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Abstract

Traditional estimation methods such as maximum likelihood or method of moments

do not work very well for heavy tailed distributions often present in water resources

research. In addition, they usually require relatively large samples to provide reason-

ably accurate estimates. To remedy these shortcomings, Hosking (1990) introduced

the method of L-moments for estimation of parameters. The motivation was the need

to estimate high quantiles of precipitation and stream flow data using relatively small

samples of observations. This work explores the benefits of L-moments based esti-

mation for a variety of distributions. In addition, we define a new model for weather

(or climate) episodes based on dependent sequence of observations and explore the

L-moments in that setting.
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Chapter 1

Introduction and Motivation

In recent years, there has been a growing public interest and concern about the

increase in frequency and magnitude of extreme weather and climate events such as

floods, droughts, extreme precipitation, heat waves, tornadoes, or hurricanes. These

changes are largely attributed to the climate change resulting in the global warming.

The weather extremes cause human and environmental disasters, and dramatically

impact our lives, safety and health. In fact, in the past year, there have been several

extreme events around the world. For example, consecutive atmospheric rivers in CA

in 2022-2023 Winter brought heavy precipitation and caused significant impacts on

communities and infrastructure there. In March 2023, the eleventh atmospheric river

forced 30 million people in CA at risk of flooding, and more than 360,000 people and

businesses without electricity (Sutton, 2023). The atmospheric river also brought

high winds, and one third of flights were cancelled at San Francisco International

Airport (Sutton, 2023). In the South and Midwest US, tornadoes outbreak has been

a major concern in 2023. As of April 2023, unusual numbers of tornadoes have been

observed already, with 63 tornadoes related deaths, which is already approaching the

annual average number of tornado related deaths (Czachor, 2023). Tornadoes not

only cause human causalities but also damage infrastructure and homes. Damages
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caused by extreme weather such as heavy precipitation or tornadoes can also lead

tremendous economic losses. In fact, as of September 12th, 2023, there is already

an economic loss of 23 billion dollars in the U.S (Flavelle, 2023). In Europe, record-

breaking temperature were observed in 2022. In the UK, the government issued

its first-ever red level extreme heat warning on July 15th, 2022, which represents

significant health threatening level not only for the elderly and infants, but also for

healthy people (Ramirez, 2022, & Met Office, n.d.). More than 20,000 people died

from heat waves across Europe, no just in the UK (Laville, 2022). Thus, extreme

events are being observed all over the world.

The increase in the frequency and magnitude of these extreme events makes their

current risk estimates unreliable and introduces an urgent need for their revision.

The risk of any event happening is the probability of its occurrence. Another way of

quantifying risk of an event is its “return period”. The return period is the period until

an earthquake, typhoon, heavy precipitation, drought, or other natural phenomenon

exceeding certain magnitude occurs again. It is also known as recurrence interval

or frequency. For example, if an earthquake with magnitude of at least 7 on the

Richter scale has a 50-year return period, such an earthquake is expected to occur

once every 50 years on average. The probability of occurrence of an event with a

certain magnitude and the return period are related to each other.

Consider the earthquake example again. The magnitude of 7 is called threshold. The

50 year return period means that the probability of an earthquake of magnitude of 7

or higher occurring in any given year is 1/50 = 0.2.

More precisely, let X be a random variable describing the magnitude of earthquakes

in a given area. Let the threshold of interest be 7 on the Richter scale. Then we can

write



3

P (X > 7) = 0.02

and the corresponding return period of the event X > 7 is 1/0.2 = 50 years. We see

that

P (X > 7) = 1/return period.

If we denote xT is a threshold level, and p is the probability of occurrence of an

extreme event denoted X ≤ xT , then

Return Period = T =
1

p

and

Probability of occurrence of an extreme event = p =
1

T
.

For example, if we say a 100-year flood, the return period is T = 100 years and

p = 1/100 = 1%. Then, the probability of a flood of the same magnitude is 1% in

any given year. The magnitude of extreme events can be described using the high

percentile. The kth percentile is the value below which k% of the observations fall.

The magnitude of 100-year flood is computed from the 99th percentile of a fitted

distribution.

In hydrology, these return periods and high percentiles are used to the implement

the risk management of floods, droughts, or water quality problems and plan infras-

tructure to mitigate these risk. Percentiles can be used to create flood hazard maps,

which shows the severity of potential floods. By calculating percentiles of flood data,

such as water depth or velocity, at different probability levels, flood hazard maps can

be developed to show areas that are more susceptible to flooding. For example, the
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Federal Emergency Management Agency (FEMA) releases a flood hazard map of a

100-year flood (FEMA, n.d.). These maps help identify high-risk areas and guide

land use planning. We can use them to protect ourselves and decide where to live.

Thus, it is important to estimate the high percentiles as accurate as possible.

To estimate the risk, we need to model the distribution of the process of interest and

estimate the model parameters. There are several methods to estimate the parame-

ters. In general, when the sample size is large enough, parameter estimation errors

tend to be small. However, in hydrology, the sample sizes tend to be small and we

need to estimate the parameters using limited information. We discuss several pa-

rameter estimation methods in this thesis. In particular, in Chapter 2 we investigate

the differences in accuracy and variability of the maximum likelihood and L-moments

estimation methods.

In Chapter 3 we provide a new model for stochastic episodes such as flood, heat

wave, or deluge. The new method builds on the BEG model of Kozubowski and

Panorska (2005). The innovation is that we introduce a dependence structure to the

observation of the underlying process such as precipitation, stream flow or tempera-

ture. The independence assumption for the process observations in the BEG model is

quite restricting, as for many natural processes we observe dependence of the obser-

vations from one time period to the next. The basics of the BEG model are as follows.

We observe a sequence of IID measurements of a given process. Then, we construct

episodes (or events) by combining a random number of the observations from that

process. For example, if we are interested in stream flow, we may want to construct

events that break levees. That is, we look at consecutive observations of the stream

flow above a levy threshold. The consecutive observations form an episode of flood.
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For a given episode, we record three characteristics: duration, magnitude and max-

imum. More detailed definition can be found in Chapter 3. The new process we

propose in this thesis does not require independence of the stream flow observations

(say, from one day to the next). We call the new process BEG-AR and explore its

properties in Chapter 3.
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Chapter 2

Estimation Methods

In statistical modeling, population parameters play an important role. They often

describe fundamental properties of the population. When population parameters

we use different methods of their estimation. Typically, we draw a random sample

from a population and use the observations in the sample to estimate the population

parameters. The closer an estimate is to the true parameter value, the better it

describes the population under study. Therefore, it is important to obtain accurate

estimates.

The estimated parameter values can be used to estimate probabilities, percentiles,

center, and other properties of a population. We are interested in percentiles, because

they provide information about extreme events that we are interested in. The nth

percentile of a set of data is the value which is greater than n% of the values. These

values can be used for comparing in different sample groups, a guide for thresholds, or

anomaly detection. For example, the U.S. Environmental Protection Agency (EPA)

has established various standards to safeguard public health from fine particle PM2.5

exposure, and percentiles are used for comparison. The EPA has set a 24-hour PM2.5

standard of 35 µg/m3, and if the 98th percentile of 24-hour PM2.5 concentrations for

a year is below that standard, the area is considered to meet the 24-hour standard
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(EPA, 2012). In ergonomics, percentiles are also essential. This is because individuals

differ in dimensions such as height, sitting height, and upper limb length, even if the

race, gender, and age are the same. Therefore, when designing tools, machines, and

equipment for human use, it is common to use values between the 5th percentile for

female and the 95th percentile for male (Openshaw & Taylor, 2006). For example, 640

activities of the 23 crew tasks on the International Space Station were analyzed using

mannequins sized at the 5th percentile for Japanese females and the 95th percentile

for American males (NASA, 2019). Moreover, higher percentiles are important in

many areas, since higher percentiles represent extreme events, such as heat waves,

floods, hurricanes, drought, heavy precipitation and so on. The size and frequency

of these extreme events is changing with the global warming, and have detrimental

effects on agriculture, human safety and health, and the environment. If record

heat waves occur not only in areas where the temperature was originally high, but

also in areas where it was relatively cool, there is a risk that many people will die

from various diseases such as heat stroke. In fact, in 2003 a record heat wave swept

across Europe, killing nearly 20,000 people in Italy and 15,000 in France (“Italy

puts”, 2005). In the US, record-breaking heat has struck the US Southwest in 2023,

with temperatures exceeding 100 degrees Fahrenheit affecting Arizona, Nevada, New

Mexico, and Southern California (“Residents of US”, 2023). Particularly, in Phoenix,

Arizona, there were 54 days of extreme heat wave exceeding 110 degrees Fahrenheit as

of September 10th, 2023, breaking the previous record of 53 days set in 2020 (“Phoenix

hit”, 2023). At the beginning of 2023, a powerful New Year’s Eve storm brought heavy

wind and blackouts, leaving tens of thousands of homes in Northern California without

power. In addition, record high waters on the Cosumnes River breached three levees

and caused flooding (Finnegan & Garrison, 2023). Therefore, high percentiles play

an important role in analyzing extreme events, making predictions and considering
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countermeasures of future extreme events.

There are several methods to estimate parameter values including the maximum likeli-

hood estimation (MLE), Method of Moments (MoM), Bayesian estimation or Method

of L-moments. We compare MLE, the most commonly used method, and Method of

L-moments, which is often used in hydrology, and discuss how their estimates differ.

2.1 Parametrizations of Distributions

In this chapter, we work with the following distributions: normal, lognormal, General-

ized Pareto distribution (GPD), and Generalized Extreme Value (GEV). We introduce

the parametrizations of these distributions in Table 2.1, which includes Probability

Density Functions (PDF) and their parameters along with the parameters’ domains.

2.2 Maximum Likelihood Estimation

Ronald A Fisher developed the Maximum Likelihood Estimation (MLE) in 1922, to

find parameter values of a statistical model by maximizing the likelihood function

of the sample, and it is still the most popular method of estimation of parameters

(Aldrich, 1997). In fact, many statisticians use MLE because of its efficiency and often

unbiasedness (Breckling et al., 1994). Current and interesting applications of the MLE

include Gning et al. (2022) who proposed two models, Poisson autoregressive model

and Negative binomial autoregressive model for COVID-19 in Senegal and China,

and both models were fitted by MLE. The United States Geological Survey (USGS)

used MLE for the National Descriptive Model of Mercury in Fish Tissue which Wente

proposed in 2004 (Donato, 2012). In this section, we describe MLE methodology and

provide examples of maximum likelihood estimators for several common distributions.
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Distribution Parameters PDF

Normal µ (location), σ (scale) (σ
√
2π)−1exp(−1

2
((x− µ)/σ)2)

−∞ < µ < ∞, σ > 0 −∞ < x < ∞

Lognormal µ (location), σ (scale) (xσ
√
2π)−1exp(−1

2
((ln(x)− µ)/σ)2)

−∞ < µ < ∞, σ > 0 0 < x < ∞

GPD µ (location), σ (scale) σ−1 (1− kz)1/k−1, if k ̸= 0 and µ = 0

k (shape) σ−1e−z, if k = 0 and µ = 0

−∞ < µ, k < ∞ where z = x/σ

σ > 0 0 < x < σ/k, if k > 0

0 ≤ x, if k ≤ 0

GEV µ (location), σ (scale), σ−1t(x)1−ke−t(x)

k (shape) where

−∞ < µ, k < ∞ t(x) = (1− kx/σ)1/k, if k ̸= 0 and µ = 0

σ > 0 t(x) = e−x/σ, if k = 0 and µ = 0

−∞ < x ≤ σ/k, if k > 0

−∞ < x < ∞, if k = 0

σ/k ≤ x < ∞, if k < 0

Table 2.1: Parameters and PDFs of Normal, Lognormal, GPD and GEV distributions

Suppose X1, X2, ...Xn are independent and identically distributed (iid) random vari-

ables (random sample) from a distribution with pdf f(x| θ), where θ is an unknown

parameter. Let xi, i = 1, 2, ..., n, be the observed values of Xi’s. Then, the joint pdf

of the random sample x1, x2, ... xn is given by

f(x1, x2, ..., xn| θ) = L(θ) =
n∏

i=1

f(xi| θ), i = 1, 2, ..., n.

When we think of this function as a function of the parameter, we often call it the
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likelihood function. To estimate θ, we need to find the value of θ, say θ̂, which

maximizes the likelihood function. In practice, it is often more convenient to work

with log L(θ), which we call the log-likelihood function. The ML estimation seeks the

parameters which maximize the likelihood function or the log-likelihood function. In

mathematical language an MLE of a parameter θ is denoted as θ̂ such that

θ̂ = argmaxθ L(θ) = argmaxθ log L(θ).

We use calculus for the optimization. The ML method is easily extended to several

parameters. Some examples of MLEs for parameter of the common distributions are

shown in Table 2.2.

Distribution ML Estimators

Normal µ̂ = 1
n

∑n
i=1 xi, σ̂2 = 1

n−1

∑n
i=1(xi − x̄)2

Lognormal µ̂ = 1
n

∑n
i=1 ln(xi), σ̂2 = 1

n−1

∑n
i=1(ln(xi)− x̄)2

GPD no numerical formula available in general

GEV no numerical formula available in general

Table 2.2: ML Estimators of Normal, Lognormal, GPD and GEV distributions

Although the MLE is the most common technique for parameter estimation, its ap-

plication may require numerical optimization of the likelihood function. Only in some

cases the MLEs can be derived theoretically. In others, we need to optimize the like-

lihood function numerically. For example, if X1, X2, ..., Xn are n iid variables from a

Normal distribution with unknown mean µ, then the MLE of µ is µ̂ = 1
n

∑n
i=1Xi = X̄,

which is the arithmetic average of Xi’s. MLEs have many good properties. For exam-

ple, as the sample size gets larger, the errors of the MLEs get smaller if the following
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conditions are satisfied:

(a) The parameter space of the model is compact. That means the range of possible

values for the parameters is finite.

(b) The log-likelihood function is continuous in the parameter space.

(c) The log-likelihood function is maximized uniquely.

(d) The model is identifiable. In other words, given the observed data, it is possible

to uniquely determine the values of the model parameters.

On the other hand, there are disadvantages of the MLE method. First, MLE needs

sufficient sample size to obtain accurate estimates. Second, there are cases where

the ML estimator is not unique or it does not exist (Roś et al., 2016). For example,

suppose X1, X2, ..., Xn are iid random variables from Uniform(0, θ). If the interval

does not include its boundary, then MLE of θ does not exist. Lastly, MLE assumes

that the data follows a specific probability distribution. In practice, it may be difficult

to make distributional assumptions.

2.3 Method of Moments Estimation

Another common technique of estimation of parameters is the Method of Moments

(MoM). The MoM was introduced by Chebyshev in 1887 (Stark, 2017). In this sec-

tion, we describe MoM and provide examples of parameter estimators by MoM.

Moments: Let X1, X2, ..., Xn be iid random variables, then the kth moment of X

is defined as

µk = E[Xk], k = 1, 2, 3, ...
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and the kth central moment of X is defined as

u′
k = E[(X − µ)k], k = 2, 3, ...

Sample moments: Let X1, X2, ..., Xn be iid random sample. The kth sample

moment is defined as

Mk =
1

n

n∑
i=1

Xk
i , k = 1, 2, 3, ...,

and the kth sample central moment is defined as

M ′
k =

1

n

n∑
i=1

(Xi − X̄)k, k = 2, 3, ....

Expected Value: If X is a continuous variable with pdf f(x), then the expected

value of X is given by

EX =

∫ ∞

−∞
x · f(x) dx

and the expected value of Xk, k = 2, 3, ... is given by

EXk =

∫ ∞

−∞
xk · f(x) dx.

In order to estimate parameters, We equate the population moment(s) to the corre-

sponding sample moment(s) and solve these equations for parameters. For example,

suppose that X1, X2, ..., Xn is a random sample of size n from the pdf

fX(x : θ) = θxθ−1, 0 ≤ x ≤ 1

Step 1: Compute the first theoretical moment of X:

E(X) =

∫ 1

0

x · θxθ−1dx
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= θ · xθ−1

θ + 1

∣∣∣∣∣
1

0

=
θ

θ + 1

Step 2: Set E(X) equal to the first sample moment 1
n

∑n
i=1Xi = X̄, solve for θ, then

obtain the MoM estimator for θ:

θ

θ + 1
= X̄

θ̂MoM =
X̄

1− X̄

Step 3: Compute the sample mean X̄, plug it into the formula obtained in Step 2,

and then obtain the MoM estimate of θ.

Since the pdf of this example has one parameter, we only use the first moment and

first sample moment to obtain the estimator. Similarly for the distribution with 2 or

more parameters, we can obtain the parameter estimators.

Often it is easier to obtain parameter estimators by the MoM than by the MLE

method. For example, suppose that X1, X2, ..., Xn has a gamma pdf with parameters

α and β, then E(X) is computed as

E(X) =

∫ ∞

0

x · βα

Γ(α)
xα−1e−βxdx

=
βα

Γ(α)

Γ(α + 1)

βα+1

∫ ∞

0

βα+1

Γ(α + 1)
xαe−βxdx

=
βα

Γ(α)

αΓ(α)

βα+1
(1) = α/β

and similarly we obtain

E(X2) = α(α + 1)/β2
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and

V ar(X) = E(X2)− (E(X))2

= α(α + 1)/β2 − (α/β)2

=
α(α + 1)

β2
.

By setting E(X) and V ar(X) to the first and second sample moments respectively

and solving for parameters, we obtain the estimators:

β̂MoM =
n∑

i=1

xi

/ n∑
i=1

x2
i −

1

n

(
n∑

i=1

xi

)2


and

α̂MoM =
β̂MoM

n

n∑
i=1

xi = X̄β̂MoM .

On the other hand, it is difficult to derive the ML estimators for a gamma distribution

since Γ(α) does not have a closed form derivative, however, as shown above, the MoM

estimators can be computed easily. The examples of MoM parameter estimators of

the distributions we discuss in this paper are shown in Table 2.3.

Distribution MoM Estimators

Normal µ̂ = 1
n

∑n
i=1 xi, σ̂2 = 1

n

∑n
i=1 x

2
i −

(
1
n

∑n
i=1 xi

)2
Lognormal µ̂ = ln(m1)− σ̂2/2, σ̂2 = ln(m2)− 2 ln(m1)

where m1 =
1
n

∑n
i=1 xi, m2 =

1
n

∑n
i=1 x

2
i

GPD no numerical formula available in general

GEV no numerical formula available in general

Table 2.3: MoM Estimators for Normal, Lognormal, GPD and GEV distributions
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Moments as characteristics of distributions. We often use the first moment

and the second central moment as characteristics of distributions. If X is a random

variable, then the first moment of X and the second central moment are:

E[X] = µ = mean, and

E[(X − µ)] = µ′
2 = σ2 = variance.

The first sample moment and the second sample central moment are:

1

n

n∑
i=1

Xi = M1 = x̄ = sample mean, and

1

n

n∑
i=1

(Xi − X̄)2 = M ′
2 = s2 = sample variance.

The mean is a measure of center and variance is a measure of variability of the

population or sample. Furthermore, “standardized” third and fourth moments are

used as measures of skewness and kurtosis of a distribution, namely, we have:

γ =
E[(X − µ)3]

(E[(X − µ)2])3/2
=

E[(X − µ)3]

σ3
= skewness, and

κ =
E[(X − µ)4]

(E[(X − µ)2])4/2
=

E[(X − µ)4]

σ4
= kurtosis.

Sample skewness and kurtosis are given as follows:

b =
M ′

3

(M ′
2)

3/2
=

M ′
3

s3
= sample skewness, and

g =
M ′

4

(M ′
2)

2
− 3 =

M ′
4

s4
− 3 = sample kurtosis.

One of the advantages of the MoM is that the calculation of MoM estimators is often
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relatively simple. The other advantage is that MoM estimators are often consistent.

Similar to MLE, as sample size gets larger, the estimates converge to the true values of

the parameters. On the other hand, the MoM has some disadvantages. One of them is

that the MoM estimators are often biased. On the other hand, the MLEs sometimes

require numerical optimization. The optimizers need “starting values” or “initial

values” of the parameters. Since the MoM estimators are often easy to compute,

they often serve as the initial values for the numerical optimization necessary for the

MLEs. Another disadvantage of MoM is that they can yield estimates outside of

the parameter space. There are distributions for which not all moments exist. For

example, Weibull distribution with a shape parameter k ≤ 1 does not have all finite

moments.

2.4 L-moments

The MLE and MoM are long established and widely used methods. However, they

have their limitations. For example, existence of variance requires finite second mo-

ment of a distribution. In several research areas, for example water resources research,

the distribution of the quantities of interest (e.g. total precipitation, stage or flow of a

river) may not have a finite second moment. Hosking (1990) introduced a method of

L-moments, which are linear combinations of order statistics. The L-moments proved

to have some advantages over the regular moments in describing distributions as well

as in parameter estimation. One advantage of the L-moments is that all L-moments

exist if the mean of a distribution is finite. Another benefit of using L-moments based

estimation is that they showed to be more robust to outliers than the regular mo-

ments. That property was found to be especially useful in water resources, where the

observed data is often right skewed and leptokurtic (that is has kurtosis larger than

the normal distribution). Further, the sample L-moments were shown to be closer
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to the population L-moments for smaller samples that the corresponding regular mo-

ments. In this section, we describe L-moments based on Hosking’s 1990 and 1997

papers.

Hosking developed the theory of L-moments in response to the needs of hydrological

research, where the data sets may be small and the models may not have all finite

moments. He showed that the L-moments based estimators have better accuracy than

the MLE or MoM estimators for relatively small samples. Further, the L-moments

based estimators are always easily computed, when the MLEs may require numerical

optimization.

There are many examples of the use of L-moments in the analysis of hydrological

data. In the U.S., flood frequency analysis uses L-moments (USGS, 2001). They

are also used in precipitation, earthquake, or tsunami data analysis. The National

Oceanic and Atmospheric Administration (NOAA) uses L-moments for the precipita-

tion frequency estimates (NOAA, 2013). For example, NOAA Atlas 14, Vol.8 forecasts

precipitation frequency for eleven Midwestern states such as Colorado, Michigan, and

Nebraska (NOAA, 2013). The L-moments are used to obtain the parameter estimates

of the generalized extreme value distribution and these estimates are used for precip-

itation frequency in these areas (NOAA, 2013). Kang et al.(2019) used L-moments

for their Tsunami heights analysis. They assumed the tsunami heights for the Imwon

Port and the Sadong Port in South Korea follow a generalized Pareto distribution

and log-normal distribution respectively, and L-moments were used for parameter

estimation (Kang et al., 2019).

2.4.1 Population L-moments

In this section, we provide definition of the L-moments following the Hosking’s 1990

paper. We start with the definition of order statistics.
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Definition: Let X1, X2, . . . , Xn be a random sample from a continuous distribution.

Let X1:n denote the smallest value in the sample, X2:n the second smallest value, and

so on until Xn:n which is the largest value in the sample. Then, X1:n, X2:n, . . . , Xn:n

are called the order statistics of the sample. Each Xi:n is called the ith order statistic.

We will work with continuous distributions and assume the existence of the PDF

thorough this thesis. We move to the definition of the population L-moments.

Definition: Let X1, X2,, ..., Xn be iid random variables from a continuous distribu-

tion with CDF F (x) and PDF f(x), and let Xi:n be the ith order statistic. The rth

(population) L-moment λr is defined as follows:

λr = r−1

r−1∑
k=0

(−1)k

r − 1

k

EXr−k:r, r = 1, 2, 3, ..., (2.1)

where EXi:n is the expected value of Xi:n.

The means of the order statistics are given by

EXj:r =
r!

(j − 1)!(r − j)!

∫
x{F (x)}j−1{1− F (x)}r−jdF (x). (2.2)

Using (2.2) we can write the L-moments as integrals:

λr =

∫ 1

0

x(F )P ∗
r−1(F )dF, r = 1, 2, 3, ...

where

P ∗
r (F ) =

r∑
k=0

p∗r,kF
k
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and

p∗r,k = (−1)r−k

r

k


r + k

k

 .

Hosking (1990) showed that all L-moments exist if a distribution has a finite mean

and that the L-moments are unique, that is they characterize a distribution. We

know that the regular moments do not characterize a distribution, that is they are

not unique. This uniqueness property of the L-moments is an advantage over the

regular moments.

Since at first glance the intuitive understanding of the L-moments is challenging,

we present examples of the first four population L-moments, where the definition

formulas (2.1) simplify as follows:

λ1 = EX

λ2 =
1

2
E(X2:2 −X1:2)

λ3 =
1

3
E(X3:3 − 2X2:3 +X1:3)

λ4 =
1

4
E(X4:4 − 3X3:4 + 3X2:4 −X1:4).

The first L-moment λ1 is the familiar mean of a distribution. The second L-moment

λ2 is a measure of variability. The other two L-moments are better understood in the

framework of L-moment ratios, which “standardize” the L-moments so they are in the

same units as the data. In addition, some of the L-moment ratios can be interpreted

as analogs of the regular skewness and kurtosis.

The L-moment ratios for i = 3, 4, . . . , n are defined as
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τi =
λi

λ2

for i = 3, . . . , n. (2.3)

Applying the definition of the ratios to the first four L -moments we obtain

τ1 = λ1 = EX = L-mean

τ2 =
λ1

λ2

.

Note, that the inverse of τ2 is λ2

λ1
and can be thought as an analog of the regular

coefficient of variation defined as the ratio of standard deviation to the mean of a

distribution. More precisely, the coefficient of variation (CV) of a random variable X

with mean µ and finite standard deviation σ is defined as

CV =
σ

µ
. (2.4)

Thus, the L-CV is defined as τ = λ2

λ1
.

The third and fourth L-moments ratios serve as analogs of the regular skewness and

kurtosis as follows:

τ3 =
λ3

λ2

= L-Skewness

τ4 =
λ4

λ2

= L-Kurtosis

Just like the regular mean, variance, skewness and kurtosis, their L-analogs can be

used to describe a distribution.

An advantage of L-moments is that they have bounded ranges. Hosking (1990) shows

that the values of L-moment ratios τi for i = 3, 4, . . . are bounded: |τi| < 1. In
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addition, for non-negative random variables the L-CV is also bounded: 0 < τ < 1.

2.4.2 Sample L-moments

The definitions of the sample L-moments are analogous to those of the population

L-moments. The following definition follows Hosking (1990).

Definition: Let X1, X2, ..., Xn be a random sample of size n from the distribution of

interest and x1, x2, ..., xn be the observed value of Xi. Let x1:n ≤ x2:n ≤ ... ≤ xn:n be

the corresponding order statistics. Then, the first four sample L-moments are defined

as:

l1 =

n

1


−1

n∑
i=1

xi:n = x̄

l2 =
1

2

n

2


−1

n∑
i=1


i− 1

1

−

n− i

1


xi:n

l3 =
1

3

n

3


−1

n∑
i=1


i− 1

2

− 2

i− 1

1


n− i

1

+

n− i

2


xi:n

l4 =
1

4

n

4


−1

n∑
i=1


i− 1

3

− 3

i− 1

2


n− i

1

+ 3

i− 1

1


n− i

2

−

n− i

3


xi:n.

In general, sample L-moments can be expressed as a linear combination of order

statistics as follows:

lr =
r−1∑
k=0

p∗r−1,k, bk
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where

br = n−1

n∑
i=1

(i− 1)(i− 2)...(i− r)

(n− 1)(n− 2)...(n− r)
xi:n

and

p∗r,k = (−1)r−k

r

k


r + k

k

 .

Then, we consider these sample L-moments and L-moments ratios as:

t1 = l1 = EX = sample L-mean

t2 =
l2
l1

= sample L-CV

tr =
lr
l2
, r = 3, 4, ....

and t3 and t4 are defined as:

t3 =
l3
l2

= sample L-Skewness

t4 =
l4
l2

= sample L-Kurtosis.

Analogously to the population L-moments and L-moments ratios, the sample L-

moments and L-moments ratios are used as characteristics of samples. Similar to

MoM, to estimate parameters using L-moments, we equate the population L-moments

to the sample L-moments, and solve the resulting equation(s) for parameters.

2.4.3 Interpretation of L-moments and L-moments ratios

In this section, and we describe how L-moments describe distributions and their

relation to the regular moments. The first L-moment λ1 is the mean of the distribution
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and it is considered a measure of location, just like the regular mean. The second

L-moment λ2 is considered as a measure of scale or variability of a distribution. The

definition of λ2 is based on a sample of 2 elements with order statistics X1:2 < X2:2.

Then, λ2 is half of the sample range:

λ2 =
1

2
E(X2:2 −X1:2).

The (regular) second central moment is defined as σ2 = E(X − EX)2, and in the

case of two data points, the minimum and maximum, we can write σ2 in terms of the

L-moments as follows.

σ2 = E(X − EX)2

= E(X2)− ((E(X))2

=
1

2
E(X2:2 −X1:2)

2

(2.5)

Proof. Suppose that there is a sample X1, X2 iid from some distribution, with

V ar(X1) = V ar(X2) = σ2. Consider a random variable Y = Xmax −Xmin. Then

Y =

 X2 −X1, with probability 1/2

X1 −X2, with probability 1/2.

This is true because X1 and X2 have the same distribution, therefore,

P (X1 > X2) = P (X2 > X1) = 1/2.
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Next,

E(Xmax −Xmin)
2 =

1

2
E(X2 −X1)

2 +
1

2
(E1 −X2)

2

=
1

2
[V ar(X2 −X1) + V ar(X1 −X2)]

= V ar(X2 −X1)

= 2 ∗ V ar(X1) ∵ X1 and X2 are independent

= 2σ2

Thus σ2 = 1
2
E(Xmax −Xmin)

2.

Both σ2 and λ2 measure the disparity between two data points. However, as the

distance between two data points increases, σ2 becomes larger than λ2, since σ2 is

the distance squared.

Skewness: The 3rd L-moment ratio τ3 = λ3/λ2 can be used to describe the skewness

of a distribution. We illustrate the idea on the following example. Suppose that there

are three data points X1:2 < X2:3 < X3:3, and we define τ3 as

τ3 =
EX3:3 − 2EX2:3 + EX1:3

EX3:3 − EX1:3

=
(EX3:3 − EX2:3)− (EX2:3 − EX1:3)

EX3:3 − EX1:3

.

When a distribution is symmetric the expected distances from the median (X2:3) to

both minimum X1:3 and maximum X3:3 should be the same, and we obtain τ3 = 0.

When the distribution is left skewed, the median is closer to the maximum than to the

minimum, making (EX3:3 −EX2:3) < (EX2:3 −EX1:3). Therefore, we obtain τ3 < 0.

On the other hand, when the distribution is right skewed, the median is closer to the

minimum than to the maximum, then (EX3:3 − EX2:3) > (EX2:3 − EX1:3), and we

obtain τ3 > 0. Since τ3 ∈ (−1, 1), its size can be easily interpreted as the degree of
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skewness. Distributions strongly skewed to the left (right) will have |τ3| close to 1.

On the other hand, the regular measure of skewness (skewness coefficient) of a dis-

tribution is given by the following formula:

γ =
E(X − EX)3

σ3
=

E(X − EX)3

(E(X − EX)2)3/2
.

Both τ3 and γ are equal to 0, when the distribution is symmetric. When the dis-

tribution is left skewed, they are both negative, and when the distribution is right

skewed, they are both positive. Unlike τ3, γ is not bounded. Therefore, its size is not

easily interpreted. For most of the near symmetric distributions γ ≈ 6τ3. However,

generally their relationship is not linear.

Kurtosis: The fourth L-moment ratio τ4 = λ4/λ2 can be used to describe kurtosis

of a distribution. Kurtosis is a measure of a distribution’s “peakedness” in the center

and “heaviness of tail”. The heaviness of tail means the amount of probability under

the tails of a distribution. The heavier the tail, the more probability in the tails

(extremes), and thus extreme percentiles further from the center of a distribution.

Distributions that have a sharp peak and a “heavy tail” have larger kurtosis than

those more “flat”. To get some intuition about the L-kurtosis, suppose that there are

four data points represented as order statistics X1:4 < X2:4 < X3:4 < X4:4. Then, the

L-kurtosis, τ4 is defined as

τ4 =
EX4:4 − 3EX3:4 + 3EX2:4 − EX1:4

EX4:4 − EX1:4

=
(Ex4:4 − EX1:4)− 3(EX3:4 − EX2:4)

EX4:4 − EX1:4

.

For a normal distribution, τ4 ≈ 0.1226. When τ4 > 0.1226, the distribution has

sharper peak and heavier tail than a normal distribution, and it is called leptokurtic.
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When τ4 < 0.1226, the distribution has flatter peak and lighter tail than a normal

distribution, and it is called platykurtic. Similar to the L-skewness, L-kurtosis lies

between -1 and 1, which aids in the interpretation of its size.

The regular measure of kurtosis is the the kurtosis coefficient κ, based on the fourth

central and standardized moments of a distribution. Kurtosis is computed as

κ =
E(X − EX)4

σ4
=

E(X − EX)4

(E(X − EX)2)2
.

For a normal distribution κ = 3. Similar to L-kurtosis, when κ > 3, the distribution

has sharper peak and heavier tail than a normal distribution (leptokurtic), and when

κ < 3, the distribution has a flatter peak and lighter tails than a normal distribution

(platykurtic). However, unlike the L-kurtosis, the regular kurtosis is not bounded.

Therefore, its size is not easily interpretable.

2.4.4 Summary

There are advantages of using L-moments and L-moments ratios over the regular

moments and their functions such as skewness or kurtosis.

1. All L-moments exist whenever the mean of a distribution is finite. Regular

moments of order larger than 2 require stronger assumptions for existence. For

example, the moments of order larger than or equal to ν of the Student’s t-

distribution with degrees of freedom ν do not exist. However, all L-moments of

any t-distribution exist.

2. The L-moments uniquely define a distribution (Hosking 1990). This is not the

case for the regular moments.

3. The L-moments ratios are bounded, and thus their size is easier to interpret

than the size of the unbounded regular moments.
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4. The L-moments are more robust to outliers than the regular moments.

5. The L-moments can be estimated more precisely for the distributions with heavy

tails than the regular moments for small samples. That is often the reason, the

L-moments are commonly used in the hydrological data modeling and analysis,

where data with heavier tails than normal is often present.

6. The L-moments and their ratios are more useful in differentiating between dis-

tributions than the regular moments. We present examples below.

It is worth noting that there are no simple relationships between the L-moments (and

their ratios) and the corresponding regular moments (and their ratios).

We present some examples of the use of the L-moments in the next subsection.

2.4.5 Examples of the L-moments and regular moments

We will illustrate the differences in the L-moments and regular moments by looking at

the L-skewness and regular skewness of the Generalized Pareto Distribution (GPD),

and how they change in response to the change in the shape parameter. Recall the

PDF of the GPD is as follows:

f(x) =


1
σ
(1− kx

σ
)1/k−1 for k ̸= 0,

1
σ
e−x/σ for k = 0.

(2.6)

When k > 0, the GPD distribution has a bounded support 0 < x < σ/k. When

k ≤ 0, the GPD has unbounded support x ≥ 0. Because the hydrological data

that motivated this research typically have k < 0, we focus our attention on the

corresponding GPD laws.

GPD is a right skewed distribution. Figure 2.1 and 2.2 show how the change in

the shape parameter affects the shape of the GPD density. Figure 2.1 shows GPD
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probability density plot with location parameter µ = 0, scale parameter σ = 1 and

positive shape parameter k = 0, 0.3, 0.6, and 0.9 when x lies in [0, 5]. Figure 2.2 (a)

shows GPD probability density plot with location parameter µ = 0, scale parameter

σ = 1 and negative shape parameter k = −0.3, −1, −3, and −10 when x lies in [0,

10]. Figure 2.2 (b) shows how the tails behave when x lies in [50, 200]. Clearly we

can see that the tail of the density plot becomes heavier when k is greater in absolute

value.

Figure 2.1: GPD probability density plot with positive k(shape)

For GPD, both L-skewness τ3 and regular skewness γ depend on the shape parameter

k. Figure 2.3 shows how skewness and L-skewness change as k changes.

The values of the shape parameter k for each graph are from −1/3 to 5, and the

graphs are drawn using the following GPD skewness and L-skewness functions.

GPD skewness function =
2(1− k)

√
1 + 2k

1 + 3k
(2.7)
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(a) 0 < x < 10

(b) 50 < x < 200

Figure 2.2: GPD probability density plot with negative k(shape)

and

GPD L-skewness function =
1− k

k + 3
, (2.8)
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(a) Regular Skewness γ vs. shape (b) L-skewness τ3 vs. shape

Figure 2.3: Skewness/L-skewness vs. shape parameter k

where k is a shape parameter.

Both skewness measures are decreasing functions of k. The L-skewness decreases

almost linearly, but the regular skewness decreases sharply when k is close to the

lower bound of shape parameter k = −1/3 and decreases slowly as k increases. The

rate of change of both skewness coefficients can be represented by the approximate

slope of the curves. The (approximate) slopes of the two curves between points (ki, si)

and (ki+1, si+1) are computed as

slope =
∆s

∆k
=

si+1 − si
ki+1 − ki

, (2.9)

for all values ki plotted on the graphs. The range of k for both skewness functions is

k > −1/3. Then, the value of k is set from k1 = −0.3 to k11 = 4.7 with an increment

of 0.5, and the corresponding skewness/L-skewness is set from s1 to s11. Using these

data points, the slopes of the (empirical) relationships between the shape parameter

and regular skewness or L-skewness when k increases by 0.5 are summarized in Table

2.4.

As shown in Table 2.4, both skewness coefficients decrease as shape parameter k
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shape skewness slope skewness L-skewness slope L-skewness
-0.3 16.444 0.481
0.2 1.183 -30.521 0.250 -0.463
0.7 0.300 -1.767 0.081 -0.338
1.2 -0.160 -0.920 -0.048 -0.257
1.7 -0.481 -0.642 -0.149 -0.203
2.2 -0.734 -0.505 -0.231 -0.164
2.7 -0.945 -0.423 -0.298 -0.135
3.2 -1.129 -0.368 -0.355 -0.113
3.7 -1.293 -0.329 -0.403 -0.096
4.2 -1.443 -0.299 -0.444 -0.083
4.7 -1.580 -0.275 -0.481 -0.072

Table 2.4: GPD skewness/L-skewness and slope

increases. For small/large k values, the slope of skewness is larger/smaller in absolute

value than the slope of L-skewness.

The relations between the skewness or L-skewness and the shape parameter k could

potentially be used for estimation of k, which is typically the most important param-

eter of interest for the GPD models. The correspondence between k and L-skewness

holds promise for a relatively accurate estimation of k. However, the relationship

between regular skewness and k is bound to yield relatively large errors of estimation.

The reason is that the skewness changes very fast for small negative k, and thus a

small change in k is accompanied by a large change in skewness. In addition, the

change of skewness is very slow for positive k, which again would bring relatively

large error in estimating k from the corresponding value of skewness. This issue is

another example of statistical inference for which using L-moments would yield better

results than using regular moments.

The relationship between regular skewness and L-skewness for GPD cannot be ex-

pressed using a simple equation. We illustrate this relationship in Figure 2.4. We
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note that skewness is an increasing function of L-skewness. That empirical relation-

ship could be used for estimating skewness from L-skewness or the other way around.

Again, the very slow or very fast change is skewness corresponding to the same change

in L-skewness shows that the estimation would have relatively large errors.

Figure 2.4: GPD Regular Skewness vs. L-skewness

Identification of distributions: modeling. In practice, we do not know the

distribution of the population the data is coming from, and we model it using the

information in the data. Being able to distinguish between two (or more) models

(distributions) is of practical importance in many areas of study.

We investigated if/how the regular and L-moments can be used to identify a reason-

able model for a given data set using a simulation study. We compared the perfor-

mance of the regular moments and the L-moments in differentiating between GEV

and 2 GPD samples. We generated 50 random samples of size n = 100 from three

distributions as follows:
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1. 50 random samples from GEV distribution with µ = 0, σ = 1, and theoretical

skewness γ = 3.00. We obtain k = −0.1769194 by setting γ = 3.00 and solve

for k using the following GEV skewness function.

γ = sgn(−k)
g2 − 3g2g1 + 2g31

(g2 − g21)
3/2

,

where sgn(x) is the sign function and gi = Γ(1+ik). Then, we obtain τ3 = 0.289

by setting k = −0.1769194 using the following GEV L-skewness function.

τ3 =
2(1− 3−k)

1− 2−k
− 3.

Thus, the GEV samples were created by setting µ = 0, σ = 1, and k =

−0.1769194, corresponding to theoretical skewness γ = 3.00 and L-skewness

τ3 = 0.289.

2. 50 random samples from GPD with µ = 0, σ = 1, and theoretical skewness

γ = 3.00. We obtain k = −0.1159 by setting γ = 3.00 using the GPD skewness

function (2.7). Then, we obtain τ3 = 0.387 by setting k = −0.1159 using

the GPD L-skewness function (2.8). Thus, the GPD1 samples were created by

setting µ = 0, σ = 1, and k = −0.1159, corresponding to theoretical skewness

γ = 3.00 and L-skewness τ3 = 0.387.

3. 50 random samples from GPD with µ = 0, σ = 1, and theoretical L-skewness

τ3 = 0.289. We obtain k = −0.1037 by setting τ3 = 0.289 using the GPD L-

skewness function (2.8). Then, we obtain γ = 1.50 by setting k = −0.1037 using

the GPD skewness function (2.7). Thus, the GPD2 samples were created by

setting µ = 0, σ = 1, and k = −0.1037, corresponding to theoretical skewness

γ = 1.50 and L-skewness τ3 = 0.289.
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The GEV and GPD1 have the same theoretical skewness γ = 3.00. The GEV and

GPD2 have the same theoretical L-Skewness τ3 = 0.289. Figure 2.5 shows the density

curves of all three models. Note that the tail behaviors of the three PDFs are very

similar.

Figure 2.5: GEV, GPD1, and GPD2 probability density plot

Next, we computed the sample skewness, sample L-skewness, sample kurtosis, and

sample L-kurtosis for each sample. We created scatter plots of the skewness (or L-

skewness) versus kurtosis (or L-kurtosis) for the three samples in Figure 2.6. The

plots for different samples are done with different plotting symbols and colors.

Figure 2.6 (a) shows not much separation between the samples from the three dis-

tributions. This means that we cannot use the points (skewness, kurtosis) from the

samples as reliable indicators of the distribution from which the data is coming. On

the other hand, the plots for different models are much better separated in Figure

2.6 (b). That stronger separation shows that identification of the distribution is more

reliable when using L-moments.
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(a) Regular Kurtosis vs. Regular Skewness (b) L-kurtosis vs. L-skewness

Figure 2.6: Scatter plots of GEV, GPD1, and GPD2 samples

Similar empirical results are presented in Hosking, 1990. Using the literature and our

own work, we conclude that L-moments are more useful in the identification of the

reasonable models than the regular moments. While the simulation results we used

to investigate this topic are not comprehensive, they do provide reasonable practical

guidance in the choice of methods between those that use regular moments and the

L-moments.

2.4.6 L-moments and parameter estimators

In this section, we present the L-moments and L-moments ratios of some common

distributions. For all models we assume the shift/location parameter µ = 0 in Table

2.5. The estimators of parameters for several common distributions are listed in the

Table 2.5.

Normal Distribution

Parameters µ = 0 (location), σ (scale), σ > 0

PDF (σ
√
2π)−1exp(−1

2
(x/σ)2), −∞ < x < ∞

L-moments λ1 = µ, λ2 = π−1σ, τ3 = 0, τ4 = 30π−1arctan
√
2− 9
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Estimators µ̂ = l1, σ̂ = π1/2l2

Lognormal Distribution

Parameters µ = 0 (location), σ (scale) (σ > 0 )

PDF (xσ
√
2π)−1exp(−1

2
(ln(x)/σ)2) ( 0 < x < ∞ )

L-moments λ1 = exp(σ2/2), λ2 = exp(σ2/2)erf(σ/2)

τ3 = 6π−1/2
∫ σ/2

0
erf (x/

√
3)exp(−x2)dx/erf(σ/2)

Estimators z =
√
8/3ϕ−1 ((1 + t3)/2)

σ̂ ≈ 0.999281z − 0.006118z3 + 0.000127z5

µ̂ = ln (l2/erf(σ̂/2))− σ̂2/2

Exponential Distribution

Parameters β (scale) (β > 0 )

PDF β−1exp(−x/β) ( 0 ≤ x < ∞ )

L-moments λ1 = β, λ2 = β/2, τ3 = 1/3, τ4 = 1/6

Estimators β̂ = l1

Generalized Pareto Distribution

Parameters µ = 0 (location), σ (scale), k (shape), −∞ < k < ∞, σ > 0

PDF σ−1 (1− kz)1/k−1, if k ̸= 0, σ−1e−z, if k = 0

where z = x/σ

0 < x < σ/k, if k > 0, 0 ≤ x, if k ≤ 0

L-moments λ1 = σ/(1 + k), λ2 = σ/(1 + k)(2 + k)

τ3 = (1− k)/(3 + k), τ4 = (1− k)(2− k)/(3 + k)(4 + k)

Estimators k̂ = l1/l2 − 2, σ̂ = (1 + k̂)l2

Generalized Extreme Value Distribution

Parameters µ = 0 (location), σ (scale), k (shape), −∞ < k < ∞, σ > 0

PDF σ−1t(x)1−ke−t(x) where t(x) = e−x/σ, if k = 0

where t(x) = (1− kx/σ)1/k if k ̸= 0
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L-moments λ1 = σ(1− Γ(1 + k))/k, λ2 = σ(1− 2−k)Γ(1 + k)/k

τ3 = 2(1− 3−k)/(1− 2−k)− 3

τ4 = (1− 6.2−k + 10.3−k − 5.4−k)/(1− 2−k)

Estimators z = 2/(3 + t3)− log (2)/log (3), k̂ ≈ 7.8590z + 2.9554z2

σ̂ = l2 k̂/(1− 2−k̂)Γ(1 + k̂)

Uniform Distribution

Parameters α (minimum), β (maximum), α ≤ x ≤ β

PDF 1/(β − α )

L-moments λ1 = (α + β)/2, λ2 = (β − α)/6, τ3 = 0, τ4 = 0

Estimators α̂ = l1 − 3l2, β̂ = l1 + 3l2

Gumbel Distribution

Parameters µ = 0 (location), β (scale), β > 0

PDF β−1exp {−x/β}exp {−exp {−x/β}}

L-moments λ1 = γβ, λ2 = β log(2), τ3 = 0.1699, τ3 = 0.1504

where γ = 0.5772... =Euler’s constant

Estimators β̂ = l2/log(2), µ̂ = l1 − γβ̂

Logistic Distribution

Parameters µ = 0 (location), σ (scale), σ > 0

PDF exp{−x/σ}/σ(1 + exp{−x/σ})2

L-moments λ1 = µ, λ2 = σ, τ3 = 0, τ3 = 1/6

Estimators µ̂ = l1, σ̂ = l2

∗erf(x) = 2√
π

∫ x

0
e−t2dt, error function

∗Φ−1 is the inverse standard normal distribution function

Table 2.5: L-moments and estimators
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2.5 Comparison of the MLE and L-moments meth-

ods

Maximum likelihood estimation is the most common among the many estimation

methods. Some reasons for this popularity include

1. The MLE method is quite intuitive in that it yields estimates for which have

the “largest likelihood” given the observed sample.

2. The MLEs have known asymptotic distributions, which are helpful in construct-

ing confidence intervals and estimating the estimation errors.

3. The MLEs are often consistent estimators of the parameters.

The shortcomings of the MLEs include the fact that we often have to perform nu-

merical searchers (numerical optimization) to find them from the samples. This is

because for many useful distributions we do not have closed formulas for the MLEs.

While modern computing hardware and software can handle such optimization for

large data sets, the computations may require quite advanced computing resources.

Since our interest in this study is about high percentiles of leptokurtic distributions,

such as GPD, we performed a numerical study to compare the accuracy of the estima-

tion of the high quantiles using MLE and Method of Moments with L-moments. In

the study we included normal, lognormal, generalized Pareto, and generalized extreme

value distributions.

In this section, we investigate how the errors of the parameter estimates by MLE and

L-moments methods differ and how they influence the percentile estimations. Since

we are interested in small to moderate sample sizes, we included samples of size n=10,

25, 50, 100, 1000, 5000, and 10000 in our study.
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Computations: All computations were done in R using the “lMoment” function in

the “EnvStats” package.

For each model we used the following steps:

Step 1: Fix the sample size n.

Step 2: Generate n iid observations from a distribution with a fixed parameter θ.

Note, that θ could be a vector when a distribution has more than one parameter.

Step 3: Compute the MLE estimates θ̂MLE and L-moment estimates θ̂LM of θ.

Step 4: Repeat Steps 1 to 3 10,000 times, obtaining estimates of θ from 10,000

samples:

θ̂MLE,1, θ̂MLE,2, θ̂MLE,3, ..., θ̂MLE,10,000

θ̂LM,1, θ̂LM,2, θ̂LM,3, ..., θ̂LM,10,000

Step 5: Compute the final estimators
¯̂
θMLE and

¯̂
θLM by averaging the estimators from

the 10,000 samples.

¯̂
θMLE =

1

10k

10k∑
i=1

θ̂MLE,i

¯̂
θLM =

1

10k

10k∑
i=1

θ̂LM,i

Step 6: Compute the mean absolute errors (MAE) of the resulting estimates as

follows.

MAEMLE =
1

10k

10k∑
i=1

|θ̂MLE,i − θ|

MAELM =
1

10k

10k∑
i=1

|θ̂ML,i − θ|

Step 7: Compute the true 95/97.5/99th percentiles of the considered distributions
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using the true θ, and using the
¯̂
θMLE and

¯̂
θLM estimated in Step 5.

Step 8: Repeat Steps 1 to 7 for another sample size.

More details of these simulations for each considered distribution are discussed in the

following sections. We do not consider the exponential distribution because that ML

and L-moment estimators of its means are the same.

2.5.1 Normal Distribution

In this section, we describe how the simulation study was performed for the Normal

distribution. First, we selected the true parameters for the normal distribution: µ = 2

and σ = 4. These make θ = (µ, σ). To compute the true 95/97.5/99th percentiles

of a Normal distribution with mean µ = 2 and standard deviation σ = 4, and the

corresponding estimated percentiles using Normal distribution with parameters
¯̂
θMLE

and
¯̂
θLM , we use the standard formulas below.

True pth percentile = 2 + Zp/100 ∗ 4

Estimated pth percentile = ¯̂µ+ Zp/100 ∗ ¯̂σ

where Zp/100 is the pth percentile of a standard normal distribution (i.e. P (Z ≤

Zp/100) = p).

Estimating Variance. Since the MLE and L-moments estimators of the mean are

the same, we do not discuss their errors. We are interested in the accuracy of the

estimators of the standard deviation only. We summarized the estimation results and

mean absolute error (MAE) of σ̂ in Table 2.6. For smaller sample sizes, the L-moment

estimates of σ̂ have smaller errors than MLEs. As expected, for larger sample sizes

the MLEs yield more accurate estimates.
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Sample Size MLE σ̂ L-moment σ̂ MAE of MLE σ̂ MAE of LM σ̂
n=10 3.88262 3.99179 0.11738 0.00821
n=25 3.94841 3.98950 0.05159 0.01050
n=50 3.97042 3.99109 0.02958 0.00891
n=100 3.98642 3.99612 0.01358 0.00388
n=1000 3.99950 4.00053 0.00050 0.00053
n=5000 4.00031 4.00056 0.00031 0.00056
n=10000 4.00008 4.00012 0.00008 0.00012

Table 2.6: Normal model: σ̂ MLE and L-moment Estimates and their MAE (σ = 4)

We also compared variability of the estimators. Here we present a visual comparison

(box plots) of the distributions of the MLE and L-moments estimators of σ for selected

sample sizes (n = 50 and n =1000) in Figure 2.7. The quantitative results are shown

in Table 6.1 in Appendix. The plots in Figure 2.7 (a) and (b) show that for both

small and large samples the variability of the MLEs of σ is slightly lower than the

variability of the L-moments based estimator. Box plots for other sample sizes are

shown in Figure 6.1 in the Appendix and yield the same conclusion.

(a) n = 50 (b) n = 1000

Figure 2.7: Normal model: Box plots of σ̂ by MLE and L-moments (σ = 4)

To see if the conclusions would be different if we used normal models with different

variances, we selected σ = 0.5, 1, and 10 and repeated the simulations done for σ

= 4. As expected, the accuracy of the estimators was better for smaller variances,
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(a) µ = 0, σ = 0.5 (b) µ = 0, σ = 10

Figure 2.8: Normal model: Estimates Error in Different Parameter Values (µ = 0
and σ = 0.5, 10)

and the variability of the estimators went down as the variances decreased or/and

the sample sizes increased. Graphical comparison of the accuracy (MAE) for two

selected values of σ = 0.5, and 10 is presented in Figure 2.8. Again, the L-moments

based estimators performed better for small samples and the MLEs for larger samples.

Estimating Percentiles. Next, we compared the MLE and L-moments estimators

of the percentiles. We summarized the results of percentile comparison in Table 2.7

for the 95th percentile, and Table 6.2 and 6.3 in Appendix (for the remaining per-

centiles). We summarized MAEs of the 95/97.5/99th percentile comparison in Table

2.8. For all of the considered percentiles, when sample size is below 5000, the L-

moment estimators were closer to the true percentiles (smaller MAE). Again, MLEs

have smaller errors for large sample sizes (n ≥ 5000).

Conclusions for the normal model. We evaluated performance of the estimators

by looking at their accuracy and variability. Generally, both the L-moments estima-

tors and the MLEs performed very well. However, the L-moments based estimators
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Sample Size 95th (MLE) 95th (LM) 95th (MLE) error 95th (LM) error
n=10 8.39259 8.57216 0.18683 0.00725
n=25 8.50641 8.57400 0.07300 0.00541
n=50 8.54092 8.57491 0.03849 0.00450
n=100 8.56276 8.57872 0.01666 0.00070
n=1000 8.57782 8.57951 0.00160 0.00010
n=5000 8.57938 8.57979 0.00004 0.00038
n=10000 8.57937 8.57944 0.00004 0.00003

Table 2.7: Normal model: 95th Percentile Estimates and their MAE

Sample 95th ML 95th LM 97.5th ML 97.5th LM 99th ML 99th LM
Size error error error error error error
n=10 0.1868 0.0073 0.2238 0.0098 0.2668 0.0128
n=25 0.0730 0.0054 0.0893 0.0087 0.1082 0.0126
n=50 0.0385 0.0045 0.0478 0.0073 0.0586 0.0106
n=100 0.0167 0.0007 0.0209 0.0019 0.0259 0.0033
n=1000 0.0016 0.0001 0.0018 0.0003 0.0019 0.0005
n=5000 0.0000 0.0004 0.0001 0.0006 0.0002 0.0008
n=10000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0001

Table 2.8: Normal model: MAE of the 95th/97.5th/99th percentiles

perform better than the MLEs for the smaller sample sizes (n < 5000).

2.5.2 Lognormal Distribution

In this section, we study the performance of the MLEs and the L-moments based

estimators for the parameters of the lognormal distribution. We assumed µ = 0 and

σ = 1 for all simulations and concentrated on the comparison of the estimators for σ

and the 95/97.5/99th percentiles. Similar to the normal distribution, the MLE and

L-moments estimators of µ are exactly same. The simulations and estimation was

performed using the Steps described in Section 2.5.

The true percentiles were computed using the following formulas:
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True pth percentile = exp(0 + Zp/100 ∗ 1)

Estimated pth percentile = exp(¯̂µ+ Zp/100 ∗ ¯̂σ),

where Zp/100 = is the pth percentile of a standard normal distribution (i.e. P (Z ≤

Zp/100) = p), and p={95, 97.5, 99}.

Estimating σ. After review of the simulation results, we concluded that the L-

moments based estimators of σ are more accurate than for small samples. The per-

formance reverses for large samples. The results on the accuracy (MAE) of the

estimators of σ are summarized in Table 2.9.

Sample Size MLE σ̂ LM σ̂ MAE of MLE σ̂ MAE of LM σ̂
n=10 0.97066 0.99795 0.02934 0.00205
n=25 0.98710 0.99738 0.01290 0.00262
n=50 0.99261 0.99777 0.00739 0.00223
n=100 0.99660 0.99903 0.00340 0.00097
n=1000 0.99988 1.00013 0.00012 0.00013
n=5000 1.00008 1.00014 0.00008 0.00014
n=10000 1.00002 1.00003 0.00002 0.00003

Table 2.9: Lognormal model: σ̂ MLE and L-moment Estimates and their MAE (σ =
1)

The variability of the estimators for σ is similar to that for the normal model. That

is MLEs have slightly smaller variability than the L-moments based estimators for

all sample sizes. The box plots in Figure 2.9 provide a visual comparison of the

estimators’ variability for sample sizes 50 (small sample) and 1000 (large sample).

Additional numerical and graphical results for other sample sizes are presented in

Figure 6.2 and Table 6.4 in Appendix, and lead to the same conclusions.
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(a) n = 50 (b) n = 1000

Figure 2.9: Lognormal model: Box plots of the estimators of σ computed using the
MLE and L-moments methods.

Estimating percentiles. We estimated 95/97/5/99th percentiles using the MLEs

and the L-moments based methods. The results on accuracy (MAE) for the estima-

tion of the 95th percentile are summarized in Table 2.10, and in Tables 6.5 and 6.6 in

Appendix (for the remaining percentiles). We summarized MAEs of the 95/97.5/99th

percentile comparison in Table 2.11 and see similar results to those for the normal dis-

tribution. The accuracy of the L-moments estimators is better for the smaller samples

(n ≤ 1000), and the accuracy of the MLEs is better for the larger samples (n ≥ 5000).

Sample Size 95th (MLE) 95th (LM) 95th (MLE) error 95th (LM) error
n=10 4.94386 5.17087 0.23639 0.00939
n=25 5.08657 5.17325 0.09368 0.00700
n=50 5.13064 5.17443 0.04961 0.00582
n=100 5.15872 5.17935 0.02153 0.00090
n=1000 5.17818 5.18038 0.00207 0.00013
n=5000 5.18020 5.18074 0.00005 0.00049
n=10000 5.18020 5.18029 0.00006 0.00003

Table 2.10: Lognormal model: 95th Percentile Estimates and their MAE

Conclusion for the lognormal model. Overall, the L-moments based estimators
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Sample 95th ML 95th LM 97.5th ML 97.5th LM 99th ML 99th LM
Size error error error error error error
n=10 0.2364 0.0094 0.3863 0.0174 0.6608 0.0328
n=25 0.0937 0.0070 0.1567 0.0155 0.2732 0.0321
n=50 0.0496 0.0058 0.0844 0.0130 0.1491 0.0270
n=100 0.0215 0.0009 0.0371 0.0034 0.0661 0.0085
n=1000 0.0021 0.0001 0.0031 0.0005 0.0050 0.0012
n=5000 0.0000 0.0005 0.0001 0.0010 0.0005 0.0019
n=10000 0.0001 0.0000 0.0000 0.0001 0.0000 0.0003

Table 2.11: Lognormal model: MAE of the 95th/97.5th/99th percentiles

of σ and the large percentiles have smaller errors for smaller sample sizes. Then,

starting from samples of n = 5000 observations the MLEs have smaller errors.

2.5.3 Generalized Pareto Distribution

In this section, we study the performance of the estimators of the parameters of the

Generalized Pareto Distribution (GPD). Note, that there is no closed form MLE for

the shape parameter k and it has to be estimated numerically. In order to compute

the MLEs we used “gpdFit” function in R library “eva”.

First, we simulated the parameter estimate using σ(scale) = 2, and k(shape) = −1.

To compute the true 95/97.5/99th percentiles with σ(scale) = 2, and k(shape) = −1,

and the estimated 95/97.5/99th percentiles with the average of the 10k estimates, we

use the formulas below.

True pth percentile =
1− (1− p/100)−1

−1/2

Estimated pth percentile =
1− (1− p/100)

¯̂
k

¯̂
k/¯̂σ

where p={95, 97.5, 99}, and ¯̂σ and
¯̂
k are the average of the 10k estimates.
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Estimating σ and k. We summarized the estimation results and MAE of σ̂ in Table

2.12 and k̂ in Table 2.13. As shown in both tables, for all sample sizes, the L-moments

based estimators of σ and k are more accurate than the MLEs for all sample sizes.

Sample Size MLE σ̂ LM σ̂ MAE of MLE σ̂ MAE of LM σ̂
n=10 2.75430 2.33042 0.75430 0.33042
n=25 2.43711 2.08874 0.43711 0.08874
n=50 2.27296 2.04249 0.27296 0.04249
n=100 2.15111 2.02216 0.15111 0.02216
n=1000 2.02409 2.00330 0.02409 0.00330
n=5000 2.00630 1.99981 0.00630 0.00019
n=10000 2.00355 2.00002 0.00355 0.00002

Table 2.12: GPD model: σ̂ MLE and L-moment Estimates and their MAE (σ = 2)

Sample Size MLE k̂ LM k̂ MAE of MLE k̂ MAE of LM k̂
n=10 -1.53603 -1.10050 0.53603 0.10050
n=25 -1.29320 -1.02778 0.29320 0.02778
n=50 -1.16893 -1.01460 0.16893 0.01460
n=100 -1.08705 -1.00853 0.08705 0.00853
n=1000 -1.01303 -1.00130 0.01303 0.00130
n=5000 -1.00334 -0.99980 0.00334 0.00020
n=10000 -1.00187 -0.99993 0.00187 0.00007

Table 2.13: GPD model: k̂ MLE and L-moment Estimates and their MAE (k = −1)

The comparison of variability of the estimates is computed separately shown in Table

6.7 in Appendix. Figure 2.10 shows the box plots of σ̂MLE and σ̂LM for sample size

n = 50 and 1000. Figure 2.11 shows the box plots of k̂MLE and k̂LM for sample

size n = 50 and 1000. For σ and k, the L-moments based estimators have smaller

variability than the MLEs when sample size 10. For other sample sizes, mostly the

MLEs have smaller variability than the L-moments based estimators.
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(a) n = 50 (b) n = 1000

Figure 2.10: GPD model: Box plots of σ̂ by MLE and L-moments (σ = 2)

(a) n = 50 (b) n = 1000

Figure 2.11: GPD model: Box plots of k̂ by MLE and L-moments (k = −1)

Estimating percentiles. We estimated 95/97.5/99th percentiles using the MLEs

and the L-moments based method. Table 2.14, and Table 6.8 and 6.9 in Appendix

show the comparison results. We summarized MAEs of the 95/97.5/99th percentile

comparison in Table 2.15. For all the percentiles and for all sample sizes, the L-

moments based method performed better than the MLEs.

Conclusion for the GPD model. We evaluated performance of the estimators

by looking at their accuracy and variability. Overall, we could conclude that the
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Sample Size 95th (MLE) 95th (LM) 95th (MLE) error 95th (LM) error
n=10 176.86858 55.11243 138.86858 17.11243
n=25 88.83407 42.14038 50.83407 4.14038
n=50 62.56437 40.04916 24.56437 2.04916
n=100 49.39035 39.13432 11.39035 1.13432
n=1000 39.55383 38.16931 1.55383 0.16931
n=5000 38.39533 37.98005 0.39533 0.01995
n=10000 38.22116 37.99441 0.22116 0.00559

Table 2.14: GPD model: 95th Percentile Estimates and their MAE

Sample 95th ML 95th LM 97.5th ML 97.5th LM 99th ML 99th LM
Size error error error error error error
n=10 138.8686 17.1124 438.3173 42.5998 1916.9583 136.2681
n=25 50.8341 4.1404 142.4398 10.0305 527.2273 30.9287
n=50 24.5644 2.0492 65.1006 4.9672 223.3748 15.2993
n=100 11.3904 1.1343 29.1498 2.7618 95.4966 8.5366
n=1000 1.5538 0.1693 3.8598 0.4117 12.1649 1.2699
n=5000 0.3953 0.0199 0.9777 0.0507 3.0650 0.1631
n=10000 0.2212 0.0056 0.5466 0.0151 1.7117 0.0511

Table 2.15: GPD model: MAE of the 95th/97.5th/99th percentiles

L-moments based estimators performed better than the MLEs for both σ and k for

all sample sizes.

2.5.4 Generalized Extreme Value Distribution

In this section, we describe how the parameter estimate simulation with GEV distri-

bution is performed and the parameter estimates by the MLE and L-moments based

method differ. Note, that in order to compute the estimates by the MLE, we used

“egevd” function in R library “EnvStats”.

We assumed σ(scale)= 1 and k(shape)= −1 for all simulations. To compute the true

95/97.5/99th percentiles with σ(scale)= 1, and k(shape)= −1, and the estimated
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95/97.5/99th percentiles with the average of the 10k estimates, we used the formulas

below.

True pth percentile =
1− (−ln(p/100))−1

−1/1

Estimated pth percentile =
1− (−ln(p/100))

¯̂
k

¯̂
k/¯̂σ

where p={95, 97.5, 99}, ¯̂σ and
¯̂
k are the average of the 10k estimates.

Estimating σ and k. We summarized the estimation results and MAE of σ̂ in

Table 2.16, and k̂ in Table 2.17. Both σ̂ and k̂, when sample size is 10 and 25, the

ML failed to produce the estimates. When sample size is 50, 100, 1000, 5000, and

10000, only 24 estimates at most could be calculated by ML. However, L-moments

based method was able to produce the estimates for all sample sizes. After review

of the simulation results, we concluded that the L-moments based estimators of σ

are more accurate for small samples (n ≤ 1000) and the performance reverses for

large samples (n ≥ 5000). The estimates k̂ by the ML have less errors than those

by the L-moments method for large sample (n ≥ 50) although we cannot compare

the estimates for n = 10, 25. The box plots in Figure 2.12 and 2.13 provide a visual

comparison of the estimators’ variability for sample sizes 50 (small sample) and 1000

(large sample). Additional numerical and graphical results for other sample sizes are

presented in Table 6.10, Figure 6.5 and 6.6 in Appendix. We obtained only 24 ML

estimates at most, therefore, we cannot compare the variability.

Estimating percentiles. We estimated 95/97.5/99th percentiles using the MLEs

and the L-moments based method. Table 2.18, and Table 6.11 and 6.12 in Appendix

show the comparison results. We summarized MAEs of the 95/97.5/99th percentile
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Sample Size MLE σ̂ LM σ̂ MAE of MLE σ̂ MAE of LM σ̂
n=10 0.94480 0.05520
n=25 0.98009 0.01991
n=50 0.91698 0.98872 0.08302 0.01128
n=100 0.93450 0.99514 0.06550 0.00486
n=1000 0.99125 1.00222 0.00875 0.00222
n=5000 0.99790 1.00241 0.00210 0.00241
n=10000 1.00197 1.00246 0.00197 0.00246

Table 2.16: GEV model: σ̂ MLE and L-moment Estimates and their MAE (σ = 1)

Sample Size MLE k̂ LM k̂ MAE of MLE k̂ MAE of LM k̂
n=10 NA -0.94643 NA 0.05357
n=25 NA -0.96527 NA 0.03473
n=50 -0.97335 -0.97088 0.02665 0.02912
n=100 -0.98134 -0.97549 0.01866 0.02451
n=1000 -0.99507 -0.97794 0.00493 0.02206
n=5000 -0.99879 -0.97750 0.00121 0.02250
n=10000 -0.99724 -0.97765 0.00276 0.02235

Table 2.17: GEV model: k̂ MLE and L-moment Estimates and their MAE (k = −1)

comparison in Table 2.19. For all the percentiles and for sample size n ≥ 1000, the

MLEs performed better than the L-moments based estimates.

Sample Size 95th (MLE) 95th (LM) 95th (MLE) error 95th (LM) error
n=10 15.59136 2.90437
n=25 16.83077 1.66496
n=50 16.07089 17.18326 2.42483 1.31247
n=100 16.65360 17.46475 1.84213 1.03098
n=1000 18.14583 17.67870 0.34989 0.81703
n=5000 18.40986 17.66502 0.08587 0.83070
n=10000 18.41863 17.67163 0.07709 0.82409

Table 2.18: GEV model: 95th Percentile Estimates and their MAE
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(a) n = 50 (b) n = 1000

Figure 2.12: GEV: Box plots of σ̂ by MLE and L-moments (σ = 1)

(a) n = 50 (b) n = 1000

Figure 2.13: GEV model: Box plots of k̂ by MLE and L-moments (k = −1)

Sample 95th ML 95th LM 97.5th ML 97.5th LM 99th ML 99th LM
Size error error error error error error
n=10 2.9044 7.1055 21.8748
n=25 1.6650 4.2075 13.4144
n=50 2.4248 1.3125 5.6580 3.3693 16.4746 10.9022
n=100 1.8421 1.0310 4.2897 2.6890 12.4543 8.8457
n=1000 0.3499 0.8170 0.8509 2.1872 2.5964 7.4021
n=5000 0.0859 0.8307 0.2092 2.2244 0.6404 7.5317
n=10000 0.0771 0.8241 0.2231 2.2078 0.7998 7.4779

Table 2.19: GEV model: MAE of the 95th/97.5th/99th percentiles



53

Conclusion for the GEV model. We evaluated performance of the estimators

by looking at their accuracy and variability. Overall, we could conclude that the

L-moments based estimators performed better than the MLEs for small sample size

(n ≤ 100), and the MLEs are better for large sample size (n ≥ 1000).

2.6 Findings

In this chapter, we summarized the common estimation methods (MLE and Method

of Moments), introduced the population and sample L-moments and estimation of

parameters using the L-moments. Next, we introduced L-moments equivalents of

the measures of center, variability, skewness and kurtosis. We summarized the L-

moments and MLEs for several standard distributions including normal, lognormal,

GPD and GEV.

We summarized some of the useful properties of the L-moments based on Hosking,

1990. We also performed a limited simulation study of the use of the L-skewness and

L-kurtosis in identification of distributions.

We also performed a simulation study to compare the accuracy and variability of

the MLE and L-moments based estimators of parameters and high percentiles of

distributions. Of particular interest were the results for the lognormal, GPD and the

GEV models, because of their use in the analysis of extremes. Our general conclusion

is that the L-moments based estimators are more accurate than the MLEs for small

samples. Then, this relation reverses, and the MLEs are better for estimation when

we have large samples. The MLEs have smaller variability than the L-moments based

estimators for all sample sizes.

• Normal model: The L-moments based estimator performs better than the MLEs

for n ≤ 1000.
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• Lognormal model: The L-moments based estimator performs better than the

MLEs for n ≤ 1000.

• GPD model: The L-moments based estimator performs better than the MLEs

for all sample sizes.

• GEV model: the L-moments based estimators performs better than the MLEs

for n ≤ 100.

It is important to note, that when studying extreme events, the data is always lim-

ited, and thus it is important to recognize the advantages of the L-moments based

estimators for small samples. That is often the reason, the L-moments are commonly

used in the hydrological data modeling and analysis, where data with heavier tails

than normal are often present.

We summarize our findings in the list below.

1. All L-moments exist whenever the mean of a distribution is finite. Regular

moments of order larger than 2 require stronger assumptions for existence.

2. The L-moments uniquely define a distribution (Hosking 1990). This is not the

case for the regular moments.

3. The L-moments ratios such as L-skewness or L-kurtosis are bounded, and thus

their size is easier to interpret than the size of the unbounded regular moments.

4. The L-moments and their ratios are more useful in differentiating between dis-

tributions than the regular moments.

5. The L-moments parameter estimation methods are more accurate than the

MLEs for smaller samples often present in the analysis of extreme events.
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Chapter 3

Modeling stochastic episodes

The BEG model was introduced in Kozubowski and Panorska, 2005, as a new stochas-

tic model for bivariate distribution of magnitude and duration of stochastic episodes.

To define the BEG model, we start with the following framework.

Let Y1, Y2, . . . , Yn be IID exponential random variables with mean β and PDF

f(x) =
1

β
e−x/β, for x > 0. (3.1)

Further, let N have a geometric distribution with probability of success p, denoted

by N ∼ Geo(p), and the PMF

g(n) = P (N = n) = p(1− p)n−1, for n = 1, 2, . . . , (3.2)

independent of the Yi’s. Next we define the BEG model.

Definition: A random vector (X,N) with the stochastic representation

(X,N)
d
=

(
N∑
i=1

Yi, N

)
, (3.3)

where Yi’s and N are defined in 3.1 and 3.2, respectively, is called BEG with param-
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eters p and β and denoted as (X,N) ∼ BEG(p, β).

In the BEG model, N is an integer random variable which represents the duration of

events/episodes with magnitude X. Examples of episodes include deluge, flood, heat

waves, etc. We think of the components ofX, the Yi’s as observations of some process.

For example, the Yi’s can represent the total daily precipitation or the maximum

daily temperature. Then, N represents the duration of a heat wave or a precipitation

event. Finally, X is called the magnitude of the event and provides a measure of how

“large” the event was. Together, (X,N) provide a model for the joint distribution of

the magnitude and duration of events. Note, that there were models in the literature

for X and N separately, and they were treated as independent random variables.

However, the duration and magnitude of an event are not really independent. Thus,

the BEG model offered the first approach to modeling the duration and magnitude

of events jointly, including the dependence (correlation) between them. The BEG

model was applied to the tree ring samples in the Walker River basin in Biondi et al.

(2005), and was later extended to include the peak value of the observations during

an episode in Kozubowski et al. (2011), see also Biondi et al. (2007) and Saito et al.

(2008) for more examples. For applications, the assumption of independence of the

Yi’s was limiting, as many natural processes are believed to have some dependence

between observations.

In this thesis we propose a new generalization of BEG with a dependence structure

between the observations Yi’s. We also provide an initial analysis of its properties

and how do they differ from those of the original BEG model. The dependence is

introduced via a structure similar to the autoregressive structure of time series. The

new model is called BEG-AR and it is introduced in the next section.

The structure of this chapter is as follows. In section 3.1 we introduce the BEG-

AR model and provide a discussion of its sample paths, and simulation study of
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its autocorrelation and quantile estimates. In section 3.1.6 we provide results of a

simulation study aimed at the differences between the BEG and BEG-AR models. In

particular, we provide a comparison of the differences between the high percentiles of

the magnitudes coming from the two models. Finally, Section 3.2 summarizes how

L-moments can be used to identify the BEG-AR and BEG models.

3.1 The BEG-AR model

Under the BEG model, the variable Yi’s are IID exponential and the independence

assumption is often limiting in applications. The BEG-AR model provides an alter-

native for processes with dependent observations. Climatological and hydrological

processes are examples of dependent observations. For example, precipitation often

persists for more than one day, dependent on the geographical location. This results

in data exhibiting a (usually short term) correlation.

3.1.1 Definition of the BEG-AR model

In this section we introduce a BEG autoregressive (BEG-AR) model and discuss

some differences between the BEG-AR and BEG models. The main difference be-

tween the BEG and BEG-AR models is the introduction of a dependence structure to

the sequence of exponential random variables which are components of the magnitude

(random sum)X defined in 3.3. We introduce the dependence using mixing as follows.

Let a sequence of random variables Y1, Y2, ... be defined as follows:

Yi =

 Exp (β), if i = 1,

δ Yi−1 + Ei, if i = 2, 3, ....
(3.4)
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where

εi =

 0, with probability δ,

Ei, with probability 1− δ,
(3.5)

where εi’s are IID exponential random variables with mean β, and each εi is inde-

pendent of all Yi’s for i = 2, 3, ...i− 1.

The distribution of each εi is a mixture of a point mass at zero and an exponential

random variable with mean β (denoted by Exp (β)), with mixing probability δ. If

δ = 0, then Yi’s are IID Exp(β), and if δ ̸= 0 then Yi = δXi−1 + εi.

Next, we letN be a geometric random variable with PMF defined in (3.2) independent

of Yi’s.

We now define the new BEG-AR model.

Definition: A random vector (X,N) given by the following representation

(X,N) =

(
N∑
i=1

Yi, N

)
, (3.6)

where the Yi’s are defined in (3.4) and N ∼ Geo(p) independent of Yi’s, will be called

BEG-AR(β, δ, p), with β > 0, δ ∈ [0, 1], and p ∈ [0, 1].

Although the Yi’s in (3.4) are not independent, they are still identically exponentially

distributed with the common mean β, as the following proposition shows.

Proposition 3.1.1 Let the random variables Yi’s where i = 1, . . . , n be as defined

in (3.4) and let the εi be as defined in (3.1.3). Then, the distribution of Yi’s is

exponential, for every i = 1, . . . , n.
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Proof. The proof is by induction. By definition in equation (3.4), Y1 has exponential

distribution with mean β.

For the inductive step, we assume that Yi−1, i ≥ 2, has exponential distribution with

mean β, and show that Yi has the same distribution. In particular, we will show that

the LT of Yi is the Laplace transform of the exponential distribution with mean β. In

the proof, we denote an exponential random variable with mean 1 that is independent

of Yi’s as Exp

LT (Yi) = Ee−t(δYi−1+εi) = δEe−t(δYi−1+0) + (1− δ)Ee−t(δYi−1+Exp/β)

= δEe−δtE/β + (1− δ)Ee−δtExp/βEe−tExp/β

= δ
1

1 + δt/β
+ (1− δ)

1

1 + δt/β

1

1 + t/β

=
1

1 + δt/β

{
δ + (1− δ)

1

1 + t/β

}
=

1

1 + t/β
,

which is the Laplace transform of an exponential distribution with mean β. By

uniqueness of the LT, the distribution of Yi is exponential with mean β.

The above result shows that the only difference between the BEG and BEG-AR is

their dependence structure.

3.1.2 Exploration of the {Yi} process

While the BEG process {Yi} has independent observations, the BEG-AR process

{Yi} has a built-in dependence. To explore this dependence, we generated and plot-

ted some paths of the BEG-AR {Yi} and computed the empirical autocorrelation

function (ACF) for the first few lags. Since the applications we are interested in have
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short term dependence, we were only interested in the ACF for small lags.

To visualize the impact of the mixing parameter δ on the BEG-AR process {Yi} we

generated 20 observations from {Yi} for varying mixing parameters. For each value

of δ, we generated and plotted three paths of the Yi process. We used three paths

to get an idea of the variability of the observations. We selected δ = 0.1, 0.25, 0.5,

0.75, 0.9, and 0.95 for the simulations. Figure 3.1 shows the observations of Yi’s for

different δ values. When δ = 0.1, most of Yt’s are close to 0 as seen in Figure 3.1(a).

When δ = 0.25 and 0.5 the values of Yt’s grow in magnitude and vary between 0 and

3 as seen in Figures 3.1(b) and 3.1(c). For δ = 0.75 the values of Yt’s increase to 6

and we can see a slight upward trend. When δ = 0.9 or 0.95, Yt varies 0 to 18 and

shows a clear upward trend.

To further explore the dependence between the Yi’s, we simulated samples of length

20 from the Yi process and computed the autocorrelation function (ACF) for the 20

lags. The resulting plots for different values of δ are presented in Figure 3.2. Addi-

tional plots are included in Figures 6.7 and 6.8 in the Appendix. We see that as δ

increases, the correlation between the Yi observations generally increases in magni-

tude. The correlation also becomes positive with increasing δ. As the lag increases,

the correlation decreases, for large δ.

In summary, this preliminary look at the BEG-AR paths of the Yi process suggests

that the correlation between the consecutive values of Yi’s gets stronger and positive.

This would explain the ACF plots showing larger correlation in the Yi series as δ

increased.
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(a) δ = 0.1 (b) δ = 0.25

(c) δ = 0.5 (d) δ = 0.75

(e) δ = 0.9 (f) δ = 0.95

Figure 3.1: Paths of the BEG-AR generating Yi series for several values of δ.

3.1.3 Simulation of the BEG-AR observations

In order to explore the impact of the dependence on the BEG-AR series and the

differences between the BEG-AR and BEG models, we simulated observations from

BEG-AR. The procedure of generating n observations from the BEG-AR(β, δ, p) dis-
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(a) δ = 0.1 (b) δ = 0.25

(c) δ = 0.5 (d) δ = 0.75

(e) δ = 0.9

Figure 3.2: BEG-AR ACF Plots for varying mixing parameter δ.

tribution is described in the following steps. Note that we use standard exponential,

that is exponential distribution with mean 1, for the simulation.
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Step 1: Generate random duration, N1 from a geometric distribution with probability

of success p and PMF given in (3.2).

Step 2: Generate Y1 from an exponential distribution with parameter β. Throughout

this simulation, we set β = 1.

Step 3: Generate ε1 according to .

Step 4: Compute Y2 = δY1 + ε1.

Step 5: Repeat Step 3 and 4 to generate observations Y3, Y4, ..., YN1 .

Step 6: Compute magnitude X1 =
∑N1

j=1 Yj.

Step 7: Repeat Step 2 to Step 6 to generate X2, X3, ..., Xn.

This process yields n observations of the BEG-AR vector: (X1, N1), (X2, N2), ..., (Xn, Nn).

NOTE: The geometric distribution in R starts at zero, so if using R for computations

one needs to add 1 to each observation from the geometric distribution to get the

durations for the BEG or BEG-AR models.

Table 3.1 shows 45 combinations of the values of p and δ, which were used to generate

samples from the BEG-AR distribution. We used these samples for several purposes

in our preliminary look at the properties of BEG-AR.

3.1.4 Percentiles of the BEG-AR model

Since the estimation of the high percentiles of the magnitude is of prime importance,

we performed a limited simulation study of the percentiles from the BEG-AR model.

For this simulation we used samples of size n = 500 and β = 1. We varied both p

and δ to see the response of the percentiles to their change. We were interested in

the 95th and the 99th percentiles of magnitude.

To estimate the percentiles of the magnitude, we simulated 10,000 samples of size
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sim p δ sim p δ sim p δ
sim1 0.1 0.1 sim16 0.1 0.4 sim31 0.1 0.7
sim2 0.25 0.1 sim17 0.25 0.4 sim32 0.25 0.7
sim3 0.5 0.1 sim18 0.5 0.4 sim33 0.5 0.7
sim4 0.75 0.1 sim19 0.75 0.4 sim34 0.75 0.7
sim5 0.9 0.1 sim20 0.9 0.4 sim35 0.9 0.7
sim6 0.1 0.2 sim21 0.1 0.5 sim36 0.1 0.8
sim7 0.25 0.2 sim22 0.25 0.5 sim37 0.25 0.8
sim8 0.5 0.2 sim23 0.5 0.5 sim38 0.5 0.8
sim9 0.75 0.2 sim24 0.75 0.5 sim39 0.75 0.8
sim10 0.9 0.2 sim25 0.9 0.5 sim40 0.9 0.8
sim11 0.1 0.3 sim26 0.1 0.6 sim41 0.1 0.9
sim12 0.25 0.3 sim27 0.25 0.6 sim42 0.25 0.9
sim13 0.5 0.3 sim28 0.5 0.6 sim43 0.5 0.9
sim14 0.75 0.3 sim29 0.75 0.6 sim44 0.75 0.9
sim15 0.9 0.3 sim30 0.9 0.6 sim45 0.9 0.9

Table 3.1: Combinations of p and δ used for simulating BEG-AR samples.

n = 500 each from the BEG-AR distribution. For each sample we computed the

empirical 95th and 99th percentiles. That yielded 10,000 empirical values of each

percentile. Finally, we computed the final estimates by averaging the 10,000 sample

percentiles. For the simulation we varied p and δ according to Table 3.1. For each

combination of parameters we computed the estimated percentiles and their sample

standard deviations. We summarized the results in Table 3.2.

As seen in Table 3.2, the mean and standard deviation of 95th/99th percentiles of

Xi’s decreases as probability p increases. Since the mean of N with probability of

success p is 1
p
, the smaller the p, the larger the N , on average. Thus, the smaller the

p, the more terms Yi’s are summed to get the magnitude, on average. Finally, since

the Yi’s are positive, the smaller the p, the larger we expect the magnitudes to be,

and so the larger the percentiles (on average). Since for large δ we see strong positive

correlation between the consecutive Yi’s, large δ should result in large values of the

Yi’s and large magnitudes.
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p δ Xi 95th Mean Xi 95th SD Xi 99th Mean Xi 99th SD
0.1 0.1 5.968 0.326 9.269 0.911
0.1 0.2 10.106 0.638 15.412 1.568
0.1 0.3 15.455 1.051 23.533 2.187
0.1 0.4 22.257 1.469 34.626 3.386
0.1 0.5 31.357 2.117 48.515 4.678
0.1 0.6 45.384 3.125 69.699 6.663
0.1 0.7 66.319 4.743 103.625 10.184
0.1 0.8 104.529 7.990 168.441 17.099
0.1 0.9 187.041 16.430 321.900 37.293
0.25 0.1 3.930 0.138 5.687 0.452
0.25 0.2 5.222 0.292 8.574 0.901
0.25 0.3 7.350 0.442 11.998 0.980
0.25 0.4 10.019 0.752 15.661 1.363
0.25 0.5 13.124 0.856 20.245 1.983
0.25 0.6 17.377 1.282 28.234 3.061
0.25 0.7 23.332 1.895 38.842 4.302
0.25 0.8 32.388 2.848 56.232 6.773
0.25 0.9 45.848 4.663 87.282 12.195
0.5 0.1 3.313 0.097 4.416 0.178
0.5 0.2 3.787 0.168 5.342 0.415
0.5 0.3 4.465 0.215 7.032 0.780
0.5 0.4 5.315 0.348 8.619 1.046
0.5 0.5 6.303 0.416 10.417 1.284
0.5 0.6 7.581 0.606 12.903 1.546
0.5 0.7 8.987 0.771 15.864 2.010
0.5 0.8 10.814 0.948 20.053 2.774
0.5 0.9 12.939 1.373 25.619 3.919
0.75 0.1 3.099 0.066 4.149 0.136
0.75 0.2 3.277 0.084 4.407 0.176
0.75 0.3 3.485 0.090 4.981 0.416
0.75 0.4 3.697 0.170 5.613 0.543
0.75 0.5 3.939 0.218 6.296 0.661
0.75 0.6 4.284 0.265 7.269 0.861
0.75 0.7 4.623 0.354 8.073 1.024
0.75 0.8 5.075 0.480 9.256 1.221
0.75 0.9 5.511 0.577 10.413 1.510
0.9 0.1 3.001 0.056 4.015 0.106
0.9 0.2 3.098 0.072 4.170 0.130
0.9 0.3 3.186 0.087 4.331 0.161
0.9 0.4 3.270 0.101 4.435 0.244
0.9 0.5 3.323 0.108 4.598 0.375
0.9 0.6 3.391 0.099 4.938 0.596
0.9 0.7 3.450 0.106 5.259 0.702
0.9 0.8 3.512 0.133 5.711 0.823
0.9 0.9 3.564 0.157 6.117 0.945

Table 3.2: Mean and Standard Deviation of 95th/99th percentiles Xi from the BEG
AR (sample size=500)
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In the next sections we will simulate BEG vectors and make a comparison of the

percentiles for the BEG-AR and BEG models.

3.1.5 Modeling BEG-AR data as BEG data

In section 3.1.3, we generated the BEG-AR observations with 45 combinations of p

and δ. In this section, we treat those BEG-AR observations as BEG distributed. The

purpose is to explore the error one makes doing so. Let (X1, N1), . . . , (Xn, Nn) be

random observations from BEG-AR model. The parameters p̂ and β̂ for the BEG

model are calculated by using formulas below.

p̂ =
1

N̄n

β̂ =
N̄n

X̄n

where X̄n is a sample mean of sums of time series Yi’s and N̄n is a sample mean of

geometrically distributed random observations Ni’s.

When random observations are BEG-AR distributed, Ni’s come from a geometric

distribution with a parameter p. When random observations are BEG distributed,

Ni’s also geometrically distributed with parameter p. Then, a parameter p can be

estimated as above. When we treatXi’s from the BEG-AR model as BEG distributed,

thenXi’s are from an exponential distribution with a parameter λ, then λ̂ is computed

using the formula below.

λ̂ =
1

X̄i

=
N̄n

X̄n

∗ 1

N̄n

= β̂p̂

We used β̂ and p̂, which were computed by using BEG-AR observations in section

3.1.3, and computed the 95th/99th percentiles of BEG distribution as below. We re-

peat these simulations 10,000 times to compute the mean of the 95th/99th percentiles
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of BEG distribution.

95th percentile = − log (0.05)

β̂p̂

99th percentile = − log (0.01)

β̂p̂

Table 3.3 shows means of 95th/99th percentiles of BEG model in 45 different combi-

nations of δ and p. Shown in Table 3.3, when δ = 0.9 and p = 0.1, means of 95th/99th

percentiles of the BEG distribution become the largest. This is because the greater

δ value and the smaller p give the larger sum of time series Xis. Consequently, a

parameter β̂p̂ becomes smaller and the 95th/99th percentiles of the BEG distribution

become larger. On the other hand, when δ = 0.1 and p = 0.9, means of 95th/99th

percentiles of BEG distribution become the smallest. The larger probability p and the

smaller δ give smaller Xi’s and consequently give larger parameter β̂p̂. As a result,

they give the smaller 95th/99th percentiles.

3.1.6 Comparison of BEG-AR and BEG

In this section, we discuss how the different combinations of parameters influence

the differences between the BEG-AR and BEG model. We compute the difference

between the 95th/99th percentiles of the BEG-AR and BEG model. From Section

3.1.3 and 3.1.5, we obtain 10,000 pairs of each percentiles of the BEG-AR and BEG

model. We compare the 95th/99th percentiles and compute the difference for each

iterations, and compute the average of the differences. Table 3.4, Figure 3.3, and Fig-

ure 3.4 show the difference in different values of δ and p. The difference of 95th/99th
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p δ BEG 95th Mean BEG 95th SD BEG 99th Mean BEG 99th SD
0.1 0.1 6.105 0.204 9.385 0.314
0.1 0.2 9.814 0.382 15.086 0.587
0.1 0.3 14.915 0.620 22.928 0.953
0.1 0.4 21.392 0.931 32.884 1.430
0.1 0.5 29.815 1.357 45.834 2.086
0.1 0.6 41.608 1.988 63.961 3.056
0.1 0.7 58.964 2.996 90.642 4.606
0.1 0.8 88.041 4.891 135.340 7.518
0.1 0.9 142.826 9.180 219.558 14.112
0.25 0.1 4.001 0.099 6.151 0.152
0.25 0.2 5.288 0.170 8.129 0.261
0.25 0.3 7.077 0.262 10.878 0.403
0.25 0.4 9.214 0.387 14.163 0.594
0.25 0.5 11.767 0.536 18.089 0.824
0.25 0.6 15.120 0.747 23.243 1.148
0.25 0.7 19.397 1.048 29.818 1.611
0.25 0.8 25.472 1.532 39.156 2.355
0.25 0.9 34.025 2.376 52.304 3.652
0.5 0.1 3.268 0.047 5.024 0.072
0.5 0.2 3.734 0.084 5.739 0.129
0.5 0.3 4.368 0.131 6.714 0.202
0.5 0.4 5.040 0.180 7.748 0.277
0.5 0.5 5.768 0.232 8.866 0.357
0.5 0.6 6.711 0.308 10.316 0.473
0.5 0.7 7.689 0.393 11.820 0.604
0.5 0.8 8.907 0.510 13.692 0.785
0.5 0.9 10.243 0.667 15.745 1.025
0.75 0.1 3.017 0.025 4.637 0.039
0.75 0.2 3.180 0.045 4.888 0.069
0.75 0.3 3.398 0.072 5.224 0.110
0.75 0.4 3.610 0.093 5.549 0.143
0.75 0.5 3.819 0.114 5.871 0.175
0.75 0.6 4.100 0.145 6.303 0.223
0.75 0.7 4.348 0.172 6.684 0.264
0.75 0.8 4.636 0.207 7.126 0.318
0.75 0.9 4.897 0.243 7.528 0.374
0.9 0.1 2.922 0.015 4.492 0.023
0.9 0.2 2.978 0.026 4.577 0.040
0.9 0.3 3.051 0.042 4.691 0.064
0.9 0.4 3.120 0.052 4.795 0.080
0.9 0.5 3.183 0.062 4.894 0.095
0.9 0.6 3.271 0.077 5.028 0.118
0.9 0.7 3.343 0.088 5.139 0.135
0.9 0.8 3.425 0.102 5.264 0.157
0.9 0.9 3.491 0.114 5.367 0.175

Table 3.3: Mean and Standard Deviation of 95th and 99th percentiles of the BEG
distribution (sample size=500)
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percentiles are computed as follow.

95/99th percentile difference

= 95/99th percentile(BEG AR)− 95/99th percentile(BEG)

(a) Difference in the 95th percentile (b) Difference in the 99th percentile

Figure 3.3: Line graphs of 95th/99th percentile difference between BEG-AR and BEG
model vs. δ values in different p values

(a) Difference in the 95th percentile (b) Difference in the 99th percentile

Figure 3.4: Line graphs of 95th/99th percentile difference between BEG-AR and BEG
model vs. p values in different δ values
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As seen in Table 3.4 and Figure 3.3 and 3.4, when we have δ = 0.9 and p = 0.1, we see

the greatest difference between two models. Clearly, there is a relationship between

the combination of δ and probability p, and the difference of 95/99th percentile of

two models. Generally, as δ increases, the 95/99th percentile of BEG-AR model is

larger than that of BEG model and the difference is getting larger as δ increases.

This pattern is clearly shown in 99th percentiles of two models. For BEG model, we

compute the 95th/99th percentiles based on a parameter β̂p̂ of Exp(β̂p̂), which are

computed by the observations from BEG-AR model. When we have small p value and

large δ value, a parameter β̂p̂ becomes small. As a result, we get the large 95th/99th

of percentiles of the BEG model. Similarly, when we have BEG-AR model, large δ

values gives large Xi values, and small p value gives large Ni values. Then, it leads

to obtain large Xi values. Therefore, for both BEG and BEG-AR models, the values

of Xi’s tend to be large.

Additionally, we compute the relative percentage of the absolute difference of 95th/99th

percentiles to those of the BEG distribution. 10,000 iterations are done, and for each

iteration, the relative percentages are computed as follows.

95/99th difference relative percentage

=

(
|95/99th percentile(BEG AR)− 95/99th percentile(BEG)|

95/99th percentile(BEG)

)
∗ 100

Then we compute the average of the relative percentages as shown in Table 3.5.

As seen in Table 3.5, when p is fixed, we see the higher relative percentage difference

to BEG as δ increases in most cases, except when p = 0.9.

Next, we create random BEG and BEG-AR samples of size n = 1000 and compare

them using their histograms. Figure 3.5, 3.6, and 3.7 show the distributions of magni-
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tudes by BEG and BEG-AR model when p = 0.1, 0.5, and 0.9. The histograms when

p = 0.25 and 0.75 are shown in Appendix. As shown in these figures, the distribution

of the magnitudes of BEG-AR model look more like leptokurtic than BEG model

when δ = 0.9 and 0.95. Since extreme event distribution are often associated with

leptokurtic distributions, which have higher kurtosis. Higher kurtosis means it has a

more pronounced peak in the center and heavier tails compared to a normal distri-

bution, and this heavy-tailed behavior implies that extreme events are more likely to

occur in such distributions.
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(a) δ = 0.05 (b) δ = 0.1

(c) δ = 0.4 (d) δ = 0.7

(e) δ = 0.9 (f) δ = 0.95

Figure 3.5: Histograms of Magnitudes by BEG and BEG-AR Models (p=0.1)
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(a) δ = 0.05 (b) δ = 0.1

(c) δ = 0.4 (d) δ = 0.7

(e) δ = 0.9 (f) δ = 0.95

Figure 3.6: Histograms of Magnitudes by BEG and BEG-AR Models (p=0.5)

3.2 Application of L-moments

In this section, we compared BEG-AR and BEG sample by computing sample skew-

ness, kurtosis, L-skewness, and L-kurtosis.
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(a) δ = 0.05 (b) δ = 0.1

(c) δ = 0.4 (d) δ = 0.7

(e) δ = 0.9 (f) δ = 0.95

Figure 3.7: Histograms of Magnitudes by BEG and BEG-AR Models (p=0.9)

First, we generated 100 samples of size 100 from BEG-AR distribution. For each

simulation, we used 45 different combinations of p and δ. Second, we computed p̂
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and β̂ from each BEG-AR sample. Third, we generated 100 samples of size 100 from

BEG distribution with p̂ and β̂ for each simulation. Then, we obtained 100 pairs

of BEG-AR and BEG samples of size 100 for each simulation. Lastly, we computed

sample skewness, sample kurtosis, sample L-skewness, and sample L-kurtosis of Xis.

Figures 3.8, 3.9, 3.10, 3.11 and 3.12 show scatter plots of skewness vs. kurtosis of Xi’s,

and those of L-skewness vs L-kurtosis of Xi’s. There are obvious differences between

the scatter plots. For all δ values, skewness vs. kurtosis plots of Xi’s for BEG-AR and

BEG samples are overlapping and for most cases they are indistinguishable. It is hard

to identify whether they are from BEG distribution or BEG-AR distribution. Most

of the scatter-plots show a strong linear association between skewness and kurtosis

of Xi’s. However, they are clearly distinguishable by looking at the L-skewness vs.

L-kurtosis scatter plots, especially if p is small and δ is large. These simulations

show that we are able to identify the BEG model and BEG-AR model by computing

sample L-skewness and sample L-kurtosis of the observations when the observations

are distributed with small p and large δ.
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p δ 95th difference 99th difference
0.1 0.1 -0.137 -0.116
0.1 0.2 0.293 0.326
0.1 0.3 0.540 0.605
0.1 0.4 0.865 1.741
0.1 0.5 1.542 2.681
0.1 0.6 3.777 5.738
0.1 0.7 7.355 12.983
0.1 0.8 16.488 33.101
0.1 0.9 44.215 102.342
0.25 0.1 -0.071 -0.464
0.25 0.2 -0.066 0.445
0.25 0.3 0.273 1.120
0.25 0.4 0.805 1.498
0.25 0.5 1.357 2.156
0.25 0.6 2.257 4.991
0.25 0.7 3.935 9.024
0.25 0.8 6.916 17.076
0.25 0.9 11.823 34.978
0.5 0.1 0.045 -0.609
0.5 0.2 0.054 -0.397
0.5 0.3 0.097 0.317
0.5 0.4 0.275 0.871
0.5 0.5 0.535 1.551
0.5 0.6 0.870 2.587
0.5 0.7 1.298 4.044
0.5 0.8 1.907 6.361
0.5 0.9 2.696 9.873
0.75 0.1 0.082 -0.488
0.75 0.2 0.097 -0.481
0.75 0.3 0.086 -0.243
0.75 0.4 0.087 0.064
0.75 0.5 0.120 0.424
0.75 0.6 0.184 0.966
0.75 0.7 0.275 1.390
0.75 0.8 0.439 2.129
0.75 0.9 0.614 2.885
0.9 0.1 0.078 -0.477
0.9 0.2 0.120 -0.407
0.9 0.3 0.134 -0.360
0.9 0.4 0.150 -0.361
0.9 0.5 0.140 -0.296
0.9 0.6 0.120 -0.090
0.9 0.7 0.106 0.120
0.9 0.8 0.088 0.447
0.9 0.9 0.073 0.750

Table 3.4: Differences of 95/99th percentiles b/w BEG-AR and BEG model (n=500)
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p δ Relative percentage Relative percentage
95th difference 99th difference

0.1 0.1 3.620 6.972
0.1 0.2 4.336 7.266
0.1 0.3 5.026 6.717
0.1 0.4 5.075 8.083
0.1 0.5 5.916 8.252
0.1 0.6 9.215 10.180
0.1 0.7 12.501 14.660
0.1 0.8 18.728 24.503
0.1 0.9 30.940 46.618
0.25 0.1 2.613 8.505
0.25 0.2 3.370 8.485
0.25 0.3 4.750 10.920
0.25 0.4 8.919 10.992
0.25 0.5 11.554 12.383
0.25 0.6 14.914 21.494
0.25 0.7 20.249 30.226
0.25 0.8 27.106 43.543
0.25 0.9 34.666 66.699
0.5 0.1 2.317 12.125
0.5 0.2 3.133 8.185
0.5 0.3 3.314 8.438
0.5 0.4 6.132 12.203
0.5 0.5 9.365 17.757
0.5 0.6 12.921 24.982
0.5 0.7 16.814 34.058
0.5 0.8 21.349 46.227
0.5 0.9 26.196 62.353
0.75 0.1 2.968 10.526
0.75 0.2 3.180 9.983
0.75 0.3 2.755 7.056
0.75 0.4 3.205 6.668
0.75 0.5 4.083 9.385
0.75 0.6 5.133 15.611
0.75 0.7 6.652 20.742
0.75 0.8 9.683 29.683
0.75 0.9 12.697 38.019
0.9 0.1 2.684 10.620
0.9 0.2 4.090 8.906
0.9 0.3 4.455 7.823
0.9 0.4 4.846 8.232
0.9 0.5 4.476 8.288
0.9 0.6 3.805 9.069
0.9 0.7 3.362 9.966
0.9 0.8 2.931 12.871
0.9 0.9 2.784 16.618

Table 3.5: Relative percentage of 95th/99th percentile differences b/w BEG-AR and
BEG size=500
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(a) δ = 0.1 and p = 0.1 (b) δ = 0.1 and p = 0.1

(c) δ = 0.3 and p = 0.1 (d) δ = 0.3 and p = 0.1

(e) δ = 0.7 and p = 0.1 (f) δ = 0.7 and p = 0.1

(g) δ = 0.9 and p = 0.1 (h) δ = 0.9 and p = 0.1

Figure 3.8: skewness/kurtosis and L-skewness/L-kurtosis plots for p = 0.1
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(a) δ = 0.1 and p = 0.25 (b) δ = 0.1 and p = 0.25

(c) δ = 0.3 and p = 0.25 (d) δ = 0.3 and p = 0.5

(e) δ = 0.7 and p = 0.25 (f) δ = 0.7 and p = 0.25

(g) δ = 0.9 and p = 0.25 (h) δ = 0.9 and p = 0.25

Figure 3.9: skewness/kurtosis and L-skewness/L-kurtosis plots for p = 0.25
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(a) δ = 0.1 and p = 0.5 (b) δ = 0.1 and p = 0.5

(c) δ = 0.3 and p = 0.5 (d) δ = 0.3 and p = 0.5

(e) δ = 0.5 and p = 0.5 (f) δ = 0.5 and p = 0.5

(g) δ = 0.9 and p = 0.5 (h) δ = 0.9 and p = 0.5

Figure 3.10: skewness/kurtosis and L-skewness/L-kurtosis plots for p = 0.5
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(a) δ = 0.1 and p = 0.75 (b) δ = 0.1 and p = 0.75

(c) δ = 0.3 and p = 0.75 (d) δ = 0.3 and p = 0.75

(e) δ = 0.7 and p = 0.75 (f) δ = 0.7 and p = 0.75

(g) δ = 0.9 and p = 0.75 (h) δ = 0.9 and p = 0.75

Figure 3.11: skewness/kurtosis and L-skewness/L-kurtosis plots for p = 0.75
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(a) δ = 0.1 and p = 0.9 (b) δ = 0.1 and p = 0.9

(c) δ = 0.3 and p = 0.9 (d) δ = 0.3 and p = 0.9

(e) δ = 0.7 and p = 0.9 (f) δ = 0.7 and p = 0.9

(g) δ = 0.9 and p = 0.9 (h) δ = 0.9 and p = 0.9

Figure 3.12: skewness/kurtosis and L-skewness/L-kurtosis plots for p = 0.9
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Chapter 4

Summary

We summarize our overall findings in the list below.

1. L-moments estimation is a very good alternative to MLE or MoM especially for

small samples or distributions with heavy tails.

2. The L-moments ratios such as L-skewness or L-kurtosis are bounded, and thus

their size is easier to interpret than the size of the unbounded regular moments.

3. The L-moments and their ratios are more useful in differentiating between dis-

tributions than the regular moments.

4. The L-moments parameter estimation methods are more accurate than the

MLEs for smaller samples often present in the analysis of extreme events.

5. The BEG-AR model has heavier tail than the BEG model when δ is large.

6. Sample L-skewness and L-kurtosis can be used to separate the BEG-AR and

BEG model.
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Chapter 6

Appendix

Sample Size MLE σ̂ sd L-Moment σ̂ sd
n=10 0.93496 0.96828
n=25 0.57511 0.58732
n=50 0.40471 0.41084
n=100 0.28549 0.28856
n=1000 0.08961 0.09065
n=5000 0.04008 0.04050
n=10000 0.02846 0.02881

Table 6.1: Normal model: Standard Deviation of σ̂

Sample Size 97.5th (MLE) 97.5th (LM) 97.5th (MLE) 97.5th (LM)
error error

n=10 9.61604 9.83002 0.22382 0.00984
n=25 9.75060 9.83114 0.08926 0.00872
n=50 9.79204 9.83255 0.04781 0.00731
n=100 9.81892 9.83794 0.02094 0.00192
n=1000 9.83810 9.84012 0.00175 0.00026
n=5000 9.83992 9.84041 0.00006 0.00055
n=10000 9.83984 9.83992 0.00002 0.00006

Table 6.2: Normal model: 97.5th Percentile Estimates and their MAE
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(a) n = 10 (b) n = 25

(c) n = 100 (d) n = 5000

(e) n = 10000

Figure 6.1: Normal model: Box plots of σ̂ by MLE and L-moments (σ = 4)
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Sample Size 99th (MLE) 99th (LM) 99th (MLE) error 99th (LM) error
n=10 11.03857 11.29254 0.26682 0.01285
n=25 11.19723 11.29283 0.10816 0.01257
n=50 11.24674 11.29482 0.05865 0.01057
n=100 11.27948 11.30205 0.02592 0.00334
n=1000 11.30346 11.30585 0.00194 0.00046
n=5000 11.30557 11.30615 0.00018 0.00076
n=10000 11.30540 11.30550 0.00001 0.00011

Table 6.3: Normal model: 99th Percentile Estimates and their MAE

Sample Size MLE σ̂ sd L-Moment σ̂ sd
n=10 0.23374 0.24207
n=25 0.14378 0.14683
n=50 0.10118 0.10271
n=100 0.07137 0.07214
n=1000 0.02240 0.02266
n=5000 0.01002 0.01012
n=10000 0.00711 0.00720

Table 6.4: Lognormal model: Standard Deviation of σ̂

Sample Size 97.5th (MLE) 97.5th (LM) 97.5th (MLE) 97.5th (LM)
error error

n=10 6.71276 7.08163 0.38631 0.01744
n=25 6.94241 7.08361 0.15666 0.01546
n=50 7.01472 7.08611 0.08435 0.01296
n=100 7.06201 7.09567 0.03707 0.00340
n=1000 7.09596 7.09954 0.00311 0.00047
n=5000 7.09918 7.10005 0.00011 0.00098
n=10000 7.09904 7.09919 0.00003 0.00011

Table 6.5: Lognormal model: 97.5th Percentile Estimates and their MAE
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(a) n = 10 (b) n = 25

(c) n = 100 (d) n = 5000

(e) n = 10000

Figure 6.2: Lognormal model: Box plots of σ̂ by MLE and L-moments (σ = 1)
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Sample Size 99th (MLE) 99th (LM) 99th (MLE) error 99th (LM) error
n=10 9.57966 10.20763 0.66081 0.03284
n=25 9.96728 10.20836 0.27319 0.03212
n=50 10.09142 10.21344 0.14905 0.02703
n=100 10.17434 10.23193 0.06613 0.00855
n=1000 10.23552 10.24165 0.00495 0.00117
n=5000 10.24092 10.24242 0.00045 0.00194
n=10000 10.24050 10.24075 0.00002 0.00028

Table 6.6: Lognormal model: 99th Percentile Estimates and their MAE

Sample Size MLE σ̂ sd LMoment σ̂ sd MLE k̂ sd LMoment k̂ sd
n=10 2.35656 1.59395 0.71251 0.45506
n=25 0.83026 0.95549 0.31007 0.58682
n=50 0.50333 0.53397 0.19539 0.17786
n=100 0.33349 0.36585 0.12965 0.12690
n=1000 0.09872 0.11342 0.03807 0.04102
n=5000 0.04404 0.05071 0.01696 0.01843
n=10000 0.03119 0.03584 0.01213 0.01318

Table 6.7: GPD model: Standard Deviation of σ̂ and k̂

Sample Size 97.5th (MLE) 97.5th (LM) 97.5th (MLE) 97.5th (LM)
error error

n=10 516.31734 120.59982 438.31734 42.59982
n=25 220.43981 88.03046 142.43981 10.03046
n=50 143.10060 82.96719 65.10060 4.96719
n=100 107.14982 80.76184 29.14982 2.76184
n=1000 81.85978 78.41172 3.85978 0.41172
n=5000 78.97774 77.94926 0.97774 0.05074
n=10000 78.54655 77.98489 0.54655 0.01511

Table 6.8: GPD model: 97.5th Percentiles Estimates and their MAE
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(a) n = 10 (b) n = 25

(c) n = 100 (d) n = 5000

(e) n = 10000

Figure 6.3: GPD model: Box plots of σ̂ by MLE and L-moments (σ = 1)
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(a) n = 10 (b) n = 25

(c) n = 100 (d) n = 5000

(e) n = 10000

Figure 6.4: GPD: Box plots of k̂ by MLE and L-moments (k = −1)
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Sample Size 99th (MLE) 99th (LM) 99th (MLE) error 99th (LM) error
n=10 2114.95830 334.26805 1916.95830 136.26805
n=25 725.22730 228.92870 527.22730 30.92870
n=50 421.37476 213.29927 223.37476 15.29927
n=100 293.49655 206.53657 95.49655 8.53657
n=1000 210.16487 199.26985 12.16487 1.26985
n=5000 201.06502 197.83693 3.06502 0.16307
n=10000 199.71174 197.94892 1.71174 0.05108

Table 6.9: GPD model: 99th Percentiles Estimates and their MAE

Sample Size MLE σ sd LM σ sd MLE k sd LM k sd
n=10 0.35110 0.42388
n=25 0.22453 0.24839
n=50 0.16052 0.15786 0.06690 0.17035
n=100 0.11892 0.11220 0.04377 0.11959
n=1000 0.02788 0.03546 0.01304 0.03731
n=5000 0.01511 0.01568 0.00243 0.01660
n=10000 0.00691 0.01130 0.00429 0.01182

Table 6.10: GEV model: Standard Deviation of σ̂ and k̂

Sample Size 97.5th (MLE) 97.5th (LM) 97.5th (MLE) 97.5th (LM)
error error

n=10 31.39236 7.10553
n=25 34.29043 4.20746
n=50 32.83993 35.12856 5.65796 3.36933
n=100 34.20819 35.80894 4.28970 2.68895
n=1000 37.64704 36.31065 0.85085 2.18724
n=5000 38.28865 36.27352 0.20924 2.22437
n=10000 38.27479 36.29009 0.22310 2.20780

Table 6.11: GEV model: 97.5th Percentiles Estimates and their MAE
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(a) n = 10 (b) n = 25

(c) n = 100 (d) n = 5000

(e) n = 10000

Figure 6.5: GEV model: Box plots of σ̂ by MLE and L-moments (σ = 1)
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(a) n = 10 (b) n = 25

(c) n = 100 (d) n = 5000

(e) n = 10000

Figure 6.6: GEV model: Box plots of k̂ by MLE and L-moments (k = −1)
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Sample Size 99th (MLE) 99th (LM) 99th (MLE) error 99th (LM) error
n=10 76.62440 21.87477
n=25 85.08481 13.41435
n=50 82.02455 87.59698 16.47461 10.90219
n=100 86.04483 89.65344 12.45433 8.84572
n=1000 95.90279 91.09706 2.59637 7.40211
n=5000 97.85873 90.96746 0.64043 7.53170
n=10000 97.69933 91.02123 0.79983 7.477930

Table 6.12: GEV model: 99th Percentiles Estimates and their MAE
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(a) δ = 0.1 (b) δ = 0.25

(c) δ = 0.5 (d) δ = 0.75

(e) δ = 0.9

Figure 6.7: BEG-AR Time Series ACF Plots, seed = 122
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(a) δ = 0.1 (b) δ = 0.25

(c) δ = 0.5 (d) δ = 0.75

(e) δ = 0.9

Figure 6.8: BEG-AR Time Series ACF Plots, seed = 123
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(a) δ = 0.05 (b) δ = 0.1

(c) δ = 0.4 (d) δ = 0.7

(e) δ = 0.9 (f) δ = 0.95

Figure 6.9: Histograms of Magnitudes by BEG and BEG-AR Models (p=0.25)
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(a) δ = 0.05 (b) δ = 0.1

(c) δ = 0.4 (d) δ = 0.7

(e) δ = 0.9 (f) δ = 0.95

Figure 6.10: Histograms of Magnitudes by BEG and BEG-AR Models (p=0.75)
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