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Abstract

The local current approximation (LCA) is introduced and derived from a general
variational principle. This approach serves as a semiclassical description of strongly
collective excitations in finite fermion systems. Here applied for the first time to study
the coupling of surface and volume dipole oscillations in the fullerene Cgy molecules.
The spectrum obtained for the coupling of the pure translational mode with com-
pressional volume modes in the semiclassical LCA shows close agreement with the
experimentally observed spectra. Applying the same approach to the photoionization
cross section of Cgy, we discuss the results of higher multipole resonances of fullerene
molecules. The comparison to data obtained from electron scattering experiments
reveals the adequacy of the semi-classical approach as well as the collective nature of
several high angular momentum resonances. Similar to the results of the dipole case,
the coupling of surface and volume plasmon modes in Cjsyp molecules is seen to shift
both peaks slightly towards lower energies. Finally we study a simple mechanical
model to describe the response of fullerene molecules to an oscillating electric field.
In this model, we treat the m and o electrons of fullerene molecules as two indepen-
dent harmonic oscillators with differeing mass,electrical charge and restoring force,
connected by a weak coupling. A third force couples the harmonic oscillators. We ex-
plicitly solve the model’s equation of motion under the influence of a driving harmonic
electric field and a variable damping term. The power consumption of the coupled
system 1is calculated for a range of driving frequencies and damping terms. For an

appropriate choice of parameters, the results of this mechanical model show similarity



to the experimentally determined photo-excitation cross-section of Cgy molecules.
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1 Chapter

1.1 Motivations and objectives.

The optical resonances of metalic clusters have a long history. Medieval craftsmen
knew how to finely divide samples of materials in order to exploit their properties
with stunning effects. For example, the brilliant colors in medieval stained glass
windows in churches result from the resonant light scattering from finely divided gold
and silver particles of different size that were judiciously incorporated into the glass.
Early photographers also learned that the size of the silver bromide particles deposited
onto a glass substrate determined the rate at which they responded to light, forming
permanent images. Various metal clusters with eletronic interband transitions in the
visible range absorb specific colors of light, yielding distinct colors in reflection.

The study of clusters began early in the twentieth century with the pioneering
work by Mie [1] on the response of small metal particles to incident light. Despite
the insightful and intuitive work of Mie, the cluster science was not recognized as a
legitimate field of study until eighty years later, when Knight et al [2], discovered the
electronic shell structure in free alkali metal clusters. A new era started with this
discovery in which emphasis is put on the quantized motion of the delocalized valence
electrons in the mean field created by the ions. Although ionic structure often does
not seem to affect very much the properties of alkali and other simple metal clusters,
this behavior suggests the jellium model, which is defined by a Hamiltonian that treats

the electrons as individual particle but replaces the ionic cores by a uniform positively



charged background. The jellium model is easy to use and rather effective tool for the
largest clusters too, but its limitations are hard to exceed and its physical applicability
is difficult to judge [3]. Metal clusters today provide a convenient and relatively
inexpensive tools to study the properties of finite fermion systems, important building
blocks of nanomaterials. Because of their sensitive response, the irradiation of clusters
of atoms by light is a highly effective probe of their structure and dynamics [4].
Before 1985, it was generally accepted that elemental carbon exists in two forms:
diamond and graphite. But 25 years ago, Kroto and his collaborators identify the
signature of new stable form of carbon that consists of clusters of 60 atoms. They
called this third allotrope of carbon Buckminster fullerene. In 1990, Physicist D. R.
Huffman and his collaborators discovered the way to make bulk quantity of the Cgg
molecules. The Nobel prize winning discovery of the fullerene Cgy molecules in 1985
by Kroto et al and other carbon-cluster molecules with high degrees of symmetry and
notable properties prompted a resurgence of interest in clusters of atoms. Kroto et al
[5] using laser vaporization technique confirmed the existence of strangely symmetric
cluster consisting of sixty carbon atoms.Figure 1 represents the mass spectrum of
carbon cluster [6]. Pure carbon is vaporized in an inert atomosphere and vapor
condenses into variety of forms including the fullerene. Carbon clusters ranging in
size from 2 to nearly 200 atoms have been produced. This spectrum is characterized
by three distinct regions: first the small clusters, containing fewer than 25 atoms are
detected to have all clusters. Second a new region between 25 and 35 atoms in which

few species of any sort were observed. Kroto group called this region the ”forbidden



lon Signal

Cluster Size (Atoms)

Figure 1: Mass spectrum of carbon clusters produced by laser vaporization of a solid
graphite rod in an inert atomosphere.

zone”. Third region is an even numbered clusters distribution region extending from
the high 30’s to well over 150 atoms, including the fullerene Cgy molecules.

The carbon atoms assembled on the vertices of a condensed icosahedron with
twelve pentagonal and twenty hexagonal faces, formed a structure resembling like a
soccer ball. Fullerene molecules sometimes referred to as buckeyballs (named after the
American architect, R. Buckminster Fuller, pre-eminent in publicising the geodesic
architectural form) with their geodesic structures has been widely described as one
of the scientific discoveries of the 20th century. The third form of carbon, a fullerene
molecule is an empty, closed cage comprised entirely of sp?-hybridized carbon atoms
arranged in regular patterns of hexagons and pentagons. Euler’s criteria for closed
polyhedrons require that every closed fullerene cage structure C,, consists of 12 pen-
tagons and § — 10 hexagons. The fullerene molecule comprised of twelve pentagonal

rings is Cgp. Thus the fullerene Cy has no hexagons and contains the smallest number



of carbon atoms. There can be any number of hexagons except one. The fullerene
Cégo, the most accessible but not necessarily the most stable fullerene, contains twelve
pentagons and twenty hexagons. The overall number of bonds in a fullerene C,, is
37”. In Cgp the length of the bond between two hexagons is 1.38 A°, whereas that
between a pentagon and a hexagon is 1.45 A°. At the time of writing and twenty five
years since the first pure materials were isolated, over ten thousand scientific papers
on fullerenes have been published [7], [8] illustrating the most attractive physical and
chemical properties and behaviors of fullerenes and of their growing range of practical
applications. The electronic structures of the Cgg molecule and its condensed phases
has been examined theoretically [9] [10] and experimentally [11]. The crucial interest
in Fullerene molecules is due to their unique, highly symmetrical structures which
bridge the gap between free molecules and solids. As a result, they demonstrate some
of the chemical and physical properties of each area.

A giant resonance due to collective photoexcitation of the 240 delocalized valence
electrons of fullerene (g, molecules was predicted by Bertsch and collaborators in
1991 [12]. Soon after their prediction Hertel and collaborators [13] reported the first
laboratory measurement of such a giant resonance in free Cggy molecules. In this work,
we present the "local current approximation” (LCA), approach which includes both
the fluid dynamical and sum-rule approaches and can be derived from a variational
principle and apply the LCA to collective electronic excitations in Cgy molecules, for
which the recent experiment [14] have revealed a ”volume plasmon”, a broad high-

energy shoulder in the photo-ionization cross section which can be semiclassically



understood as a compressional component of collective dipole excitation. We discuss
the results of higher multipole resonances of fullerene molecules. The comparison
to data obtained from electron scattering experiments reveals the adequacy of the
semi-classical approach as well as the collective nature of higher angular momentum.

It is also noteworthy to note that the Cgy molecule can confine metal atoms such
as La, Ca, Ba, Sr etc leading to the differences between the measured properties
of free atom and the same atom inside the carbon cage. Puska and Nieminen [60]
reported their photoabsorption spectrum of the Cgy molecule and those of Xe and Ba

atoms placed inside the Cgg shell.

1.2 Organization of the Dissertation

The organization of this dissertation is as follows. In chapter 2 we present the brief
descriptions of the key terms and theory used to proceed with this work. Chapter 3
gives the detailed theory and principal calculations of the work. Two different types
of oscillations: dipole oscillation and higher multipole oscillations are closely studied
in this chapter. Finally, a summary of this work and conclusions are presented in
chapter 4. An appendix A and B contains the steps of calculations and some useful
theoretical aspects of collective motion used both in atomic and nuclear physics. An
appendix C presents a brief analogy of the fullerene molecule as a system of coupled
harmonic oscillators. At the end we listed the presentations and publications in which
the author of this dissertation has participated and the references used in this work

as well.



2 Chapter

2.1 Theoretical Background
2.1.1 Introduction

The ab initio calculation of the excited states of fullerene using any of the standard
methods of many body theory is a considerable task because of the large number of
particles involved and the geometry of the ion lattice. So approximate approaches
have been devised to avoid one or both of these difficulties : (a) Replace the exact
ion structure by an average positive background potential but treat the valence elec-
trons microscopically. (b) Approximate the ion strucutres as in part (a) but treat
the electrons collectively as a charged oscillating fluid. This dissertation follows the
option (b). This has been facilitated by the large body of the work in nuclear physics
on collective motion in nuclei which has been modified to serve the present problem.
The collective properties of a many-body system are those in which a large number
of particles cooperate, in a collective motion, thus losing their individuality. Many
authors have presented various methods of studying collective motion in nuclei [15],
[16], [17] and [18]. The liquid drop model adopts a semi-classical procedure based
on an analogy with a fluid droplet. In this approach two types of collective motion
have been studied, one of them are surface vibrations in which the shape is distorted
in an oscillatory fashion keeping the volume constant and the other one are volume

vibrations, sometimes with preservation of shape. As we know that the nuclear fluid



is nearly incompressible, the lowest excitations are associated with the surface vibra-
tions. For the detail study of low-lying excited states of nuclei, the liquid drop model
is inadequate. Very few and too widely spaced levels are predicted by this model
[19]. On the other hand, however, we remark that the liquid drop model can easily
explain, at least qualitatively, the large quadrupole moments and the strong enhance-
ment of electric dipole transition rates which are conspicuous features of many nuclei
and which are hard to fit into a shell theory of the nucleus. It is well known that
the optical resonances of Cgy can be understood as collective excitations similar to
the plasmon resonance in the bulk or the giant resonance in nuclear matter. The
local current approximation approach had earlier been successfully applied to study
the collective motion in nuclei and clusters. In this work we have applied this LCA

approach to the optical response of Clsyp molecules.

2.1.2 Giant Dipole resonace(GDR)

Among the vast variety of possible nuclear excitations, the giant dipole resonance
(GDR) is a noticeable example. In the history of nuclear physics two classical mod-
els suggested by (a) Goldhaber and Teller [20] and (b) Steinwedel and Jensen [21]
describe the physics of the giant dipole resonance (GDR) which was one of the first
manifestations of strongly collective excitations in finite fermion systems. In their
work, the GDR has been discussed in the framework of a macroscopic model. A Gi-
ant resonance occurs when a nucleus is excited by a photon of appropriate energy. As

the photon is absorbed by the nucleus protons and neutrons are spatially separated



and polarized. The protons begin to oscillate against the neutrons which try to return
the protons to their original positions. The original postions are determined by the
fact that a stable nucleus in its ground state has the neutrons and protons distributed
in the optimal constellation for the given number of the two species. Any disturbance
of this constellation creates a restoring force. Thus oscillation can occur. Getting rid
of the excitation energy can occur in various ways. The simplest is by reemission of
the photon or by the emission of one or more particles. The latter process is more
complicated because it changes the nature of the nucleus but it constitutes usually
the preferred decay mode.

The GDR can be observed in most nuclei throughout the periodic table and very
little structure is to be seen in the energy dependence of the absorption cross section.
The absorption cross section for most nuclei follows a Lorentz curve whose mean
energy varies smoothly with mass number. On the basis of a few early experiments
Goldhaber and Teller [22] discussed three possible macroscopic explanations for the
mass number (A) dependence of the resonance energy. They first postulated an elas-
tic binding of the neutrons to the protons that would result in a resonance energy
independent of A. The second proposal, later elaborated by Kohn was that the reso-
nance might consist of density vibrations of the neutron and proton fluids against each
other with the surface fixed. This kind of motion, which corresponds to the lowest
acoustic mode in a spherical cavity, would result in a resonance energy proportional
to A=5. The third suggestion, was that the neutrons and protons might behave like

two separate rigid but interpenetrating density distributions. The resulting resonace



consisting of the harmonic displacement of these distributions with respect to each
other, would be expected to have an energy dependence proportional to A, Figure
2 shows the schematic drawings that illustrates the general feature of the Goldhaber-
Teller (GT) and Steinwedel-Jensen (SJ) dipole modes. In the Goldhaber-Teller mode
a uniform proton distribution (the smaller sphere whose motion is represented by the
solid arrow) vibrates against the neutron sphere. In the Steinwedel-Jensen mode,
the neutron simply move back and forth creating the excess of density of neutron

(indicated by plus sign) on one side of the nucleus first and then other.

GT mode SJ mode

Figure 2: Schematic representation of the giant dipole resonance in atomic nuclei

Goldhaber and Teller interpreted resonances observed in (v, n) processes at y—energy
20 MeV as dipole vibrations due to collective motion of all protons relative to all

neutrons inside the nucleus. However, Steinwedel and Jensen [21] presented the
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more plausible model, of an interpenetrating motion of the proton fluid with den-
sity p, (77, t) and neutron fluid with density p,, (7, ) under the condition of constant
total density p, = p, + p,, and fixed nuclear radius R = RoAs. Tt was concluded
from the detailed analysis of experimental data that a suitable combination of both
models is necessary so that the GDR could be classically best understood in terms of

coupled translational and compressional dipole modes.

2.1.3 Other Giant Multipole Resonance

In the middle of the 20th century the giant resonance field has been extended by obser-
vations of number of new resonances. The observation of giant monopole, quadrupole,
octopole and other non-dipole resonances has established an entire new subfield in
nuclear physics known as giant multipole resonances [23]. In the framework of the
liquid drop model one can easily discuss the generalized giant multipole resonances.
Figure 3 below shows the quadrupole and monopole modes. If the protons and neu-
trons are oscillating in phase, the corresponding resonance is called as isoscalar one;
if the proton and neutron oscillations are opposite to each other, the mode is denoted
as isovector. The isoscalar monopole resonance, the so-called breathing mode, is of
special interest because its energy is connected with the compressibility of the nuclear
matter [24].

In the giant monopole resonance (GMR) both proton and neutrons move radially
in phase leading to an expansion and a contraction of nucleus as shown in figure 4.

This is the reason why this vibration is called a breathing mode. This mode does
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Figure 3: (a) Isoscalar monopole and quadrupole modes of excitation.(b) Isovector
monopole and quadrupole modes of excitation.

not couple strongly to photons, but it may be possible to observe it using inelastic
electron scattering. The breathing mode for electrons corresponds quite closely to
the ordinary plasmon in metals, which is longitudinal sound wave. The energy of the
compressional mode will have two components, a coulomb interaction and a modified
single-electron kinetic energy [25].

In the giant quadrupole resonance (GQR) the spherical shape is distorted into an
ellipsoid and the motion produces alternately elongated and squashed shapes of the

nucleus. The physical motion of the particles in the giant quadrupole resonance is

shown in figure 5.

Some of these higher multipole resonances have also been predicted and observed
in finite electronic systems such as clusters and fullerenes. In the present work, we
evaluate sum rules and energies associated with different multipole resonances. In

order to describe collective electronic vibrations of multipolarity L, we shall first use
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Figure 4: Schematic representation of breathing mode.

the electric multipole operators in the long wavelength limit
P = rPY (), p=LL+1,..N

These operators lead to divergence free velocity fields since V2 " =0, thus describ-
ing pure surface oscillations during which the electron density is translated (L = 1)
or deformed (L > 1) but not compressed. A practical way to compute the excita-
tion energy corresponding to different multipole resonances approximately consists in

representing the operator @ (7”) in terms of a finite set of basis functions {Q% (77)} :

Q) =Y 6@ (7 (2.1.1)



13

Figure 5: Schematic representation of giant quadrupole resonance.

The first two non dipole multipole operators exciting surface vibrations are quadrupole
operator Q = r2P(cos ) and the octupole operator Q3 = r3P3(cos #). The monopole
operator Qy = r? effects a breathing mode but not a surface phonon.

To study the different modes of collective excitation of fullerenes Cgy and corre-
sponding resonance energy we need to compute the moments (as discussed in section
2.9), whose values, however, clearly depend on the explicit form of the operator Q.
Thus by choosing an efficient approximation to the proper operator one can compute

the resonance energy corresponding to the multipole of interest.
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2.1.4 Thomas Fermi Theory

The Thomas Fermi method is the earliest method which proposed the use of charge
density as a fundamental variable instead of the wavefunction. It is the basic form
of the density functional theory (DFT) and gives a rough description of the charge
density and the corresponding electrostatic potential. The energy as a function of

charge density p(r) is written as

Erp [p(r)] = /v(r)p(T)dr—l—/% (3#2)% pgdr+%/wwdr' ((2.4.1))

|

In expression (2.4.1) the third term is coming from the electron -electron interaction

and is the electrostatic energy;

Bl =y / %dmr' ((2.4.2))

with kinetic energy

Tl = / drt [p(r) ((2.4.3))

where t [p(r)] is kinetic energy density for a system of noninteracting electrons with

density p. One can get t [p]| using the following expression;

t[p]:2(271T)3 / dk:f; Z (2.4.4))
|k|<kp



15

where

p:26§)é§3 ((2.4.5))

Again a variational principle is applied and the energy Erp [p(r)] is minimised subject

to the condition;

/}wmr:N' ((2.4.6))

one gets the well known Thomas-Fermi results. As we know, the T-F theory preceded
the DFT and it was an important first step in the wide field of density functional
application. However it has a limited accuracy because the kinetic energy functional
is only approximate and it does not include the exchange and correlation energy.
Thomas-Fermi density variational method has been quite successful at obtaining av-

erage energies, densities and other properties of finite fermion systems.

2.1.5 Density Functional Theory (DFT)

The basic idea of density-functional theory is almost as old as quantum mechanics
and was used by Thomas (1927) and Fermi (1928) in their famous work: to calculate
the total energy of a system by an integral over an expression depending only on
the local ground-state density p(r). Most electronic structure calculations these days
for solids are based on density functional theory (DFT), originating from the work

of Hohenberg, Kohn and Sham [26], [27], [28]. The Hohenberg-Kohn theorem states
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that the exact ground-state energy of a correlated electron system is a functional of
the density p(r) and that this functional has its variational minimum when evaluated
for the exact ground-state density [3]. This approach has become popular for atoms
and molecules as well. In density functional theory, the electronic orbitals are the
solutions to a Schrodinger equation which depends on the electron density rather than
on the individual electron orbitals. Thus this theory replaces the complicated many
body wave function W (11,79, ....ry) with its corresponding Schrédinger equation by a
theoretical approach based on the electron density p (7) and associated calculational

schemes. In order to avoid the difficulty of finding an explicit density functional for

kinetic energy, Kohn and sham proposed to write density in the form of

p(F) = Z s (r)[? (2.4.7)

in terms of some trial single-particle wave functions ¢, (r). In principle, this theory
includes the exchange and correlation contributions which is not taken into account
in Hartree-Fock approach. Practically, however, the exchange and correlation terms
are evaluated approximately. The application of density functional theory in different
frameworks are collected in references [29], [30], [31], [32], [33]. In DFT the Thomas-
fermi kinetic energy density is proportional to pg with constant density. Thus the

kinetic energy functional is written as

Trr[p] = OF/Pg (7) di (2.4.8)
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with

3 . 2
Cr = = (37%)7 = 2871 in atomic unit. (2.4.9)

Now the total energy functional of the Thomas-Fermi theory of atoms without ex-

change and correlation terms is given as

ETF[p(r)]:CF/ i(F)dr—z/ Eldr+ - // |7"1—r2| diydiy, — (2.5.1)

This expression has to be modified appropriately for the molecules, especially the
second term must be modified. Too many modification of the Thomas-Fermi theory
have been made after Thomas and Fermi developed their theory in 1920. The total
energy functional for the ground state of an atom, for instance, is then minimized

with respect to the parameter p (), under the constraint

/p(r)dr =N (2.5.2)

where N is the total number of electrons in the atom. As we know that the ground

state electron density satisfies the variational principle, we can write

o{ Erelpte = ([ oty =)} =0 (253

where p is the Langrange multiplier. Solving for p(r) using equation (2.5.2) and

(2.5.3) and substituting p(r) in (2.5.1) we get the total energy E. In Exact density
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functional theory, one can compute the ionization potential for atoms or the work

function for bulk metal by using Kohn and Sham equations.

2.1.6 The extended Thomas-Fermi model

If the higher order correction terms in A are added to the Thomas-Fermi model, then
this model is called the extended Thomas-Fermi (ETF) model. To apply the ETF
method in many fermion system, one needs to include only those terms in the A
expansion that give the finite contribution to the energy. In this model the kinetic

energy functional is written as

Terr [pl = Trr [p] + T2 [p] + Tulp] + -.... (2.5.4)

where

wlot

Trr [p] cop

is zeroth order kinetic energy term,

Ty [] = % li@ + i, (2.5.5)

36 p 3

second order kinetic enrgy term and

R NA/AN Vp\? V3 o\ &

fourth order kinetic energy term [34]. This model is applicable for the slowly
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varying densities. For the detailed discussion of the fast and slowly varying densities

it better to check the references [3] and [35].

2.1.7 General Variational Principle

Another successful approach to evaluate ground and excited state energies is given
by the equation of motion method (EOM). It is the method of choice for the present
work. Here we start with the equation of motion for a many body system described
by a Hamiltonian H with ground state |0) and energy Ejy. Before writing the equation
of motion let us define the creation and annihilation operators of all the eigenstates

obey the equation of motion for the excitation operators. If |0) is the ground state

of the system, it is possible to define operators Ojﬂ O, so that Oj operates on |0) to
create any vibrational state |v) and O, brings the excited state back to the ground

state. For example:

0710y =), O, [v)=0)

are the creation and annihilation operators respectively and

0,10y = 0.

Now the EOM can be written as

0> (2.6.1)



<0 ‘OL [H O}}

0> — Fw, <o ’O}O,,

0) =0
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(2.6.2)

Associated with the equation of motion above, the following variational principle

can be derived [36]. Solving the equation of motion (2.6.1) and (2.6.2) for the lowest

excited state is equivalent to solving the variational equation

5[4
e
where Fj3 is defined by
) ms |Q
By Q] = mj H

and the moments m; and ms are defined as the multiple commutators

@)= o] [.]. [ [o8] o)

(2.6.3)

(2.6.4)

(2.6.5)

The exact operator Q is not known. It is required to be Hermitean and is generally

nonlocal. The values of the moments, however, depend on the explicit form of Q So

we need a convenient set of approximate operators Q% (7) from which we can build

~

(@ in a variational procedure. These operators will be defined below.

The excitation spectrum can be produced by successive orthogonalization of Q

In the fluid dynamical approach, one approximates the collective excitation energies
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hw, by the energy Fj [Qy] with v relating to a particular excitation energy.

The variation (5@ of an operator can be understood as a variation of the matrix
elements of the operator in the matrix mechanics picture. Therefore we can write as
usual

o (O]} (mlel) T (el (26.6)

“a\nfe) 2 lnfal) % \nfg
and noting that the first factors in the expressions to the right are just ﬁ,
S\ SN N Y R
0@ my [Q] my [Q} 0Q my [Q} 0Q
is obtained. With the definition F3 = hw, equation (2.6.7) turns into
wold] il 26
0Q 0Q

The variations

~

Sms [Q] = ms [Q + 5@} —mg [Q}

s @] = ma [0+ 5] ~m [Q

are evaluated by direct application of the commutation rules (2.6.4) and (2.6.5),

leading to
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ol (. ) - wre)lo) o o

With 6@ Hermitean, [5@, H ] is anti-Hermitean, and (2.6.9) therefore is an equation

of the form ¢ + ¢* = 0 with

o= (o|[[se. 1) ([, [1.0]] - (2 0)][0) e € 2610

Since |0) by definition is the exact ground state of H, and (2.6.10) must hold for any

5Q one obtains

([ |7.Q]] = tw)? Q) 10) = 0 (2:6.11)

This resembles the equation of motion for a harmonic oscillator. Therefore Q is
interpreted as a generalized coordinate, and in analogy to the well-known algebraic
way of solving the harmonic oscillator problem, Q is written as a linear combination

Q=0 +0, (2.6.12)

of the creation and annihilation operator for the first excited state. Inserting (2.6.12)

into (2.6.11) one obtains the two equations

[ﬁ, [ﬁ,of“ 10) = (fiw,)> OF |0) (2.6.13)
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[I:I, [FI,O+H 10) = (fiw,)* 01 |0) = 0 (2.6.14)

First we consider (2.6.13). After closing with the state (1], one exploits that, by
definition, |0) and |1) are eigenstates of H and evaluates the outer commutator by
letting H act once to the left and once to the right. One further recalls that (1| =

(0] Oy, and finally obtains

(001 [H,0{]]0) = hwy (0|0;0{ | 0) (2.6.15)

This is exactly equation (2.6.1) for the first excited state. In the same way, (2.6.2)
is obtained from (2.6.14), and the derivation of the general variational principle is
finished.

It is possible, in principle to calculate the exact excitation energies and states of
the system from the variational principle (2.6.3). But for the practical computations
one has to make some ansatz for the operator Q The exactness of the solution to the

true excitations will then depend on how good the ansatz for Q is.

2.1.8 General inequalities relating moments

To discuss the electronic multipole vibrations of valence electrons in spherical metal
clusters it is essential to relate the different moments m; of the strength function
S (E) corresponding to different values of k through a chain of inequalities obtainable

from Schwartz’s inequality. The response of the ground state of the system to the
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action of an operator (), is completely characterized by Sg(£). The kth moments of

So(E) are defined by

(@) = [ B*Sq(B)E = Y (B)"|(n|QI0) (2.7.1))

n#0
Where |6> and |n) are the correlated ground and excited states of the system, sat-
isfying (0]0) = (n|n) = 1 and E, are the excitation energies. In terms of sum rules
the moments ms and m; can be expressed as the following ground state expectation

values[37]

m(Q) = 5 (0@, [H,Q1)0) (2.79)

ma(@Q) = 5 (O1[[H. Q). [H, Q. 1)) 0) (273)

here H is the total Hamiltonian of the system. According to theorem by Thouless the
expression (2.7.2) and (2.7.3) can be evaluated replacing the correlated ground state
‘(N)> by the uncorrelated ground state |0) on the right hand side of eqs.(2.7.2) and
(2.7.3) without introducing any error [38]. Even though we deemphasize the RPA
method in the present work, it is important to note that the RPA moments m;, with
other indices k can in general, not be evaluated from the uncorrelated ground-state
wave functions [37]. It has, however, been shown that the negative-energy-weighted
sum rule m_; is related to the static ground-state polarizability . (@), which can

be evaluated from a constrained HF variational procedure solving § (H — A\Q) = 0
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with the Lagrange multiplier A, by

1

m_1(Q) = 5 Opol (Q) (2.7.4)

In this work, we do not start from a HF solution, but ideally, from the solution of the
Kohn-Sham equation. The sum rules (2.7.2) and (2.7.3) are evaluated in semiclassical
approach and rewritten in terms of functionals of the density p (7). The validity of
the chain of inequalities is founded on the positivity of the strength function S (F),
i.e S(E) > 0 for all E, which follows from its definition, one writes then Schwartz’s

inequality as

/f(E)Qp(E) dE/g(E)Qp(E) dE > (f (E) g (E) p(E)dE)” (2.7.5)

where p (E) is a positive definite function, p (F) dFE is a positive measure, and f and
g are arbitrary functions. The strength function S(F) is defined for positive values

of E, so that

p(E) = EFS(E) (2.7.6)

is a density function (positive definite and assumed normalizable)[13]. Therefore using
expression (2.7.5) with p (E) obtained from (2.7.6) and f(F) = E and g(E) = 1 we

get
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Mgy > miﬂ (2.7.7)
or
m m
kt2 o ol (2.7.8)
Mg41 mg

and finally by the use of (2.7.8) ,one can write

m m m m
............. > M TR s T TR s (2.7.9)
M1 my m M1

The fact that these quantities are homogeneous to an energy, suggests a definition of

the energies F)3 and E; as

E3 - -, El - - (2710)

It is thus possible to estimate the position and the width of a RPA mode, whose col-
lective strength is concentrated in one peak, without performing the RPA calculation
but simply by calculating the sum rules (2.7.2) and (2.7.3) and the static polariz-
ability (2.7.4). We should deemphasize here the RPA framework. The energies Ej
corresponding to different values of k will be relevant to different energy domains of

collective excitations.
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2.1.9 Equation of Motion Approach (EOM)

The equation of motion approach has been widely used in studying the collective
degrees of freedom in nuclei [46], but it is general enough to be applied to the most
many-body systems. So we find a wide spectrum of applications also in theoretical
chemistry from early calculations of electron affinities [39] and photodetachment en-
ergies [40] of molecules to more recent and more comprehensive representations of
theories of general electronic excitations [41] to [44].

The basic idea of the equation of motion approach is to evaluate relationships
among the observables corresponding to the excitation operators of the system of
interest rather than calculating the wave functions, thereby optimizing our efforts to
obtain the best possible values for the observables. Let us consider a many body
system described by a Hamiltonian H with a ground state |0) of energy Ey. Suppose
|v) ,v # 0, are the excited states and Ey+ hw, the energies of the system. In principle

these can be obtained exactly as the solution of the equation of motion [45]

<0 )OV [H, ()ﬂ ‘ o> — fw, <0 ‘Oyéj( o> (2.8.1)

0) = i, (0

where the operators Oy, Oj are defined as the annihilation and creation operators of

(0|0, [1.0,] 0,0,

0> ~0 (2.8.2)

the excited states of the system:

OF |0y =v), O,|v)=10) and O,|0) =0
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The exact solutions of the equation (2.8.1) and (2.8.2) are unknown for most systems.
A variety of methods for the computation of approximations to the true excited states
have been derived, for example, the Hartree-Fock (HF') approximation, the Hartree-
Bogolyubov (HB) approximation, the Tamm-Dancoff approximation and the random

phase approximation (RPA) [46].

2.1.10 Sum Rules, excitation Operators, and Collective Variables

Sum-rules provide useful yardsticks for measuring quantitatively the degree of collec-
tiveness of a given excited state. The best known sum rule is the Thomas-Reiche-Kuhn

(TRK) sum rule

2
=2

Qlv

> (B, — Eo) ‘<0

v

(2.9.1)

where |v) and FE, are eigenstates of the Hamiltonian and the corresponding eigenvalue.
|0) and Ey are the ground state and the corresponding energy [47]. For a general

excitation operator () one we find

2

> (53 (0fd

v

(5~ 59 (0] ) (0[]
- - (o[o]) (o)
- S ofles]l) )
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Z(EU_EO)‘<OQ :

v

’)

If Q is a Hermitean operator, the summation can also be written as

= (0 ‘ Q. 1] QT( 0) (2.9.2)

Q. |@. 1|0} (2.9.3)

Combine equation (2.9.2) and (2.9.3) we have the following sum rule for a Her-

mitean operator

2

DN | —

> (B, - Ey)

14

ofe[)] =3 of@ (@ #]]|o)

To quantify the response of many body systems to an excitation operator Q one

defines the associated strength function Sg(E) as

Sa(E) = 3| 01Q yo>‘2 5(F - E,) (2.9.4)

v>1
where E,, |v) are the exact eigensolutions of the total Hamiltonian. The energy-

weighted moments my, of Sg(E) are defined as

m(@ = [ ESq(BNE = Y ()" 1@ 10)]

v>0

(2.9.5)
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One can write the strength function in terms of the Fourier transform F(t) as

So(E) ! / +Oodte_“EF(t) (2.9.6)

" or

— 00

where the characteristic function F'(¢) [48] is given by

2 it it)?
‘ T i (2.9.7)

(v Q10) T 51

F(t) = Z e HE

We can write, for k integer and positive, my as a ground state expectation value

mo = (0] Q[0)

Here we are interested in expressions for the odd moments m; and mgs. For the
arbitary positive integer k£ and multipole operator Q one can write the moments my,

as

me = (=)' ()" (0]Qs - Q| 0) (2.9.8)

with

Q, = [iH,[iH, ... [iH,Q]..] (2.9.9)

where s is the number of times the Hamiltonian appears in (2.9.9) and s, t are arbitary

integers but such that their sum s +¢ = k. For the odd moments equation (2.9.8)
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can also be written as [48]

(=)' ()" (0][Qs, Qi) 0) (2.9.10)

1
mk:§

which provides a very useful simplification of the structure of the operators whose
expectation value one has to compute. The expectation values of moments clearly
depend on the explicit form of the operator ). The expectation values of odd moments
my, mg, Ms, ..... are written in terms of one body operators and are comparatively
little model dependent. In contrast, the even moments mg ms, my, ..... are written in
terms of anticommutators and involve the expectation values of two body operators.
We do not need the even moments. The high &£ moments are very sensitive to the
form of potential and one must be careful to make an approximation. From expression

(2.9.9) one can write

Q= [iH,[ifl, Q] = — [H, [H,Q]] = [[H, ], H]
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Now using (); and )2 in expression (2.9.13) we can write the moments m; and ms as

(=) () (01[Q1, Qo[ 0) (2.9.11)

N — N =

i(0][i [H,Q], Q]| 0)

1

_ %<0|[Q, [H, QJ]| 0)
and

(=)' (5)*(0[Q2, @1]] 0) (2.9.12)

i(O[[[[H, Q], H],i[H, Q]| 0)

1

= —5{ollla, Q). 1), [H,Q]|0)

_ %(0][[H,Q],[[H,Q],HH|O>

N — N~

The moment mj3 is finite and model independent . It depends only on the total
electronic density. Expressions (2.9.11) and (2.9.12) are the starting points to evaluate
the sum-rules.

What are the physical observables relevant to vibrational dynamics? Fundamental
are the density and the excitation operators, whose expectation values give us the
information about the position, momentum, energy etc of the particles. Up to here we
have discussed and derived the general form of the different moments. Their values,

however, clearly depend on the explicit form of the excitation operator Q In order
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to analyze strength distributions and sum rules, one must therefore wisely design the
precise form of Q. In order to study the coupling of surface and volume plasmons for

all multipolarities we choose here a set of trial operators
P = rPY, (6, ¢) with p > L (2.9.13)

with p being a positive real number. We therefore study the coupling of modes
obtained with (2.9.13) using an increasing sequence of p value until convergence has
been reached.

We now turn to the discussion of a scaling approach which is generalized by intro-
ducing several collective variables a,, which are deduced from physical and symmetry
deliberations, and construct the matching velocity fields. Any collective motions are
expressed by letting «, vary in time. To study the energy spectrum for the shape
oscillations of the system one can start with by specifying the radius R() as a func-
tion of the angles. For axially symmetric deformations we need to consider only the
0-dependence, so R(0) is characterized by the set of deformation parameters «) in

the multipole expansion [49]

R(0) = Ry {1 + Z oYy (6) + 0 (o) } (2.9.14)
A

where Ry is the radius of the system if it were spherical and the Y, are the spherical
harmonics representing the successive surface modes produced by some disturbance.

In contrast to the early liquid drop model, the density of the system is not restricted to
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be constant throughout. If the density of the system maintains the radial shape as it
oscillates, then the expression for R(6) (2.9.14) applies to each equi-density surface.
Such modes of oscillation are often referred to as irrotational flow. Other modes
of oscillation are of course possible, but require a different parrametrization. The

eigenmodes are then found by diagonalizing the corresponding collective Hamiltonian:

H.(a)=

N —

> (Balaal* + Calaal?) (2.9.15)
A

Such a harmonic oscillator Hamiltonian has the well-known classical solution

C
wy = ’/B_i (2.9.16)

where the phenomenological parameters By and C', are the mass and restoring-force
coefficients respectively. In the jellium approximation the ionic background is smeared
out into a constant positive background charge. This is a standard approach in the
theory of bulk metals [50] and the adaptation to a finite cluster is straightforward.
From the bulk a finite element of constant positive charge is carved out. The roughest
approach is a homogeneously charged sphere with sharp surface. More versatile, more

realistic and still easy to handle is a Wood-Saxon profile for the jellium density.

p(r) = po {1 + exp (%)] - (2.9.17)

The possible deformations are parametrized in R(6) through the coefficient a;y. The
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most significant of these is ay which produces axially symmetric deformation, where
the positive values of s leads to prolate (cigar-like shape as show in figure 6a) and

negative values to oblate (pancake-like shape as shown in figure 6b).

Fig. a Fig.b

Figure 6: (a) The prolate charge distribution, which results in a positive value of
electric quadrupole moment . (b) The oblate charge distribution, which results in a
negative value of Q).

2.1.11 Evaluation of sum-rules

A widely used energy weighted sum-rule is given as

(@) = 3 () 01 Qo) (2.10.)

v>0

where k is an integer. In finite systems, we have to anticipate a coupling of surface and
volume plasmons for all multipolarities. By using several values of p we incorporate a

multidimensional extension of the sum rule approach. As discussed in reference [37],
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Ej3 is the one-phonon energy of a harmonic oscillator with spring constant C' = mg

and mass B = my, which is the natural extension of equations (2.9.14) and (2.9.15)

to introduce the following matrices:
Bpp =

(of[@f [ ex]] o)

(of [t [#.02]. ] [0)

N | —

Cpp =

DN | —

Starting with equation (2.10.2), one can write;

m [ N
Brr =553 iy (7) -y (7) p (7) d*r
with
P W’ o P
L (M) =—=—VQ (1)
0 10 ~ 1 0
Vo o T i 06
so that expression (2.10.4) can be written as
m h2 P/ h2 AR 3
Ber = g [|-2vap o] [-over @] s
_ m h2 ’ \V/ P \V4 P’ d3
= 35 (=) [ (Ve @) - (Ver () s d'r

- [(vat@)- (var @) o

(2.10.2)

(2.10.3)

(2.10.4)

(2.10.5)



where,
VQL (M) = V[r"Y0(0,¢)]
L0 10
= (7"5 + 9;@) (TPYL 0 (0))
= fPT’P_lyL 0 ((9) -+ éTP_l%YL 0 (6)
Similarly
VY (7) = #P'rP Y10 (0) + erP’1%YLO ()
Therefore,

(ver @) - (ver () = {fPrP—IYL,o (0) + "1 ¥ <e>] .

/ 0
= 7"P+P —2 PP/ (YL70 (0))2 —I— (%YL 0
And
[Yzo 0) = 2L4 : 1 [Py, (cos 6)]

where P, (cosf) indicates the Legendre polynomial of order L.
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Again

0 [2L+1 0
%YL,O (9) = A %PL (COS 9)

2L+1
= 47—: (—sind)

0
3 (cosd) P, (cos0)

2L+ 1 QL cos 0Py, (cosf) — LPp_ (cos0)
= —/ sin
A V1 —cos? 6

Thus equation (2.10.5) can be written as

PP (Y0 (0))® + (QYL,O (9)> 2

n? PP -2
Bpp = —— -
br 2m / ’ 00

2
= 2h_ / rPAP 2P Py, 0 (0)) p (7) r sin 0dOdpdr +
m

h_2/TP+P’—2 gy (9) 2p(77) 2 sin OdOdodr
om a6~ “*

’ o
— Qh—mPP’/ Y7o (9)]2 sin Hdedgb/ TPJFP/p(F) it
0
h? ) 2 . |
2m {@Ym (9)} sin 0d9d¢/0 PP () dir

But

T 27 , 47'('
Y'Y dQ = OLL Ommy
/90 /(M L oL 2L +1

™ 2w
/ Vi (0)] sin 0dfde = / / Yo (0) Yy () d02 =
0=0 J ¢=0

To simplify these expresion we have used the following formula as seen in [51]

p(7) dr

4
2L +1

38
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where g—z is the operator of fractional differentiation.

ZVio(0) = [L(L+2—1)]2 Yy, (0)

= [L(L+1)]? Yo (0)

So
0 ? 2
%YL,O (0)] =L(L+1)[Yeo(0)]
/ 9y 0(0) 2 in 0d0de — L (L +1) —=
FA - 2L+ 1
Hence
h? , Arm 4 * pip
Bpp—2—{PP2L+1+L(L+1)2L+J/O r p (7)dr
n? PP+ L(L+1) ® pip
or Bpp = o L1 (4#)/0 r T p(r)dr (2.10.6)

Coupling of M multipole operators of the basis set (2.9.13) with L = 1,2, .. and
P=1,2,..M, (P > M), we obtained the following mass parameter for the ingredients

of the characteristic equation (3.2.12) discussed in section three

2\ PP+ L(L+1
Bpp::(h ) L+ prerea (2.10.7)

2m 2L + 1
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where

/p(f’)d?’T—N

is the number of valence elctrons present in the fullerene molecules. The details of
the calculation is presented in appendix A.

The restoring force parameter defined in equation (2.10.4) can be rewritten as

e = cre= [ [t o

)l
Mo

asg Hefa S

- dada K
(ol

- dada [

where

@) = ¢7% J0)

is called the scaled ground state. Now one can write

_ ki Coul V)

Cpp = Cpt +Cppy + O + CL
The contributions from the coulomb interaction Cg;,’“l and from the external jel-
lium potential C’;Z, are calculated in appendix. Without the kinetic energy part and
the exchange correlation contribution, the restoring force parameter is evaluated as:

R\ N2 , R L(L+1)
y=(—) ———— (RPH"®) | —pPP'+ —~———L (2L +2L — P — P'—2PP’
Cre (m) (2L + 1) (R ) {QA +2(2L+1)( * )
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The kinetic energy and the exchange correlation contributions have been evaluated

in the local density approximation (LDA).
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3 Chapter

3.1 Coupling of surface and volume plasmons in fullerene
molecules
3.1.1 Introduction

In 1947, Baldwin and Klaiber established the existence of strong resonances in nuclear
photo-absorption cross sections. In fact, such resonance behavior had previously been
predicted by A. B. Migdal [52]. The first indications of a giant dipole resonance
(GDR) were obtained experimentally by Bethe and Gentner (1937). Very soon it
was found that these giant resonances are a general feature of most nuclei. The form
and width of the resonance change only smoothly with the particle number. The
resonances turned out to be of electric dipole character. Goldhaber and Teller [20]
and Steinwedel and Jensen [24] explained this effect as a collective vibration of protons
against neutrons. The restoring force against the separation of protons from neutrons
is the symmetry energy which also enters into the semi-empirical mass formula. It
is the volume symmetry energy in the case of the Steinwedel-Jensen model and the
surface symmetry energy in the case of Goldhaber-Teller model. In a simplified model
(Goldhaber-Teller), one considers the oscillations of the non-deformed neutron sphere
against the non-deformed proton sphere. A dependence of the centroid energy of the
form E, co A~ was obtained [24]. Here A indicates the number of nucleons. The

same authors also proposed the more sophisticated two-fluid model which was finally
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worked out by Steinwedel and Jensen. In this model, one obtains an A-dependence
of the centroid energy of E,. oo A~3. Neither of the two models agrees completely
with the experimental findings. Detailed analysis of experimental data showed that a
suitable combination of both models was necessary to interpret these data so that the
GDR could be best understood in terms of coupled translational and compressional
dipole modes. These early and somewhat crude classical models were later refined
by a quantized fluid dynamics approach [53]. Several researchers [54][3][55] applied
these semiclassical models successfully to clusters where a similar coupling between
translational and compressional dipole modes has been observed [37],[56],[57].

The computation of the collectively excited states of the fullerene molecule Cgg
follows this trend. It is now well understood that the optical resonance of Cygq is
a collective excitation similar to the plasmon resonance in the bulk or the giant
resonances in nuclear matter. In this chapter it is shown that the local current
approximation (LCA) which encompasses both the fluid-dynamical and sum rule
approaches can be derived from a variational principle. Starting with the equation
of motion, the LCA has been applied to study the collective electronic excitations
in Cgy molecules. Recent studies [14] by Scully et al of the optic response of Cgg
molecules have revealed both a surface and a volume plasmon. The latter shows up
as a broad high-energy shoulder in the photo-ionization cross section which again can
be semiclassically understood as a compressional component of the collective dipole

excitation.
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3.1.2 Electrostatic potential of a uniformly charged spherical shell

Let us consider a spherical shell of fullerene molecules as shown in figure 7.

Figure 7: Schematic representation of fullerene molecules shell.

Suppose R; is the inner radius and Ry is the outer radius of the shell. If F;, F,
and Fj5 are the electric intesity in three different regions of the shell as shown in the

figure, 7, then
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By evaluating the corresponding electrostatic potentials of shell as follows:

R} — =
b = ¢1(R2)—/&[1——1} redr

_ Rz_R_3 e e B
380 R2 3802 380’/“ R

— po 3 2_T2_Rz1))

35|27 2 7

Py 3

¢111 - ¢2 (Rl) 320 2 [Rz Rﬂ

3.1.3 Simple Models for Plasmon Oscillations:

A neutral plasma is a medium with equal number of positive and negative charges of
which at least one charge is mobile. In a solid the negative charges of the conduction
electrons are balanced by an equal number of positive charge of the ion cores. A
plasma oscillation is a collective periodic excitation of an electron gas. The quantized
plasma oscillation is called a plasmon, where the electron gas moves as a whole with
respect to the positive ionic background.

Experimentally the plasmons were first recognized in the collision of low-energy

electrons and thin conducting metallic film. In this experiment the scattered electrons
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Figure 8: Plasmon in a thin metallic films

experience energy losses equal to multiples of the plasmon energy [58]. In this case the
excitation may be simply understood by considering a longitudinal plasma oscillation
as show in figure 8 as a uniform displacement of an electron gas in a thin metallic slab.
The electron gas is moved as a whole with respect to the positive ion background. A
displacement of the electron gas of amplitude u perpendicularly to the surface creates
an electric field £ = 4mp_eu, where e and p, are electron charge and the density of
electron, that acts as a restoring force, proportional to the displacement u, on the
gas[59]. Ome can derive the equation of motion of unit volume of the electron gas
using Newton’s second law of motion as;

o
dt?

Pu [4mp, €2
ﬁ -+ wpu = O, cup = Te

PeMe = —p.eE = —4mple*u
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where m, is the electron mass and w),, is called the plasma frequency. This simple
model for plasmon oscillations in a thin metallic slab can be applied to the fullerene
shell where the electron shell oscillates against the positive ionic background as shown

in figure 9.

<3

Figure 9: Movement of plasmon in fullerene molecules

Such a periodic displacement of the electron shell may be resonantly excited by
an external field, keeping the system as a whole electrically neutral, consequently a

time varying electric dipole is observed.

3.1.4 Spherical Jellium Model

Puska and Nieminen [60] introduced the spherical shell model for the Cyy molecule.
They introduced a shell of positive rigid background charge, jellium, which symmetri-
cally placed with respect to the radius R of the Cgg molecule. In the spherical jellium

model, the ionic background density p;(r) is that of a uniformly charged sphere with
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radius Ry :

p1(r) = po® (r = i)

The size of the jellium is determined by the number of ions N present in the
jellium. In our model we matched the electronic density to an ionic density expressed

by step functions

pr(r) =po[© (B2 —7) = O (r — R)]

where R; and R, are the inner and outer radii of the shell. To improve the jellium
model, the use of pseudopotentials has been introduced but is not the part of the
present work. The jellium model can be applied to large clusters with thousands of

atoms where more structural models may not be possible.

3.1.5 Local Current Approximation (LCA):

The purpose of this work is the calculation of excited collective states of fullerenes
following the methods outlined above. From the equation of motion (2.8.1) and (2.8.2)
the following variational principle can be derived [36]: Solving the equation of motion
(2.8.1) with condition (2.8.2) for the lowest excited state is equivalent to solving the

variational equation

— =0 (3.1.1)

where FE, for v = 3 is defined by
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mi(Q) = % <0HQ, [HQmO> (3.1.2)
ms(Q) = % <0 ) HHQ] , [H [QHm ‘ o> (3.1.3)

The exact operator @ is not known. It has to be Hermitean and is generally nonlocal.
It can be viewed as a generalized coordinate. The values of the moments, however,
depend on the explicit form of Q). So we need a convenient set of approximate operator
function @, (7) which will be defined later.

The excitation spectrum can be produced by successive orthogonalizations of Q
In the fluid dynamical approach, one approximates the collective excitation energies
hw, by the energy Fj [Qy] with v indicating a particular excitation energy. In the
LCA one starts either from the uncorrelated Hartree-Fock or Kohn-Sham ground
state |0) and takes the operator Q as a local function Q (7), to calculate the following

moments:

m(@) =5 (0[Q [7.Q]]|) = oo [0 -u (o) (31.4)

with
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u(® = v

—

where u () is a local displacement field to be determined by the Rayleigh-Ritz vari-

ational principle. It is proportional to the collective current

with

which obey the continuity equation:

a —_
(7 Ja (1) =0
atpa(r,t)JrVJ (7,t)

Here p,, (7,t) are "scaled” time dependent densities. Note that if V2Q (77) = 0 and
thus V - @ (7") vanishes, then one has incompressible collective flow; otherwise the
collective motion incorporates also local compressions of the fermi fluid.

As an illustration, we consider the displacement field for a multipole surface vibra-
tion. This is obtained by having a field of the form Vr~ Py, (cos 0),with P, a Legendre
polynomial of angular momentum L. The incompressibility then follows from the

relation

Vi@ (7) = V¥ Py (cosf) =0
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Any flow generated by such a potential field is also irrotational. The moment m3(Q)
defined in (3.1.3) is a more complicated functional of  (7), of the spatial density
p(7) = 2N ¢ (7)|* and of the kinetic energy density 7 (7) = .~ | |V¢, (7)]” given
here in terms of the ground state HF or KS wave functions ¢, (7).

For an intuitive understanding how 55%([7%] = 0 can be solved approximately, it

helps to recall the scaling model of nuclear physics [49]. In this model, the energy

E, [Q} = :3 Eﬂ is interpreted corresponding to a scaling transformation
1

[6n) = €7 |60) (3.1.5)

with respect to the collective Hamiltonian

1 .
Heo = 5 Z (Bpp/npnp/ + Cpp'npnp’) (316)

where 7 is a harmonically oscillating arbitary scalar parameter and the scaling oper-

ator is defined by

5= [f1.00].

Then

my = 22 (s,

ﬁ‘ ¢">Lo

The energy weighted moment m3 measures the change of the energy of the system
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when the ground state wavefunction is deformed according to expression (3.1.5). It
is a finite quantity, given by the expectation value of a one-body operator and, thus,
quite model independent. For clusters, it depends only on the total electronic density
at the origin. For instance, if Qezt stands for the dipole operator Q = 2, the scaling

transformation is just a translation along the z-axis. The variation 5523([%] = 0 leads

to fluid dynamical eigenvalue equation:

5m3 [ﬁ]

du; ()

o m

= ()? 2 (7)1 (7) (3.1.7)

yielding the spectrum hw, and eigenmodes ,. A practical way to solve (3.1.7) ap-
proximately consists in representing the operator @ (7) in terms of a finite set of

known basis functions {Q) (7)} :

N
QM) = ,Qf (7) with QF = rY(0), p=LL+1,..N (3.1.8)

p=1

The first two multipole operators exciting surface vibrations are the dipole op-
erator (g = rcosf = z describing a purely translational mode and the quadrupole
operator Qy = r?Y,y with a more structured oscillation pattern. The monopole oper-
ator Qo (r) = r?Yyg effects a breathing mode but not a surface phonon. Such density
changing modes can be obtained also for higher multipoles by setting the power p of

the radial variable r? to values higher than L. ([61] appendix).



53

The variational principle yields then a set of M secular equations with

det |Gy — (s, By | = 0, (v =12..M) (319
= 0] o [ o) o110
cw=llmal mloadlg) e

By solving equation (3.1.9), one can find the excitation energies fw, of the system
and can evaluate its response to an external excitation operator ().,; . Details can be
found in the appendix of reference [61].

The dipole mode describes the collective translational motion of the electrons
relative to the ion core. The displacement field vector can be as simple as a uniform
displacement field, rendering dipole modes which are relatively simple to construct
and rather collective. The collectivity of the response causes a concentration of a
large fraction of the oscillator strength in a small frequency interval. This is the
origin of the name ”giant dipole resonance” in nuclear physics, a term that is now
applied to a corresponding bump that appears in the optical absorption spectrum of
atoms, molecules and clusters [12], [62].

The quadrupole mode L = 2 and higher modes are not excited by a single photon

but in collision processes or multiphoton absorption.
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It is thus possible to estimate the position and the width of a resonance mode,
whose collective strength is concentrated in one peak, by calculating the sum rules
(3.1.10) and (3.1.11) . Having solved (3.1.9), we know the eigenmodes of the system
and can compute its response to an external excitation operator (..;. To this purpose

we define a strength function

Sa(B) = Y- 1@ 10)] 5 — ) (31.12)

v>1

whose energy weighted moments my, (Q:) become

mg (Qert) = /OO EkSQmm‘(E)dE = Z (ﬁwl’)k |<V |Qext| O>|2 (3113)

0 v>1

The photo-absorption cross section o (w) in the long wavelength limit becomes

o (w) = (dmw/3c) Saip (E = hw) (3.1.14)

where Qeze = Qaip = ez is the dipole operator and w is the frequency of the external
electric field. For application in metal clusters [37], the following basis set of local

operators has successfully been used:

QL (7T) = er’Yo(0) (3.1.15)

where p = 1,2, ....., M. We consider here only dipole modes (L = 1); for p = 1 we

then have the electric dipole operator ()1 = Q4 = ez, while for p > 1 we obtain
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compressional component of dipole modes with V2Qp # 0. Hence, a finite set with
M > 2 of these operators will allow for the description of coupled translational and
vibrational dipole modes. When M > 1 modes are coupled, one of which has p =1
(pure dipole mode) and all others have M — 1 different but arbitary real values p > 1,
the spectrum always consists of one surface plasmon with frequency w = wjze and
M — 1 degenerate volume plasmons with the frequency w = w,y [61]. Figure 10
below illustrates (a) the pure translational vibration of the electrons against the ions
described by the single dipole operator (4, = ez. It leads to the so-called Mie

Plasmon or the surface plasmon with energy

Ll o 1.0 1 .
< | | <
= HE ik -~
= 05 F ! = 05
ik ik 00
A ; " 1 0 )
I‘.‘"R ].'I;R'
(a) ()

Figure 10: Schematic picture of collective oscillations of electrons (dotted lines)
against ions (solid lines) in the spherical jellium model for a metal cluster. (a) pure
translational, yielding the Mie surface plasmon (Goldhaber-Teller mode in nuclear
physics). (b) compressional dipole mode, leading to a volume plasmon (Steinwedel-
Jensen-Migdal mode in nuclei)
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h2e2 N
mR3

B3 (Qa) = hwprie = (3.1.16)

where N is the number of particles. This what corresponds to the Goldhaber-Teller
model for the nuclear isovector giant dipole resonance (GDR). (b) a compressional
mode brought about by a suitable combination of operators (3.1.15) with p > 1 which
corresponds to the Steinwedel-Jensen mode for the nuclear GDR.
The frequency w, is the bulk plasma frequency w,, of the corresponding metal
3e?

Wyol = Wpl = W (3117)

where r, is the Wigner-Seitz radius. This volume plasmon can also be brought about
as a pure compressional mode by monopole operator Qg = er?, which is also used to

describe the nuclear breathing mode :

3h2e2N

W - \/§ﬁwM¢e (3118)

ES (QO) = ﬁwvol =

This mode can not be excited by the external dipole operator since it corresponds
to L = 0, and therefore does not couple simply to the electric dipole field. The

surface plasmon with frequency wj;. then carries all of the dipole strength.
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3.2 Coupling of surface and volume dipole oscillations in
fullerene molecules

The structure of Cgy molecules is a truncated icosahedron, which resembles a soccer
ball of the type made of twenty hexagons and twelve pentagons, with a carbon atom
at the vertices of each polygon and a bond along each polygon edge as shown in figure

11.

Figure 11: Comparision of the icosahedron structure of the fullerene molecules to
that of a soccer ball.

The sixty carbon atoms, provided each four valence electrons, so that a total of
N = 240 electrons can oscillate collectively against the ionic background. Indeed, a
giant resonance peak has been predicted by Bertsch and collaborators [12] in 1991
using linear-response theory. They found that the 240 valence electrons in the Cgq
molecules are delocalized and a giant collective plasmon resonance could be excited by
an external electromagnetic field of hw ~ 20 eV. Very soon after their prediction was
published Hertel and collaborators [13] experimentally observed a giant resonance in
free Cgo molecules. A strong, broad resonance centered around 20 — 22eV was excited

using monochromatic synchrotron radiation.
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The first independent absolute cross-section measurements for photoionization of
the fullerene molecules were reported by S. W. J Scully et al [14] in 2005. Their
experiments on the optic response of the fullerene Cyy, molecules found the resonance
peak at approximately the predicted position but also a broad shoulder around 30—45
eV which is interpreted as a volume plasmon. A two-Lorentzian fit to the single
photoionization cross section located the surface plasmon at more accurately 22 +

0.1eV and the volume plasmon at 38 4= 2¢V.
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Figure 12: Optic response of Cyy molecules; experimental photoionization cross sec-
tion result

Two distinct modes: surface plasmon and volume plasmon, of collective oscilla-
tions of the 239 valence electrons of the Cg, molecule due to photoexcitation [14] are

shown in the figure 13.
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Figure 13: Surface and volume plasmon in Cg, molecule

Figure 13 shows a fit of two Lorentzian curves to the measured cross section for
single photoionization of Cgy, clearly indicating two broad resonance features.

A time dependent local density approximation (TDLDA) caluclation [63] reported
by Rudel et al (see figure 14) used a readjusted version of the Jellium model [60]. It
yielded an extra peak around 42 eV besides the main peak at 22 eV, without however
shedding more light on the accurate nature of the corresponding collective motion.
The interpretation of the peak at the higher energy as a compressional component
of the collective motion appears to be accepted now [65] in spite of initial challenges
[64].

In this work we have applied the framework of the local current approximation to

the calculation of collective excitation by using the same electron density and ionic
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Figure 14: Optic response of Cgy molecules; TDLDA calculation

background as in the calculation of Rudel to demonstrate the photoionization cross
section and geometrical properties of valence electrons in many electron systems. We
determine dipole excitation energies of Cgy using exactly the same electron density as
was used in the Berlin-Dresden collaboration of reference [63]. It is shown in figure
15.

This density is matched to an ionic density expressed by step functions

pr(r)=po[©(Ry —7) = O (r — R)] (3.2.1)

where Ry = R — %, Ry =R+ % are the inner and outer radii of the shell with A as

thickness of the shell presented in table 1.

The uniform ion density p, is chosen such that the integrated ion charge is equal
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Figure 15: Density of electrons in fullerene Cgg molecule.

2 4 6 8 10 12 14 16

Radius (0.529 *10™ m)

R | 0.354 nm
Ry | 0.2775 nm
Ry | 0.4305 nm
A | 0.153 nm

Table 1: Physical parameters for the fullerene molecule.
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but of opposite sign to that of the valence electrons. We hold the ionic charge fixed

and unaffected by the oscillations of the valence electrons (jellium model).
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pure surface Plasmon (eV') | coupled surface plasmon (eV') | coupled volume plasmon (el”)
22.1¢ 21.4° 37¢
— 20° —
_ 29¢ 42¢
— 207 —
— 22¢ 40°
_ 19/ _

Table 2: The optic dipole response of fullerene molecules according to various theo-
retical and experimental studies.

a: LCA theoretical data (present work), b: Theoretical data [66]

¢: TDLDA calculation [63], d: Experimental data [13], (data exhibits a flat struc-
ture from 15 to 25 eV'), e: Experimental data [14], f: Experimental data [67]

Table 2 shows the theoretical and experimental optic dipole response of Cgg
molecules. In column two we have presented the theoretical and experimental coupled
surface plasmon. Comparing with theoretical and experimental findings in column
two, it is not difficult to conclude that the the giant dipole surface plasmon reso-
nance of 240 delocalized valence electrons in the Csp molecules can be excited by an
external electromagnetic field of hw = 20 — 22 eV'. However, the experimental result
presented by Ju et al [67] is lower than 20 eV. A first experimental result of such
a dipole resonance [13] reported a strong broad resonance centered near 20 eV (see
figure 16). From the careful comparison between the experimental data reported by
different experimentalists, it is found that the reported experimental results differ by
+2 eV in the case of the dipole translational mode. The experimental uncertainty is
higher for the compressional dipole mode.

It is noteworthy to mention that recent theoretical work on the optic response of
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Figure 16: Photoionization experiments have been performed with Cg, ions [13] and
lead to excitation of the giant plasmon resonance.

Cgo molecules studied at higher energies found a broad shoulder around 30 — 45 eV
which is interpreted as a volume plasmon. As an example of exploration of higher
energy regime the theoretical LCA calculation of the volume plasmon along with
surface plasmon of Cg molecules for the dipole mode is reported in figure 17 below.
This feature is not seen as clearly in experimental data because of the broadness of
the underlying structure. But its existence can be deduced indirectly by the observed
shift of the resonance peak to lower energy which is a consequence of the coupling of
volume and surface plasmons as shown in a number of theoretical studies.

Figure 18 represents the comparison of experimental and theoretical results.The

circles represent the experimental data reported by Scully et al [14]. They observed
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Figure 17: Optic response of Cgy molecules : LCA calculation

the giant surface plasmon resonance near 22 eV in their absolute photoionization
measurement. They also observed a broad feature near 40 eV, which is suggestive of
a higher order plasma oscillation. The solid line represents the time dependent local
density approximation (TDLDA) results. TDLDA calculation using jellium model
yielded besides the surface peak at 22 eV, an extra peak around 42 eV, without,
however, revealing the precise nature of the corresponding collective motion. Dashed
line represents the LCA calculation. This approach uses the same jellium model as in
TDLDA and the results support the experimental finding, i. e. giant surface plasmon
at 21.4 eV and the volume plasmon at 37 eV/.

To obtain the dipole mode with an energy we call Fj3(Q;) for reasons that will

be explained below, one uses the dipole operator @1 () = rYjp. = rcos§ = z which
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Figure 18: Comparison of optic response of Cgy molecule. Circles: Experimental
photoionization cross section [Scully et al]. Solid lines: TDLDA calculations [Rudel
et al]. Dashed lines: present LCA calculation.

yields the surface plasmon at

| h2Ne?

where Fj3 is defined by

my [Q
with multiple commutators m; and ms. The element of the mass parameter Bpp:

and of the restoring force parameter C'pp: for the dipole case are given as

2
Bpp = <h_> @NRPHDZ (3.2.3)
m
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2
N2€2 P+P -5 R / ]- / /
Cppr = (E) i (R ) {EPP +-(U—P—P —2PP)|  (324)

They are required to set up the secular equation (3.1.9). The secular equation (3.1.9)
can be solved analytically (see appendix). The ensuing spectrum consists of one
surface plasmon at 19.8eV and M — 1 degenerate volume plasmons at 31.3 eV. It is
found that the coupling of translational and compressional dipole modes shift both

peaks towards the lower energies, the volume peak by a larger amount than the surface

peak.
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Figure 19: Convergence of the sum-rule weighted dipole response of Csy molecules
in the LCA approximation with respect to the number M of coupled modes with
p,pl =1,..M.
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From the figure 19 it is seen that the convergence is reached at M = 8. The
curves for M = 8 (long dashed) and M = 9 (solid) can not be distinguished. The
converged result for M = 8 corresponds to the curve in figure 17. In agreement
with experimental data the LCA volume peak is now located at 38 eV. The strong
collective nature of the dipole plasmon in fullerene Cgy molecules suggests the study

of higher multipoles as well.

3.3 Energies of higher multipole vibrations of fullerenes in a
semi-classical approach
3.3.1 Introduction

The focus of the present work is an application of the local current approximation
(LCA) to the higher collective modes of Cgy. In the LCA the ion structure consisting
of sixty C' nuclei with their innermost electrons is treated as a fluid while the 240
valence electrons move essentially freely in the potential field created by the constant,
positively charged background (jellium model). If stimulated, the valence electrons
tend to respond collectively to the external source which leads to collective oscilla-
tions. Such collective properties of a many-body system have played an important
role in the early years of nuclear physics and are always of utmost interest to physi-
cists because they are often the source of macroscopic effects. The collective dynamic
response of delocalized valence electrons in metal clusters to external perturbations

has been studied for twenty-five years [68] to [72].
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The work of a number of authors studying collective motions in nuclei by a variety
of methods has been summarized by Rowe [46]. One of these methods, the liquid drop
model, adopts a semi-classical procedure based on the analogy with a fluid droplet.
In this system two distinct types of collective vibrations have been investigated: sur-
face vibrations in which the shape is distorted but the volume is kept constant and
volume vibrations with fluctuations of the local density. Knowing that the nuclear
fluid is nearly incompressible, we expect the volume vibrations to occur at higher
energy while the lowest excitations are associated with surface vibrations. For a more
detailed study of low-lying excited states of nuclei, the liquid drop model proved to
be insufficient. Too few and too widely spaced levels are predicted by this model
while the experimental evidence shows a much larger number of energy levels due to
single-particle excitations. On the other hand, we notice that the liquid drop model
can readily explain the large quadrupole moments and the strong enhancement of Fy
transition rates which are conspicuous features of many nuclei and which are hard
to fit into a simple shell theory. In the history of nuclear physics two classical mod-
els suggested by Goldhaber and Teller [20] and Steinwedel and Jensen [21] described
the physics of giant dipole resonances (GDR) which provide an early explanation of
strong collective excitations not only in nuclei but after appropriate modification in
general finite fermion systems. Such resonances occur when the system is electromag-
netically excited by photons. When a photon hits a nucleus, protons will move due
to the electric field thus destroying the optimum mixture of protons and neutrons.

After the incident, the proton fluid begins to oscillate against the neutron fluid trying
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to restitute the local optimum of the mixture.

New techniques to manufacture fullerenes have opened the door to analyze this
new and interesting form of carbon. At the end of the 20th century, the electronic
structure of solid fullerene has been studied using Auger electron spectroscopy, UV
and X-ray photoelectron spectroscopy, UV and X-ray emission and absorption spec-
troscopy.

For the purpose of the present study the experimental results of [73] are par-
ticularly relevant. J. W. Keller and M. A Coplan investigated the spectrum of the
gaseous form of Cgy using electron energy loss spectrum (EELS), and compared their
results to the spectrum of solid Cgy and to optical absorption measurements of solu-
tions of Cgg. They presented EELS data of Cgy in the gas phase from 1 to 30 eV.
Their spectrum is similar to spectra of the solid fullerene, with shifts in the mutually
observed bands seen only for the previously identified plasmon features. On the theo-
retical side, Garibel and Claudia [74], by using a hydrodynamic model, predicted the
presence of 7 plasmons in the range between 6 and 8 eV and ¢ plasmons near and
above 25 eV. Ju [67] et al presented theoretical and experimental electron-energy-
loss spectroscopy results illustrating the excitation of collective plasmon states in gas
phase fullerene targets. They concluded that states of total angular momentum up
to L = 8h have a collective character. As pointed out in the preceding chapter Cgg
has a plasmon excitation: 240 delocalized valence electrons oscillating relative to the
ion core, produce a giant dipole resonance (GDR) at an excitation energy of 20 eV .

S. W. J. Scully et al, [14] from their experimental work at the Lawrence Berkeley
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National Laboratory light source, reported the existence of an additional resonance
near 40 eV in photoionization of Cgy ions. Their experimental data together with
time dependent density functional theory (TDLDA) results from the Berlin-Dresden
collaboration [63] motivated the present author to attempt an interpretation of higher
L collective excitations with a semi-classical approach (local current approximation
or LCA), coupling the surface and volume dipole oscillations in Cgy molecules. This
semiclassical approach for collective dipole excitations in finite Fermion systems has
been applied to metal clusters before [37]. Here it elucidates the coupling of the pure
translational mode (surface plasmon) with compressional volume modes. The agree-
ment between the semiclassical LCA and the microscopic TDLDA calculations [63] is
surprisingly good.

Volume plasmons can not be excited directly by photoabsorption. Because of
the longitudinal nature of volume compression and the transversal nature of light,
the photoexcitation of volume plasmons is forbidden in classical electrodynamics.
But this is strictly relevant only for extended systems. Recently V. Kresin [75],
identified a broad structure which may be interpreted as a volume plasmon absorption
peak centered slightly above 4 eV in photodepletion measurements of Nagg and Nags,
thus, revealing the possibility of optical excitation of volume plasmons in a confined
metallic system (nanocluster). Recently, Katja et al [76] for the special geometry of
a nanoshell, consisting of a dielectric core surrounded by a metallic shell, identified a
photoexcited volume plasmon in the spectrum.

The present work is focused on the calculation of the energies of higher multipole
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excitations of the 240 valence electrons in Cgy molecules and comparison to experi-
mental data [67], [73], using an approach based on a relatively recent paper by Brack

et al [61].

3.3.2 Theoretical Description

The previous chapters have described the theoretical methods that are employed in
this work. We determine multipole excitation energies of (o using the same electron
density which had previously been used to obtain the dipole resonances of Cgy [[61]
and originated from the Berlin-Dresden collaboration [63]. It is shown in figure 14.

This density is matched to an ionic density expressed by step functions

pr(r)=po[©(Ry—r) = O (r — Ry)] (3.3.1)

where R = R — %, Ry, = R+ % are the inner and outer radii of the shell with
the constants given in table 1. The uniform ion density p, is chosen such that the
integrated ion charge is equal but of opposite sign to that of the valence electrons. We
hold the ionic charge fixed and unaffected by the oscillations of the valence electrons
(jellium model).

The next highest multipole beyond the dipole is the quadrupole mode with excita-
tion energy E3 (Q2) defined in section (2.1.7) and excitation operator Qs (7) = 7?Yay.

The calculation yields its surface plasmon at the energy
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2 | h2Ne?
B3 (Qs) = \@,/mR% — 93.4eV (3.3.2)

Extending the operator basis by adding higher basis functions Q% (r) = 7'Y70(9)
with L. = 2 and P = 3,..., M, enables the inclusion of compressional modes which
couple to the translational surface plasmon. The element of the mass parameter Bpp/

and of the restoring force parameter Cpp: for the quadrupole case are given as

h?\ PP+6
Bpp= | — 0 N prere2 (3.3.3)
2m 5)

BP\* N2/ oop N[ R 3
= (=) —= b)) |—=—PP +2(12—P— P —2PP 34
Crp (m) - (7 )LA + )| (3.3.4)

They are the required input to set up the secular equation (3.1.9). Higher multipole
modes for L = 3 and 4 have been calculated by the same procedure. The results will

be presented and discussed in the next section.

3.3.3 Results and Discussion

In the present calculation we have used the electron density given in figure 14. How-
ever, we do not distinguish between c— and 7m— electrons. Hence, we can not repro-
duce the low energy structure which would mainly be due to the resonant response
from the weakly bound m— electrons. In the formation of the giant resonance peak,

however, all electrons are involved and this is the data to which we compare the
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present calculations.

3.3.4 Giant Monopole Resonances (GMR)

The isoscalar monopole resonance, the so-called breathing mode, has been used exten-
sively as a tool to study the compressibility of nuclear matter. A volume plasmon with
multipolarity L = 0 is analogous to the breathing mode vibration, also called as giant
monopole resonance. We chose for this mode the monopole operator Qq (1) = r2Yy,
which leads to a good approximation of the breathing mode energy of the system.

This monopole operator )y yields a volume plasmon at

[ h2 N e?
E3<Q0) - hu}vol - \/ghu}Mie - mR—2A =37eV

This breathing mode energy is amazingly in good agreement with the experimen-
tally observed peak. This mode, however, can not be excited directly by external
dipole operator because the volume plasmon obtained with the monopole operator
does not couple to the electric dipole field. The degree of compressibility of the system
can be defined via its breathing mode energy by

h2K 4
m (r?)

E3(Q0) =

where the quantities K 4 and (r?) are the ”incompressibility parameter” and the mean

radius of the system and are model dependent.
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3.3.5 Giant Quadrupole Resonance (GQR)

We evaluate the sum rules and energies associated with the quadrupole operator

QQ (?) = 67“2)/20(6)>

which creates the quadrupole vibrations. The expression (3.3.3) and (3.3.4) are the
mass parameter and restoring force parameter (which are the essential ingredients
to solve the secular equation ) corresponding to this mode. The energy F3(Q)s)
corresponding to the surface plasmon vibration is computed at 23.4 eV/. Coupling
of M quadrupole operators with L. = 2 and p = 2,...M, one obtains the following
spectrum in figure 20.

In agreement with Ju et al [67] measurement, the present LCA calculation shows
that the translational quadrupole mode is around 22.5 eV, however, the higher mul-
tipole computed in this regime are higher than experimental result. In figure 20 it
has been shown that in quadrupole mode for M > 7 the spectrum is converged. The
converged result for M = 7 corresponds to the dotted curve in figure 20 is given in

figure 21 below:
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Figure 20: Inclusion of volume changing operators )7 with p > 7 shows the conver-
gence of the sum- rule weighted quadrupole response of Cjgg molecules in the LCA
with respect to the number M of coupled modes with p,pr = 2, ...., M.

3.3.6 Giant Octupole Resonace (GOR)

Compared to the rich experimental evidence for the giant dipole and-to a better
degree-quadrupole resonances there is little experimental data for the octupole case.

The main experimental evidence is provided by the electron-energy-loss data of Bulgac

et al [67]. Extending the present approach to L = 3, we use the operator
Qs (T7) = er’Ys(0, ¢)

to describe the collective octupole vibration.

Unlike the experimental evidence, our calculations predict compressional modes
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Figure 21: Response of Cg, molecules to external stimulation; LCA calculation
(Quadrupole mode)

or volume plasmons also for L = 2,3 and 4 multipoles. If such features are not
observable in the experiment, a number of explanations may be given. From the
theoretical standpoint, the most likely standpoint is a decrease in collectivity with
increasing angular momentum of the multipole vibrations. The present form of the
LCA model does not provide an option to modify collectivity by distributing the
oscillator strength over a wider range of energies. But there is indirect experimental
evidence to support the existence of volume plasmon. The coupling of surface and
volume plasmons is the cause of a shift of both peaks to lower energy values: more
for the surface modes than for compressional modes. This has been pointed out for
the dipole case [61] before and has been found again here for L = 2,3,and 4. The

coupling shifted surface peaks are in better agreement with experimental data than
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Figure 22: Response of Cgy molecules to extenal stimulation; LCA calculation (Oc-
tupole mode)

the unshifted pure surface plasmons. The obtained agreement is excellent for the
dipole case L = 1, acceptable for . = 2 and deteriorates with increasing angular

momentum.
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Pure
Multipole Coupling shifted . Coupling shifted
Order Operator | Surface Surface Plasmon Experiment Volume Plasmon
Plasmon
L=1 Ya 22.1 eV@ | 21.4 V@ 214 eV© [ 37 V@
L=2 12Y50 25 eV (@) 22.5 eV (@ 21 eV® 41 V(@
L=3 Y30 29 ¢V (@ 26 ¢V (@ 21.5 eV |42 V@
L=14 Yo 32 eV (@ 28.5 eV (@ 22 eV 42 eV(@)

Table 3: The LCA multipole response of fullerene molecules

a : Present LCA calculation

b : Experimental data [67]

¢ : Experimental data [14]

The results in column three represent the energies in eV of the surface modes

calculated with the operators given in column two. Columns four and five are obtained

by augmenting the operators with the volume changing contributions discussed in

section 3: This change affects the appearance of the volume plasmon and also shifts

both peaks to lower energies. The volume plasmon has experimentally been verified

for the dipole case but so far not for higher multipoles. Compressional effects seem to

be less pronounced both in our calculations and obviously also in experimental work,

which so far, not reported compressional peaks. Direct comparison of our results to

experimental data by Bulgac [67] is therefore restricted to the results given in columns

four and five of table 3.
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4 Chapter

4.1 Summary and Conclusions

Fullerenes are one of the finite Fermion systems, that have drawn an extensive sci-
entific interest since its discovery due to hand in hand progress in theoretical and
experimental techniques and due to technological prospects. This work investigated
the collective dynamic response of the 240 delocalized valence electrons of the fullerene
Ceo molecules to an external stimulation such as electromagnetic radiation or scatter-
ing of charged particle, using the local current approximation (LCA), a semiclassical
approach which is based on a general variational principle.

Optical response of fullerene Cgg molecules were calculated from a collective model
that describes the density dynamics of electronic excitations by scaling transforma-
tion. Our model is best illustrated by quantum mechanical equation of motion for
excitation operators by a variational principle. For the finite basis set, eigenvalue
equations for the displacement fields associated with electronic excitations were de-
rived from variational principle and solved to get the excitation energy. This ap-
proach, which had previously been applied to study the collective excitation of metal
clusters [61], has here been applied to compute the optical response of the fullerene
Cso molecules.

A giant surface plasmon resonance near 22 eV is prominent in absolute photo-
ionization measurement, which contain an additional broad feature near 38 + 2 eV

that is indicative of a higer order plasmon oscillation, also called as volume plasmon.
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Using the jellium model, TDLDA calculations reproduce this result. In the LCA
regime we have obtained the similar features as the TDLDA, using the same jellium
model. Since the jellium model neglect the ionic structure, the collective peaks in
both TDLDA and LCA calculations appear at too low energy. Therefore TDLDA
curve has been artificially blue shifted by 5.5 el and have done the same with our
LCA calculations.

We have also calculated the multipole excitation energies of the Cg molecules
using the same jellium model in LCA regime. The excitation energies of Cgy for
increasing order of angular momentum up to L = 4 have been calculated, and it has
been found that the coupled surface plasmon for the higher multipole modes stretch
out in 22 — 28 eV whereas the coupled volume plasmons were found in 40 — 42 eV/.
These multipole energies computed in LCA regime are higher than the experimental
results. The volume plasmon which has experimentally been verified for the dipole
case but so far not for higher multipoles. Compressional effects are less pronounced
in our calculations and obviously also in experimental work which so far has not
reported these features.

In the present calculation we have used the electron density obtained from TDLDA
calculations performed and generously supplied to us by authors [63]. This data does
not distinguish the contributions from 7— and o— electrons separately. This fact
mmkKes it impossible to reproduce the prominent m— electron resonance seen in some
experiments [67], but it enables us to compare our LCA results to their TDLDA re-

sults on the same footing (i. e. same electron density and same ion potential). The
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excellent agreement between the two theoretical findings and the closeness of both to
the experimental findings (Fig. 17) lend strong support to the interpretation as col-
lective dipole oscillations. We notice, however, that the experimental photoexcitation
data starts at an energy which is higher than the response of the 7— electrons alone
which has been determined at 6 eV by inelastic electron excitation by a different
experimental group.

The coupled oscillator system addressed in appendix C is a first attempt to re-
produce the distinct responses of the m— and o— electron systems in a classical
mechanical model. The translation of the mechanical findings into the framework of
the LCA approach is possible and presently being studied by us. The major hurdle
to be overcomed in this task is the calculation of the electron orbitals for the high
angular momentum states. For Cgy orbitals up to an angular momentum quantum
number [ = 9 are needed in Hartree-Fock approximation or, preferably, in TDLDA

to make the set of electron density consistent.
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5 Appendices

5.1 Appendix A :
5.1.1 Evaluation of equations (2.10.2) and (2.10.3)

To compute the commutators in equations (2.10.2) and (2.10.3) and consequently

equation (3.1.10) and (3.1.11) we start with the operators

Iz = erLO(G)

Assume that for a given hamiltonian with kinetic enrgy 7" and potential energy V

A

H=T+V

one has scaling operator

- [n.¢)- 1

For the local operator Q which commutes with the potential energy V' in the total
hamiltonian H = T+ V the scaling operator S and the moments m; and ms have a

simple physical meaning. We define the scaling operator S by

(V-u})+u] -V (A1)

N | —

SP = [H Qg} - [T Qg] _

where u is a displacement field given by
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W () = 2wy )

The operator S creates a scaled state by means of a unitary transformation

@) = ¢% J0)

where the real variable « is scaling parameter and is also understood as a collective

variable « (¢) . One write the time dependent one body density

A

p(r,t)=pr,at) =) [ (rna)f =W p(r)

i=1

Now the velocity field

and the local currents

Ja (I‘, t) = Pa (I', t) v (I‘, t)

which satisfies the continuity equation

9 o
apa(r,t)+V~_]a(r,t) =0

and that
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with
h? _

BPP =

h* PP+ L(L+1) >
— 4
2m 2L +1 (ﬂ/o "

W2 PP+ L(L+1) Re N
o ey 2m 2L+1 (4m) /R1 " "

2 Ro
or Bpp o L PPHLLAD 4N [ oy

2m 2L +1 V. Ja

2 Ro
or BPPZH_PP+L(L+1) ArN / e

2n 2L+l (- Jn,

where By = R— 2 and Ry = R+ 5

o RPPHL(L+1) 3N (R+9) - (R-5HTT
PP 9m 2L+1 P+ P41 (R+2) = (R-2)°
A\ P+P+1 A\ P+P+1
o wopran+n) v BT+ £) — (1= 5"
PEPE = o T 9L+1 P+ P41

w0+ 5)" -0 )]
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Using Binomial theorem

W\ PP+ L(L+1)
- B S N (P+P-2)
o (2m) 2L + 1 R

The restoring force parameter defined in equation (12) can be rewritten as

G = 30|t [s.)o) 2
- d(jda' [<0 0>] ool =0

2
- do(fda’ [<a

/
eaSiHe—a’Sz

)]
a=a'=0

A~

H

where

@) = e % ]0)

is the scaled ground state. Now one can write

__ rkin xc Coul 1%;
Cpp’ — Cpp/ + Cpp/ + Cpp’ + Cpp/
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Note that S? and Sﬁl even do not commute, C,, in equation (A2) would be
symmetric as long as |0) is eigenstate of H. The kinetic energy term for L = 1 is
calculated analytically (please see [81] and for L > 1 involves complicated angular
momentum algebra and is very combersome to evaluate in general. It has been
evaluated in the local density approximation, which for the kinetic enrgy means using
the Thomas-fermi functional (please see [37] for detail). The exchange-correlation
contribution has been evaluated in the local density approximation. The following
formula is used for any part of energy that is just a spatial integral over a function f

of the density p (). The energy functional E; is given by

Ewﬂ%msz@mm%

Then the symmetrized contribution to E; (A2) is found to be

1
2
{(pﬂLp'l){p[p’(p’Jrl)L(L+1)}+p’ﬂp(p+I)L(L+1)]} f(p)—p

+2[p(p+ 1)~ LL+ D[ (' +1) = L(L+1)] L2

The symmetrized Hartree-Coulomb contribution to C¢% is

df(p)

dp

)

(A3)

r
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\* (4me)® L(L+1) [
coul  _ - A4
Crr (m) 2(2L + 1) (2L+1)/0 plr) (A4)
1 (L=P)(P+L+1)r7=L=t [T s () dr
—— dr
2
+(L—P)(P+L+1)rP-t71 7 0 (r) drr
o (B\? (4me)® L(L+1) N [ (L-P)R™ " (P+L+1)%
v =\ ) 2er+D @b 1) kA J, P dr
+(L-—P)R"*"(P+L+1)%
le_(h?)Q (4me)® L(L+1) N R2p(r) (L—=P)(P+L+1) A i
PP — | T
m) 2(2L+1) (2L +1) 4T R?A R
( ) ( ) f +(L—P)(P+L+1)
1 (h2\> N22 L(L+1) N2
e 2L° +2L — P — P'—2PP) RFHP°
Crr 2(m) QL+ 1) @1 A CL T P)

The contribution from any external spherical potential V7 (r) is
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2 o0
CVI — h_2 _47T / Vi (7“) Tp+p’f2 x (A5)
Pr 2m ) (2L+1) J,

(p+p —1[p+p+2)pp —(p+p)L(L+1)]p(r) o

+[Bp+3p —2)pp' — (p+ ) L(L+1)] 1% 4 22 o)

After doing little algebra, we get

Ro

2
Oyl = h—2 4—7T2PP V2V; (r) rP T p (1) dr
PP \2m ) (2L +1) R

Vr P2\® 4w o [ P+P
Cply = 2 mZPP’(ZLWe ) pro ()" p(r)dr

R\*  Arx Ra
Vi (2 . 2 _ _ . P+FP d
Cpl (2m> GL+ 1) 2P P (4me?) /Rl Po©(Ry—1)—O (Ry —1r)|r" " p(r)dr

Vi _
CPP -

h_Z 2 47T 47T€2N2 2PP (R(P+P/+1) _ R(P+Pl+1))
2m ) (2L +1) (1672R4A2) (P + P' +1) \' 2 !

2\? N2 R ,
Vi (12 - — pp (P+P'-5)
Crr <m> (2L +1)2A [R }
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l Vi
CPP’ Ccou CPIP'

R\ N2 , R L(L+1)
= =) —— (REHP'=5)) | _pp o 2 V) (912 49, — P _ P —9pPP
Crr (m) (2L + 1) (R ) {m UCICTAESY (207 + )

For quadrupole motion, L = 2 and P, P’ = 2, then

A2\ % N2e2 2
C%P—<m> 5 A

h2
m

The energy Fj3 discussed in section three is written as
Q) o
Q BPP/

2 [h?Ne?

E3 =1/ —~

(@) \/; mRZA

If we set p = pr = L ,and using equation (A3), (A4), and (A5) we can recover

the follwing equations:

2
m Q)= -k

m 2

/7,,2L2p (T) d3,r
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h2 2 LQ (L— 1) o) r
Coul _ _ |'" 2 2L—3 N2 ! /
m, " = [m] oLl (4me) X/o r p(r)dr/o (r') p(r') dr

h2 2 L2 o]
= {E} 2L+1) /0 Vi) R )+ el ()] e

where p' (r) and p” (r) are radial deivatives. Note that the exchange-correaltion
energy in LDA | like any part of the total energy which is only a function of p (),

does not contribute to ms (Qr) [81]

5.1.2 Local density approximation

Local density approximation (LDA) is the beautiful tool to compute the exchange-
correation energy when dealing with the energy functional of the finite fermion system.
The LDA works well for the system in which the electron density does not vary to
rapidly. More details about the LDA is collected in references [35], [89], [90], [91] and

[92]. In this approximation the exchange correlation energy is written as

By = / o (r) ae [0 (1)

The exchange energy part of the LDA as derived by Dirac is given
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In the present work to calculate the exchange-correlation energy we have used the
following correlation energy;
W 0.88

e = e (p) + 7.8

where r, is Wigner Seitz radius. This is the most commonly used correaltion energy
functional in cluster physics and is derived by Wigner. Similarly Gunnarsson and

Lundqvist also developed a correlation energy fucntional which is given by

1 1 1
GL 3 2
= —0.0666 | (1+ X”)log |1+ +-X-X

E¢ {( ) og l } 5 3

where

In the density functional theory the LDA approach has turned out to be very

successful. In some system, however, it leads to noticeable deviations.

5.2 Appendix B :
5.2.1 solution of the secular equation

Here the general solution of the secular equation (3.1.9) presented in detail;

det‘cpp’ — (1w)” By

= f(L)det|A,,| =0, (p,p =1,2,....... , M)

where f (L) is a factor independent of p, p’, and the matrix A,, is given by
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4 :(ﬂﬁ&ﬂW+LUHJM%—p—m—A@L+U@ﬂ+L@+U]
" (L+p+p)

where the eigenvalue A is the squared ratio of frequencies

w 2
v ()
Wyol

{2L+1)pp +2L-L(L+1)—L(L+1)(p+7p)

—AQL+1)[pp + L(L+1)]}
(1+p+p)

App/ =

{@L+1)ppy+2L-L(L+1)+L(L+1)—L(L+1)

—L(L+1)(p+p)—ARL+1)[pp + L(L+1)]}
e (1+p+p)

A QL+ 1)pp +L(L+1)2L+1)—L(L+1)(1+p+p)—AXC2L+1)[pp + L(L+1)]

e (1+p+p)
A LAY+ LLAN - LL+)A+p+p) = AQRL+1) [pp' + L(L+]1)]
o (1+p+p)
A 2L+ 1) [pp+ L(L+1)](1—=XN)—L(L+1)(1+p+p)
" (1+p+7)
. (2L+1){[pp’+L(L+1)](1—)\)— Bl (1+p+p')}
o (1+p+p)
_ [+ ) (=N
Ao = { (1+p+p) }
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where F = L (L +1) and G = ZE5)

det|A,y| = 2L + 1) det | D,y| = 0

= A NE+F)

where D, Gipis)

Now L =0, then F' = G = 0 and the characteristic equation becomes
det|(1 = A) pp// (1+p+p/)| = (1= N)"detlpp'/ (1 +p+p)| =0
since for any p, p/ > 0 the determinant on the r.h.s above is never zero, we get M
degenerate solutions with eigenvalue \ = 1.
det [Apy| = (2-0+1)"det|(1 = X) pp// (1 + p+ )]
= (1= Ndet|(1=X) /(1 +p+p)[=0

L > 0 : In this case F' and G are non-zero and the matrix D, has the form

(1-N)(1+F) (1=\)(2+F)
G -G

(1-X)(24F) (1-X)(4+F)
—y  —G —/5— -G

D

P—

pp

(1-X)(3+F) (1-X)(6+F)
s G -G

Notice that in each element, the first term contains the factor (1 — A) and the
seond term is the constant —G. we now replace the first row by the difference between
the first and second rows, the second by the difference between the second and third,
and so on, until we reach the last row in which we do not change anything. The

determinant, whose value is not altered by these manipulations, then becomes
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(1—-X) Ep (1—=X) Epp (1 =X) Eim
(1—=X) By (1 —=X) Eo (1 =X) Eap
det ‘Dpp/‘ =
1=XNEnn—G A=NEy—G ... 1=XNEyny—G

where the F,, are linear expressions in the constant F. Only in the last row
the additive constant —G remains, while all other elements now are proportional to
(1 — ). The characteristic equation therefore becomes
=0

det | Dyy| = (1 = NV det |E,,

where Epp/ is the remaining matrix after removing the factor (1 — A) from the first

M — 1 rows in above matrix, its determinant is linear in \.

5.3 Appendix C

5.3.1 Coupled Oscillator System as a Mechanical Analogy to the Re-

sponses of 7— and c— Electrons.

The purpose of this appendix is to set up the m and o electrons of fullerene molecules
as individual classical oscillator. In our computation of semiclassical model we did

not distinguish the 7= and o electron due to the lack of 7 electron density.
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5.3.2 Introduction

There are several form of natural carbon, graphite and diamond being the most
familiar. Kroto et al [5] discovery established that there is third form of carbon:
the fullerene Cgg. Since its discovery in 1985, there have been both theoretical and
experimental efforts to investigate the behavior of Cgy. One of the simplest theoretical
models of Cgg is the jellium model. In the jellium model, the 240 valence electrons
of Uy are treated as free electrons, moving in a shell of uniform positive charge
representing the field of the positive carbon ions, which form the fullerene’s cage-like
structure.

We have calculated the photo-excitation cross-section of Cgy, within the frame-
work of the jellium model, using the local current approximation (LCA) calculations
[93]. These calculations produce results that resemble those of the time-dependent
local density approximation (TDLDA). Both methods suggest that experimentally
observed features in the photo-excitation cross-section of Cgg, correspond to collec-
tive oscillations of the 240 valence electrons, relative to the background of positive
carbon ions.

A mass attached to a spring executes simple harmonic motion. How does the
motion of this simple harmonic oscillators change when coupled, by a spring, to
another simple harmonic oscillator? Consider two linear oscillators joined by a spring,
if initially one oscillator is placed in motion, the second oscillator eventually begins to
move as well. The connecting spring serves to transfer energy from the motion of the

first oscillator into motion of the second. Usually, the energy of the system oscillates
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back and forth between the two oscillators. The analysis of such a system of coupled
oscillators is often used as an introduction to the concepts of normal coordinates
and normal modes of vibrations. For the normal modes of vibration, the motion is
simple harmonic. However, the general behavior of coupled harmonic oscillators is
not necessarily simple harmonic motion.

The fullerene molecule is an allotropic form of carbon, with remarkable properties.
The molecule is an empty, closed cage comprised entirely of sp?>-hybridized carbon
atoms arranged in regular patterns of hexagons and pentagons, twelve pentagons and
twenty hexagons. There are 240 valence electrons in Cgy molecules of which 60 elec-
trons are the weakly bound 7 electrons and 180 electrons are the more tightly bound
o electrons. The total number of bonds in a C,, fullerene is 37” In Cgg, the length
of the bond between two hexagons is 1.38 A° ,whereas the bond between a pentagon
and a hexagon is 1.45A° [7]. To understand the electronic properties and interatomic
bonding of fullerene molecules, it is useful to consider the electronic eigenstates cor-
responding to the 7 and o electron orbitals. As pointed out in reference [94], states
without nodes in the radial direction, correspond to the o orbitals and states with
one node in the radial direction, correspond to 7 orbitals. Orbitals with a radial
node extend further into the radial direction and thus are less bound than nodeless

orbitals. More electronic properties of Cgy molecule are given in references [60], to

[11]. The ground state configuration for the neutral Cgo fullerene molecules given by
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Polozkov et al [78]

}822p63d104f1459186h227i268k309l341Om181\2823p64d105f1469187hl(l

without node with one node

Fullerene molecules have a symmetric structure and bridge the gap between the
free molecules and solids. As a result, fullerenes can possess chemical and physical
properties of both solids and free molecules. Within the simplest approximation, the
jellium model, the 240 valence electrons in a Cgy molecule are treated as free electrons
moving in the field of the positive carbon ions of the molecule. These free electrons
respond collectively to electromagnetic radiation of varying frequencies. The resonant
collective oscillation of the free electrons is known as plasma oscillation or plasmon.

Experimentally, Cgy shows two predominant resonances: one at 5eV and another
around 20eV [14] of energy. Theoretically, these resonances are interpreted as dipole
vibration modes [61]. Garibel and Claudia [74], used the so-called hydrodynamic
model, to predict the presence of a m plasmon in the 6 to 8 eV energy range and o
plasmon near and above 25 eV. In their photoexcitation study of Cgg ions Scully et
al, report the existence of an additional photoionization resonance near 40 eV [14]
with less prominent features. These features have been named ”volume plasmon”
because they are caused by density changing terms in the system’s Hamiltonian. We

do not attempt to include density changing terms here, but rather study the analogy
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of the oscillator model to just the 7— and o—resonances.

Plasma oscillations play an important role in the optical properties of conductors
and semi-conductor materials. These materials are transparent to electromagnetic
waves with a frequency above the plasma frequency and opaque to waves with a
frequency below the plasma frequency. For electromagnetic waves with frequency
above the plasma frequency, the electrons in the material respond too slowly to cancel
the rapidly oscillating electric field completely, and the field penetrates the material,
i.e. transmitted. Light of frequency below the plasma frequency is reflected, the
electrons in the metal can respond fast enough to cancel the incident electric field. In
metal clusters, the plasma frequency happens to be in the ultraviolet region making
them reflective in the visible range. The brilliant colors in medieval stained glass
windows results from the resonant light scattering from gold and silver particles of
different size that were added to the glass. Metallic clusters with electronic interband
transitions in the visible range absorb specific colors of light, yielding distinct colors
in reflection.

Although the density changing oscillation (volume plasmon) does not lead to an
experimentally pronounced peak, its presence is felt indirectly because it is respon-
sible for the shift of the surface plasmon to lower energies [14] [75]. Without the
interaction of the two modes, i.e. surface and volume plasmons, the predicted reso-
nances would both occur at higher energy than the experiment determines. Volume
plasmons become less and less relevant for higher multipole excitations but their pres-

ence is likewise felt indirectly by shifting of the corresponding surface modes to lower
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Consider the system shown in figure 23. The system consists of two different masses,

my (corresponding to mass of 180 electrons) and msy (mass of 60 electrons) connected

to each other and to two fixed points by springs, of which the outer ones have the

spring constants k; and ky as show in figure 23. The central spring with constant &

weakly couples the two oscillators if we choose k << ki k. When there is no coupling

between the masses k£ = 0, each mass oscillates harmonically with its proper frequency

w; = \/ki/m;, independently of the other. The spring forces are the only forces acting

in this idealized one-dimensional system. Later we will introduce damping as well as

a harmonic driving force. The motion at any given time is completely specified by

two coordinates, the displacements z () and x5 (t) from the equilibrium position of

each mass. The springs exert zero resulting force when the system is in equilibrium

79].

K1

k2

Figure 23: Coupled system

We analyze the system in the framework of forced oscillations and resonances.In
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the absence of damping, the equations of motion of the system can be written as,

dQIj
dt?

Fy=mj—3 ==k, for j = 1,2 (4.1)
k

It is useful to rewrite expression (4.1) in matrix notation

2 X
= _-M'KX 4.2
e (4.2)
where
T1 kll klg mi 0 10
X = , K= , and M = , 1=
) ka1 koo 0 me 01

X is a column vector, whose row is the displacement z;. K is the " K-matrix” and M
is the "mass matrix”.
Assuming small displacements the springs obey Hooke’s law and thus exert a

linear restoring force on the masses given by

F=—Fk(z— x)

To set up the value of the constant kj, one displaces mass my while keeping mass
my fixed in its equilibrium position. For the small displacement of mass, there will be

the restoring force kx, on mass m; and —kx, on mass mo. Here we have presented
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only a few important steps. From equation (4.1) one can write

Fy = kyizy + Kig

Fy = ko11 + koaxo
Fiy = k12$27 Fyy = —kowg — kyo79

where [5 is the force on mass m; due to displacement of mass my and Fs, is the

force on mass my due to displacement of mass msy. Therefore;

kig = ko = —k, ku=k+k, ko=k+Ek

The eigenvalue equation of the coupled system without driving force and damping
is:

[MT'K —w?I] A=0 (4.3)

where A is some constant and w is an angular frequency. Assume that the system is
sitting in a viscous fluid that gives a uniform damping 7 = 1.

In a fullerene molecule, there are three times as many o electrons as 7 electrons.
For the mechanical model of a fullerene as shown in figure 22, we would assign the

masses an electric charge of 3¢ and ¢ and subject the system to a periodic electric
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field so that the force is given by

For a damped oscillator with a harmonic driving force one write the equation of

motion;
d2

X (1) + riX(t) +wiX(t) = F(t)/m

dt

Accordingly, one can look for an irreducible, steady state solution to the equation of

motion of the form

Z(t) = We ™t

where W is a constant vector which yields the matrix equation

W= [M'K — Wl —iywl] " M7'F,

with
3
—1 mi+ma2
M Fy =
1
mi+ma
Now
1 , k;ntk: W = iw ;1_1:
M7 K —wl —iywl = (4.4)
-k kotk w2 — ww
mo mo

1 1 2 2
Oer_wwzﬁ<k1+k5+k2+k)i\/_<k1+k_k2+k) C P s

mq mo 4 mq mo mimeo
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If we represent the two roots of (4.5) by A and B as shown below, the product of A

and B gives the determinant of matrix (4.4).

(k: k ky k2>
—+—+—+—=
mq mo ma mo

1/ k k Kk k\> k2 .
-l ] + — W' —yw
4\my meg My My my1mse

Then
ki1+k 2 . —k
B 1 po w* — iyw —
(MK — w® — iw] t= 15 % ' ' (4.6)
’ —k katk Cd2 Z’}/OJ
m2 ma2

If we then isolate the contributions of the two zeros in the denominator of (4.5)

we can write

with

A = a—iyw, with

1/ k  k ko k 1/ k  k ko k\ k2 )
a = |[z[—+—+—+—= )/ |———+——-— + —w
2 mq mo mq mo 4 ma meo mq mo mqmme




= b—iyw, with

CV]_ + Z/Bl
052 + 252
with
631
(%)
B
By

oy coswt + [ sinwt
(coswt —isinwt) =

Qg cos wt + [y sinwt

3 1
{(b2 + 2 w2> (2m1 + 2my + 2m, +2m2>
+

a 3 1 s
a? + ~y2w? 2my + 2my  2my + 2my 0

b 3 1
= ) (g 3riom)

B a 3 _ 1 f
a? + y2w? 2my + 2my  2my + 2my 0

3
<2m1 + 2my 2m1 + 2m2

3
(2m1 -+ 2m2 2m1 -+ 2m2
3

)
)

1 3 s
b + ~y2w? omy + 2ms  2my + 2m2 0

le + 2’]712 le -+ 2m2> } .fO
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o coswt + [ sinwt dX (t) —aw coswt + [fwsinwt
X((t) = — =
Qg cos wt + [y sinwt —w cos wt + Pow sinwt
3
F(t) = focoswt F(t)" = ( 3 1 ) focoswt
1

The power expended by the external force is summed over all the degrees of

freedom of the force times the velocity:

—aw coswt + Biwsinwt
P = [3,1] focoswt

—w cos wt + Pow sinwt

The average power lost to the frictional force comes from the cos?wt term

P =3B wfo+ Bywfo (4.7)

5.3.4 Result and discussion

The discovery of fullerene molecules by Smalley et al [5] as a third form of carbon
(besides graphite and diamond) was quite surprise. Subsequent study of these amaz-

ing molecules was understandablly intense and is still ongoing. One branch of this
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research focusses on the possible use of fullerenes in electronics. Our group has been
involved in the study of collective excitations of (g applying a semiclassical method,
the local current approximation, in conjuction with the equation of motion approach
to find multipole oscillations [93]. In this analysis we realized that the main features
of the treatment of such a complicated system can be well understood in terms of
the simple mechanical model studied here. In particular, the interpretation of the
different responses of 7— and o— electrons could thus be made more transparent.
This has initially been a disputed interpretation of experimental results, although it
has been widely accepted now.

We compare our results (figure 24) with the experimental work (figure 25). The
first peak in each picture is due to the 7 electrons and the high energy peak is due
to o electrons. These two peaks are corresponding to the two frequencies w; and wo
of low and high energy modes, the first peak being much more prominent.

Ju et al [67] from their theoretical and experimental electron enery loss spec-
troscopy (EELS) reported the low energy mode of Cgy around 6 — 10 eV and high
energy mode around 18 — 22 eV. In agreement with the experimental work we found
a low energy mode approximately at 10 eV and high energy mode around 22 eV. Our
computation meets the upper limit of the experimental work. These two modes are
the analogues of the 7 and o plasmons in graphite [95], [96] and the corresponding
plasmons observed in solid Cgo [11], [67] and references there in. While our simple
mechanical model corroborate the distinction between m and ¢ electron responses, it

can not mimick the volume plasmon effects observed at higher frequencies [14], [12],
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Average Power

0 10 20 30 40 50
Driving frequency

Figure 24: The average power lost by damped oscillator

[13], [61].The shape of these two peaks depends on the stiffness of the springs and the
frequency of the driving force. In this computation, the stiffness k£ of the spring cou-
pling the two masses, is much less than those of the outer two springs. The frequency
of each resonance peak depend on the coupling strength and damping terms as well.

The two resonance peaks due to the oscillations of m and o electrons are found at the

frequencies:
1 1 ? 2
W — iy = k1+k+k2+k Lkt kE Rtk n k (@)
2 my Mo 4 mp Mo mimsa
and

1 1 2 2
wz_ivw:_(k1+k+k2+k)+\/_(k1+k_k2+k) Lk s
2 my ma mimes
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Figure 25: Inelastic electron excitation cross section of fullerene molecules, solid line
(theoretical result) and points (experimental result),(used by permission of author)

We have shown how the two frequencies vary with the coupling strength. One
arrives at the normal mode vectors of vibration by substituting these angular frequn-
cies into the eigenvalue equation. From the comparision of these two plots one can

conclude that the photoexcitation of fullerenes and power consumption of a classical

oscilator system are of similar nature.
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6 Presentations and Publications

During the period of this research work, I got an opportunity to participate in several
conferences in and out of the USA. The following is a complete list of the conferences
and our publications related to my work.

1. Annual meeting of the American Physical Society, California Section, October
27-28, 2006, California State University Long Beach, CA.

2. Annual meeting of the American Physical Society, California Section, October
26-27, 2007, Lawrence Berkeley National Laboratory, CA.

3. Progress in Electromagnetic Research Symposium (PIERS), Beijing, China,
March 26-30, 2007.

4. Annual meeting of the American Physical Society, California Section, October
29-30, 2010, California Institute of Technology, Pasadena, CA.

5. K. Lamichhane and P. Winkler, The Use of the Virial Theorem and Sum-rules
in Atomic Structure Calculations. (Published, PIERS Proceedings, 330-333, March
26-30, Beijing, China, 2007)

6.K. Lamichhane, B. Bach and P. Winkler, Similarity of Photoexcitation Cross-
sections of Fullerenes and the Power Consumption of a Classical Oscillator System.
(submitted to American Journal of Physics, 2010).

7. K. Lamichhane, M. Brack and P. Winkler, Energies of Higher Multipole Vibra-
tions of Fullerenes in a Semi-Classical Approach. (accepted for publication, Interna-

tional Journal of Quantum Chemistry, 2010).
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