Grid Search

In our analysis, we found that Bayesian Optimization tended to yield supe-

rior estimates in fewer steps. The Acquisition function tends to do a quite

good job in practice at evaluating optimal values and ignoring suboptimal

areas. In this way, it overcomes one of the two biggest issues we discussed in

Telescopic Grid Search: the lack of optimal magnification factor guidance.

This was an issue because, depending on the true value of α, the shape of

v(α) has different shapes and prevents robust measures to magnify the search

space. Since this fundamentally restricts the size of the bounds of α values

being considered, a bad magnification can cause irreparable harm to the esti-

mation process and wind up excluding the optimal value. However, Bayesian

Optimization never restricts the original bounds of α. So as long as the true

value of α lies in the bounds, it is always possible to discover it at any stage.
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The other related issue of Telescopic Grid Search was how zooming in when

the true value of α was near zero is also not a problem in Bayesian Optimiza-

tion for the same reason discussed as above: it never restricts the original

bounds and can always explore the boundary. This was borne out in simu-

lation studies, even when the true α was 0.

3.6.5 Visual Demonstration of Telescopic Grid Search

Figure 3.5: The results of 30 steps of Bayesian Optimization to find α. The
x-axis is the range of postential α values that can be explored and each dot
represents a tested value of α and the y-axis is the associated log-likelihood
value. Only blue dots were evaluated and the lines connecting them are linear
interpolations between known points. The red dot between a blue dot at the
top is the true value of α used to generate the data.
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Using the same setup as in Section 3.5.5, data was drawn from a GSMP-

VGLM with the true value of α = 0.13. 30 points were evaluated without

any early-stopping for convergence. The initial value provided was the right

boundary value of the range. Figure 3.5 presents the results of the BO

process. The key observations are:

1. Non-Uniform Searching: Unlike Telescopic Grid Search, points are

non-uniformly sampled, so the general shape of v(α) is not as clearly

defined as in Section 3.5.5.

2. Generally Exploring Optimal Ranges: Though not shown, Bayesian

Optimization approached the optimal value with the second iteration

and all values after the 10th point were effectively converged. TGS, in

contrast, needed more iterations to arrive at the optimal value, and was

only halted in this case because we knew the optimal value had been

achieved. In practice, more iterations would have been conducted.

3.6.6 Practical Recommendations

Based on our research about estimating α with Bayesian Optimization, we

offer the following practical recommendations for implementing BO in prac-

tice:
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1. Broad Initial Grid Bounds: As in TGS, unless there is strong ev-

idence for a specific range of α (e.g. earlier studies), we recommend

passing a broad range of potential values of α, including a value very

close to 0 and some reasonably large upper bound, such as 10.

2. Pick an Initial Point near the Largest Bound: This is a point

that will generally be explored anyway, but if the true value of α is

reasonably far away (i.e. 5 or less), the shape of the Gaussian Process

surrogate function with µ(x) = 0 will force subsequent steps to be

closer to 0.

3.6.7 Conclusions on Bayesian optimization

Bayesian Optimization provided the most robust and performant method of

parameter estimation in the GSMP-VGLM model in the course of our exam-

inations. This was due to the ease of implementation, data-driven candidate

proposal and robust performance over other exhaustive parameter search

methods we trialed.

In our research, we found that BO outperformed TGS in both accuracy of pa-

rameter estimates as well as the average number of steps needed to converge.
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Further, the two most glaring issues of TGS (poor boundary performance

and unclear guidance when magnifying the α parameter range), are not is-

sues for BO, which always keeps the original α estimation bounds. Though

potentially slower (fitting a Gaussian Process and optimizing the acquisition

function are added steps to consider), the ability to parallelize computation

combined with intelligent candidate selection overcame the additional com-

putation costs.
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Chapter 4

Applications

In this chapter, we apply the GSMP-VGLM model to daily precipitation

data from two NOAA sites close to Reno, NV. In this area precipitation is

highly seasonal with heavier precipitation in the winter, as well as inherently

episodic, where large periods of no precipitation are punctuated with highly

variable wet periods. Any statistical model for these would need the ability

to overcome these challenges.

4.1 Overview of Data

The data analyzed comes from two weather stations of the National Oceanic

and Atmospheric Administration (NOAA): South Lake Tahoe Airport, which

is in the Sierra Nevada mountain range, and the nearby Reno Airport which

is in the western Great Basin, at the foot of the Sierras, see Menne et al.
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(2012). The observations (data) were total daily precipitation values on

record. Though the two locations are less than fifty miles apart, they ex-

perience markedly different precipitation regimes: one heavily influenced by

Pacific frontal systems, the other by arid continental conditions.

The high quality data, was obtained from Alexander Weyant (SCRIPPS

Institution of Oceanography, UCSD). For detailed information about data

selection and preprocessing see Weyant et al. (2025). Next, to construct

the observations of Magnitude, Maximum and Duration, we used sequences

of nonzero values that exceeded the 75th percentile of nonzero daily precip-

itation totals for each station, respectively. This thresholding was done to

ensure that we focus on moderate to extreme events, which are most relevant

for hydrological and societal impact assessments.

4.2 Addressing the Seasonality of Precipitation
Data

As mentioned earlier, precipitation at the two locations of interest exhibits a

strong seasonal pattern that needs to be accounted for. The VGLM structure

provides a natural mechanism to do so: encoding the seasonal variation as a
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covariate in the matrices W and Z. This was done by providing a Fourier

Basis Function expansion to the link parameters λ and p:

η⊤wi = Î +
H∑

h=1

ηci,h cos

(
t
2hπ

365.25

)
︸ ︷︷ ︸

wc
i,h

+ηsi,h sin

(
t
2hπ

365.25

)
︸ ︷︷ ︸

ws
i,h



β⊤zi = Î +
H∑

h=1

βc
i,h cos

(
t
2hπ

365.25

)
︸ ︷︷ ︸

zci,h

+βs
i,h sin

(
t
2hπ

365.25

)
︸ ︷︷ ︸

zsi,h


(4.1)

where Î is a bias term (i.e. “Intercept”), H is the number of harmonic terms

we wish to include (H = 2 in our application) and t is the integer day of

year, where January 1 is t = 1. Since H = 2, we have two sine harmonics

and two cosine harmonics for η and β respectively, including the bias term,

meaning W and Z each consist of five columns. This parameterization allows

the model to capture complex seasonal patterns without adding the risk

of significant overfitting compared to other methods (e.g. adding dummy

variables for individual days) or degraded performance (e.g. using dummies

for specific months or weeks). Finally, a single α parameter was estimated

across all observations for each station
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4.3 Case Study: South Lake Tahoe

We used data from 1968-2024 to fit a GSMP-VGLM1 model to the observed

total daily precipitation values. Figure 4.1 illustrates the fit of the model to

data from the South Lake Tahoe Airport in addition to observed values. The

plot in the upper left shows the probability of observing total daily precip-

itation over the 75th (local) percentile threshold for every day of the year.

As expected, this probability is maximized during the winter (t either small

or very large). The remaining three plots show the theoretical 50th, 75th,

95th and 99th observed and fitted model (red curves) components quantiles.

The points on the graphs represent values of the duration, daily mean and

precipitation event total (magnitude) all precipitation events registered on

a given day of the year over the period of record. In these plots, a model

that fits well should have percentiles following the observed percentiles. That

means the red curves (model percentiles for every day of the year) should be

close to the observed percentiles of the data. Although percentiles of the

data are not marked on the graphs, a model that fits well should estimate

percentiles close to the observed ones. That can be seen if the percent of
1The model fit to the precipitation data used hurdle geometric distribution for duration

of events. This allowed for better fit to events of length one. More on hurdle geometric
model in the next section.
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observation below the red curve on a given day is approximately equal to

the percentile given by the red curve. The plot in the upper right shows

the event durations, and again we see a seasonal pattern in the data and

in the model. The two bottom plots show the daily average as well as the

total precipitation of events and here it is easier to see how well the model

fits the observed data. The lowest red line represents the 50th percentile

from the model, and it should separate the lower half from the upper half

of the observed data on that day. As the red lines move up (showing higher

percentiles), the fit continues to be very reasonable, even as we approach the

95th and 99th percentiles.
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SOUTH LAKE TAHOE AIRPORT, CA US Precipitation Events [1968, 2024]

Figure 4.1: Annual cycle of precipitation events at South Lake Tahoe Airport.
(a) Estimated daily probability of above-trace precipitation. (b–d) Points
represent observed event properties; red curves denote theoretical percentiles
(50th, 75th, 95th, 99th) under the HSMP-VGLM.

4.4 Case Study: Reno Airport

Repeating the analysis for the South Lake Tahoe airport, we also fit a model

to observations from the Reno Airport, using data from 1937-2024. Though

there are several commonalities, such as the clear seasonal pattern and gen-

erally strong performance of the model in representing the data, there are

some clear differences that can be seen in Figure 4.2.
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RENO AIRPORT, NV US Precipitation Events [1937, 2024]

Figure 4.2: Annual cycle of precipitation events at South Reno Airport.
(a) Estimated daily probability of above-trace precipitation. (b–d) Points
represent observed event properties; red curves denote theoretical percentiles
(50th, 75th, 95th, 99th) under the HSMP-VGLM.

The most notable differences are:

1. The seasonal pattern in Reno precipitation is different from that of

South Lake Tahoe. The model traces the new pattern reasonably well.

2. The generally smaller precipitation probability and precipitation totals

in Reno.

3. Though the durations of precipitation events are shorter in Reno in

general, the longest event is Reno is longer than the longest event in
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south Lake Tahoe.

4. The duration and magnitude values in Reno are typically more “flat”

and do not exhibit the same sharp seasonal variation as those in South

Lake Tahoe.

In summary, we see that the GSMP-VGLM model fits the precipitation

events reasonably well in both Reno and South Lake Tahoe. However, the

model based on daily total precipitation does not represent all precipita-

tion events very well. One-day events are dominant year-round, and multi-

day storms—common at Lake Tahoe in February—are rare. While the 2-

harmonic model suggests limited seasonal variation, additional data sources

reveal otherwise. NOAA severe weather records NOAA Events Database

[16] show a distinct summertime risk from convective storms, which bring

not just rain but also lightning, strong winds, and wildfires (Figure 4.3).
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Figure 4.3: Monthly counts of severe weather reports (2004–2018) from
NOAA for western Nevada counties. Event types are categorized as “Ex-
plicitly Convective”, “Winter Storm”, and “Any Flooding”.

Because our model operates at a daily resolution, high-intensity short-duration

events (e.g., flash floods caused by 1 inch of rain in 30 minutes) are conflated

with longer, lower-intensity events. Thus, while the model captures seasonal

shifts in the statistics of daily data, it may under-represent flash flood risks.

Disclaimer: All climatological and meteorological information was collected

in personal communications with Alexander Weyant.
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4.5 Discussion and Extensions

In this chapter, we were able to demonstrate the effectiveness of the GSMP-

VGLM model to provide reasonable fits to precipitation data from South

Lake Tahoe Airport and the nearby Reno Airport. Using only a few small

harmonics as covariates, the models were able to capture complex seasonal-

ity and extreme values on precipitation that can occur throughout the year.

This was demonstrated via validation plots for each airport which showed

generally strong fit for each model at various quantiles.

Though model fit was generally good, there are is room for improvement:

1. Being able to make α a function of covariates, as λ and p are should

provide enhanced model performance. We believe that this would be

particularly useful if the data were available at even lower levels of

temporal granularity.

2. As discussed above, we believe that looking at data more granular than

daily would help distinguish between the impact of the short, intense

events that cause flash floods.

3. Additional covariate data may also exist that can further account for



134

model volatility.

Ultimately, we do believe that the current GSMP-VGLM model provides a

useful framework to modeling these kinds of events and may provide highly

useful and reliable data to planners dealing with these kinds of precipitation

events.
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Chapter 5

Additional Considerations

In our work, we assumed that the marginal distribution on N is Geometric.

However, in practice, we often find this assumption challenged when many

events have duration equal to one. It is the case with precipitation events we

considered. It is partially the consequence of the climate and meteorology,

and partially of the fact that we look at "large" events, that is events over a

threshold. Since the daily precipitation we work with has to be larger than

a given threshold to be considered, there will be more observations with

duration 1, especially as the threshold used to determine the underlying

events increases. This excess of “1’s” creates an issue with the geometric

assumption for duration. In order to address this, we turn to Hurdle models

which can help deal with the excess observations of N = 1.
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5.1 Review of Hurdle Models

We consider a setting where the observed duration variable N exhibits excess

of the values N = 1. That means, that the empirical probability of N = 1

is much larger than the P (N = 1) for a geometrically distributed N . In

practice, if we fit a geometric distribution to such durations, the resulting fit

will tend to under-predict the number of events with duration N = 1, and

be a poor fit for durations N > 1. One potential solution is to modify the

geometric model to a Hurdle geometric model. A hurdle model puts a point

mass at N = 1 and then distributes the remaining geometric probabilities

among N > 1. It is a mixture model that puts a point mass at N = 1

with some probability π, and a truncated geometric distribution for N > 1.

Another popular solution is the zero-inflated model. A comprehensive review

of both hurdle and zero-inflated models can be found in Zuniga (2020).

Mathematically, for a counting variable N with values 1, 2, . . . with probabil-

ity mass function f(n), a hurdle model that allows for P (N = 1) to be larger
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than f(1) has the form:

P (N = 1) = π,

P (N = k) = (1− π) · f(k)

1− f(1)
for n ≥ 1,

(5.1)

where 0 < π < 1. In the hurdle model, the base variable N can be any

counting variable, such as Geometric, Poisson, or Negative Binomial.

A mixture representation of the hurdle distribution, with adjusted probability

of 1s, based on a random variable N with PMF f , has PMF as follows.

fH(n) = πI{1}(n) + (1− π)fT (n), n = 1, 2, . . . , (5.2)

where 0 < π < 1, I{1}(n) is the indicator of N = 1, and

fT (n) =
f(n)

1− f(1)
, n = 2, 3, . . . .

is the PMF of the random variable T which is N truncated at 1.

5.2 Hurdle Model Implementation in GSMP-
VGLM

In this section we give a brief overview of the implementation of the hurdle

geometric model instead of the geometric model for the duration N in the
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GSMP-VGLM. Detailed work on this model is outside the scope of this dis-

sertation.

Since in practice with the precipitation data we saw more GSMP events of

length one than allowed by geometrically distributed duration N , we first

implement hurdle geometric model for N in the GSMP framework. We first

consider GSMP model, where the distribution of N follows a hurdle geomet-

ric distribution.

Let N have the 1-inflated hurdle PMF given by (5.2) with the base geometric

distribution and let N be independent of Xi, X2, . . .. Note that N has two

parameters: π and p. Let (X =
∑N

i=1Xi, Y = maxNi=1, N) be an extension

of the GSMP vector to one with hurdle geometric N denoted as HGSMP.

Then, the PDF of HGSMP is as follows:

fα,λ,p,π(x, y, n) =


πλ

(
1

1 + αλx

)
, if n = 1

(
(1− π)λ

1 + αλx

)[∏n−1
j=0 (jα + 1)

]
p(1− p)n−2, if n ≥ 2.

(5.3)
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Let (X1, Y1, N1), . . . , (Xl, Yl, Nl) be a sample of l IID observations from the

HGSMP distribution. It is convenient to split the observations into two sets:

one with events of duration one, and the other of events with duration greater

than one. Let ℓ1 be the number of observations with ni = 1. Further, let ℓ2

being the number of observations where ni ≥ 2 so that ℓ1+ ℓ2 = ℓ. Then the

likelihood function is as follows:

L(α, λ, p, π; x⃗, y⃗, n⃗) = πℓ1λℓ1

ℓ1∏
i=1

(
1

1 + αλxi

)
· (1− π)ℓ2λℓ2

ℓ2∏
i=1

(
1

1 + αλxi

)

·
ℓ2∏
i=1

[
ni−1∏
j=0

(jα + 1)

]
pℓ2(1− p)

∑ℓ2
i=1 ni−2ℓ2

= λℓ

ℓ∏
i=1

(
1

1 + αλxi

)
· πℓ1 · (1− π)ℓ2

ℓ2∏
i=1

[
ni−1∏
j=0

(jα + 1)

]

· pℓ2(1− p)
∑ℓ

i=1 ni−(2ℓ2+ℓ1)

Next, the log-likelihood function is:

ℓ(α, λ, p, π; x⃗, y⃗, n⃗) = ℓ ln(λ) +
ℓ∑

i=1

[
ni−1∑
j=0

ln(jα + 1)

]
−

ℓ∑
i=1

ln(1− αλxi)︸ ︷︷ ︸
Function of α & λ

+ ℓ1 ln(π) + ℓ2 ln(1− π)︸ ︷︷ ︸
Function of π

+ ℓ2 ln(p) +

([
ℓ∑

i=1

ni

]
− (ℓ2 · 2 + ℓ1)

)
ln(1− p)︸ ︷︷ ︸

Function of p
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Thus, the log-likelihood function is a sum of three separate terms where

the only “new” term is the middle term which is a function of π. One may

use the same link function for π covariates as that used for the p covariates

with different set of covariates for π and p. Since the log-likelihood function

is a sum of three functions we can maximize each term separately, adding

maximization for the term corresponding to π. The maximization procedures

would be very similar to those for GSMP-VGLM and are beyond the scope

of this dissertation.
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Chapter 6

Python Package

In this chapter, we review the scientific computing library, gsmp_vglm, we

created in Python to support fitting this model in practice. We detail the

underlying libraries used to construct this library, the overall structure of

the library, and the functions of each of the core components of the library.

These functions allow users to generate data from a VGSMP and VT ET LG

distribution, fit the parameters and also supports goodness of fit procedures

for the VGSMP Distribution. Though not shown here, example notebooks

are included in our Git repo to demonstrate how to fit this model in practice.

6.1 Python and the Scientific Computing Ecosys-
tem

Since our equations don’t yield closed-form solutions, to facilitate estimating

parameters in practice, we created a scientific library in Python. Python
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is versatile, high-level programming language that has become on of the

most popular languages used in scientific computing, statistical analysis, data

science and machine learning. We selected Python to write our library, due

to its popularity, simple syntax and vast ecosystem of libraries. Our package,

gsmp_vglm, leverages several well-maintained and popular scientific libraries,

namely:

• NumPy: Efficient numerical and linear algebra operations and array

handling.

• SciPy: Advanced mathematical functions, distributions and optimiza-

tion tools.

• Matplotlib: Visualization and plotting capabilities.

• Pandas: Data manipulation and analysis; creates objects similar to

the R-language data.frame object.

• Scikit-Optimize: Bayesian optimization algorithms for hyperparam-

eter tuning.

By building our library on top of this ecosystem, we have produced a scal-

able and computationally efficient system that integrates well within other
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standard Python libraries. By building on libraries that are well-maintained

and actively developed, we ensure that our package will be easy to maintain

for future users and development.

6.2 High-Level Overview of the GSMP-VGLM
Package

The current instantiation of our package is very straightforward and intuitive:
gsmp_vglm

gsmp_vglm
__init__.py
bayes_alpha_opt.py
data_generation.py
grad_desc_sem_functions.py
goodness_of_fit.py

Example Notebooks
Ex - Estimating alpha with GPO.ipynb
Ex - Estimating eta_vec w alpha known.ipynb
Ex - Goodness of fit w alpha known.ipynb

setup.py
requirements.txt

The library contains some generic matter for a Python package (e.g. ‘setup.py‘),

a folder of example iPython Notebooks and the core library which consists of

three main files which we discuss in details below. But a high-level summary

is:

• data_generation.py - Creates data from the TETLG & GSMP dis-

tributions where the specific values of α, β and η are specified by the



144

user.

• grad_desc_sem_functions.py - Given data, there are methods to es-

timate η and β for GSMP and TETLG distributions using Gradient

Descent.

• bayes_alpha_opt.py - In the GSMP distribution, α needs to be esti-

mated using other methods and this file provides the means to do so

using Bayesian Optimization.

• goodness_of_fit.py - Create QQ-plots for goodness-of-fit tests, as

well as Kolmogorov-Smirnov statistics for the observed data.

6.3 data_generation.py

This module implements a flexible and extensible framework for simulating

synthetic event-based data. This is essential for several use cases, including:

• Evaluating estimation procedures

• Establishing properties of the values of v(α)

• Conducting broader simulation studies.

In all of these cases, knowing the mechanisms that generate the data give

the user the ability to see what happens when the true values of α, η and β
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are known.

The module adheres to the principles of object-oriented programming, utiliz-

ing class inheritance to encapsulate model-specific behavior while providing

a unified interface. Our base class consists of a single method: make_data.

We can construct any number of subclasses that inherit from this base class,

which makes this extensible in the future as other models are added to the

research. At present there are two subclasses:

1. TETLG_GLMData

2. GSMP_GLMData

Each subclass encapsulates the parameters and stochastic mechanisms spe-

cific to the corresponding model while reusing common logic, such as covari-

ate matrix generation. The common applications in both subclasses are:

• Covariate Generation - Both TETLG_GLMData and GSMP_GLMData

implement make_W() & make_Z() methods. This allows for covariates

to be drawn from several probability distributions: Uniform, Gaussian

and Exponential. An intercept term can also be added into the models.

• Model Parameterization - The covariate matrices are combined with
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the parameter vectors to define η and β for the event durations and

magnitudes: the vectors p and λ, respectively.

• Data Generation - Given p, λ and the user-provided parameter α

(for GSMP), then simulated event triples can be created.

1. First, ℓ Geometric observations are drawn using parameter vector

p to create the N array.

2. Next, for each Ni ∈ N , Ni Exponential variables are drawn using

λi ∈ λ.

– If this is GSMP-GLM data, then a single Gamma(1/α, 1/α) is

drawn and the vector of Ni exponential random variables is di-

vided by the mixing parameter, α, to create an Ni-dimensional

Pareto Type II random vector.

3. Lastly, the sum and maximum of the Ni Exponential/Pareto ob-

servations is found and used to create X and Y . X, Y,N,W,Z are

returned to the user.
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6.4 grad_desc_sem_functions.py

The second module provides a structured framework for estimating parame-

ters in TETLG and GSMP models using gradient descent and matrix-based

solvers. Like the previous module, this code is designed with extensibility in

mind through the use of object-oriented programming and class inheritance.

The base class, BaseEstimator, is an abstract class that consists of two prin-

cipal methods: fit() and predict(). These two methods are included as

these are core requirements in order to be able to work within the popular

Python library, scikit-learn. At present, we do not actually perform any

“predict()” functions, though this could easily return the expected values

of (X, Y,N) given some covariate matrices and estimated parameters. There-

fore, we will spend most of our time discussing the “fit()” method.

Once again, there are two subclasses:

1. TETLG_GLM

2. GSMP_GLM

Though the specific mechanics of the subclasses is unique to the distributions
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being used (i.e. the gradients depend on the respective likelihood functions

of each distribution), there are generic commonalities in both methods:

• Estimation of β and η parameters are disentangled. As the likelihood

equations are linear combinations of functions of η and β, the estima-

tion can safely be linearized.

• For each parameter, we do the following procedures:

1. Initialize estimates of either η or β using the “Normal Equations”

approach discussed in Section 3.2.2. These represent the starting

points when the gradient descent starts

2. Defining the gradient of the respective parameter. This calculation

uses the current estimates of the parameter along with observed

data (and a provided value of α in the GSMP case).

3. The actual gradient descent function for the respective parameter.

This takes in the initialized parameter vector value and then takes

a pre-defined number of steps with an initial length that decays

with each step.

4. After the gradient descent process is completed, the estimated

parameter vector is returned.
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• This process is completed for η and β and the final parameter vectors

are returned.

6.5 bayes_alpha_opt.py

This module is specific to the GSMP-GLM case, as it is used to determine

an estimated value of α. For this reason, this module is very specific and

will import the “GSMP_GLM” directly. The overall implementation is quite

straightforward and relies heavily on using the scikit-optimize library. To

use this package, all we need to do is to be able to

1. Have an “Objective function” to optimize, which is used to tell the

model how well it is performing. In this case, it is the log-likelihood

function of g(α,η), where α is to be provided by the Bayesian Opti-

mization process.

2. Given a candidate value of α, calculate η(α). This is achieved using

the GSMP_GLM module defined earlier in Section 6.4.

3. Implement the required data, objective function and estimation proce-

dure inside of the scikit-optimize module.

With these functions, we are able to implement the Bayesian optimization
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process to determine an optimal alpha. All a user needs to do is to provide the

appropriate covariate matrices, (X, Y,N) triples, and bounds to explore for

α. More advanced users could manipulate the scikit-optimize procedure

more (e.g. specify the Gaussian process kernels and hyperparameters) but

the major implementation runs on defaults and has been highly performative

even when we attempted to fine-tune the results when the answers were

known.

6.6 data_generation.py

This module creates several Goodness-of-Fit outputs based on the observed

data and estimated/known GSMP parameters. In particular, the module

assumes that you have triplets of {(X1, Y1, N1), . . . , (Xℓ, Yℓ, Nℓ)}, Z, W, es-

timated parameter vectors η & β and either known or estimated α. Given

this, we replicate the work shown in Chapter 5. The class is instantiated

with these values. The primary method is run_analysis() which

• Uses η,β,W,Z to construct λ,p

• Using the CDF of X and a Monte Carlo approximation of Y, find F−1
X

and F−1
Y

• Using these values, create QQ-Plots against U(0, 1) and returning the
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test statistics and p-values of the Kolmogorov-Smirnov tests.

This provides visual and statistical means to compare the qualify of the fit

of X and Y for the VGSMP models.

6.7 Conclusion

This chapter presented a comprehensive overview of the Python package

gsmp_vglm, developed to support simulation and estimation procedures for

the GSMP and TETLG models introduced in earlier chapters. Motivated by

the absence of closed-form solutions for the relevant parameter estimation

problems, we have implemented a robust, modular, and extensible software

suite within the scientific computing ecosystem of Python.

The package is constructed using modern software design principles, par-

ticularly object-oriented programming and class inheritance, to ensure clar-

ity, reusability, and extensibility. The core modules—data_generation.py,

grad_desc_sem_functions.py, and bayes_alpha_opt.py—encapsulate dis-

tinct aspects of the modeling process:

• Synthetic data generation for controlled evaluation of estimation tech-

niques,
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• Parameter estimation via gradient-based optimization procedures,

• Hyperparameter tuning (specifically, α) using Bayesian optimization.

Through well-documented and structured code, this package enables both

novice and advanced users to engage with complex event-based models with

minimal overhead. Furthermore, its modular design anticipates future en-

hancements, including support for alternative distributions, additional model

families, and deeper integration with machine learning workflows. One such

simple example is using the library to bootstrap parameter estimates on ac-

tual data to gauge parameter uncertainty.

This computational implementation not only serves as a practical engine for

empirical studies and simulation experiments but also reinforces the theoret-

ical framework developed earlier.
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Chapter 7

Summary

The research in this dissertation has presented a comprehensive theoretical

and computational framework that extends the existing literature to model

stochastic events by applying Vector-GLM’s with Pareto marginals. Doing

so addressed some gaps in previous research, namely static parameters for all

observations and/or the lack of heavy-tailed marginals for the values above

a threshold. In this chapter, we summarize the key findings of this work and

provide future research directions.

7.1 Main Results

The main results of this work are:

• A new vector generalized linear model for stochastic events charac-

terized by the GSMP distribution. The VGLM links parameters to
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covariates. We have results on existence for all parameters’s esimators

as well as uniqueness for two parameter estimators’ vectors (η,β). We

also demonstrate simulation studies that strongly imply uniqueness for

the MLE of α. We concluded multiple simulation studies that demon-

strate the robustness and properties of the estimator in various cases.

We also demonstrate goodness-of-fit methods for the estimated maxima

and magnitudes.

• A statistical library to fit data with a VGSMP or VT ET LG as well

as generating observations from these distributions. This library also

implemented a solver which showed itself to be quite robust to some of

the issues that can lead to divergences when using other standard solver

methods that ultimately depend on Newtonian solvers. We show a the-

oretical result to find optimal parameters, illustrate how this becomes

biased when the data becomes heavy-tailed, but how this can still be

used to improve convergence to the best estimates in practice. Since

one parameter does not have an MLE, we discuss two potential solu-

tions commonly used in Machine Learning and implemented Bayesian

Optimization in the library and demonstrate the efficacy of this solver.
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• We briefly discuss extension of the GSMP-VGLM model to one where

duration has the Hurdle Geometric distribution. This extension allows

better fit to events with a large frequency of duration = 1.

• We illustrate the utility of our new model with fit to precipitation data

at the South Lake Tahoe and Reno airports and demonstrate how well

the model fits the underlying data.

7.2 Future Work Directions

1. Covariate-Dependent α: Developing theoretical and computational

frameworks for allowing the tail parameter to vary with covariates

would significantly enhance model flexibility and more accurately re-

flect the data-generating process.

2. Full Development of Hurdle Models: Many events showed dura-

tion= 1. Full development of the estimation for the hurdle-geometric

duration in the GSMP-VGLM model and numerical implementation of

this model would be a good future project.

3. Incorporating Regularization of Covariates: Our GSMP-VGLM

framework allows for any number of covariates to be employed, but
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there are no mechanisms to control for overfitting natively within the

model context as in other standard regularized regression models (e.g.

LASSO, Ridge Regression). Implementing an intrinsic means to apply

regularization within the models will be very valuable, especially as the

amount of available data increases.

4. Machine Learning Integration: Exploring the integration of the

GSMP-VGLM framework with modern machine learning approaches,

could yield better model performance, where non-linear relationships

may be captured better.

5. Developing a Framework for Model Comparison: As the litera-

ture in this field grows, we are being inundated with numerous models

that could be fit to the same kind of data. The question arises: "Which

model should be used?" We believe that there is a great deal of re-

search possible in this domain and in particular think that methods

leveraging Machine Learning approaches focusing on prediction using

cross-validation can provide valuable data that will make optimal model

selection that generalize well to new data.

6. Bayesian Framework: Development of fully Bayesian estimation pro-
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cedures for VGSMP and VT ET LG would enable proper uncertainty

quantification and model averaging, and possibly model comparisons.

7. Exploring Covariate Construction: Through the application of

the models to applied data, we believe that there is a promising area of

research in how covariates can be constructed in ways that can reduce

estimator uncertainty, similar to the field of Variance Reduction.
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