University of Nevada, Reno

Ultracold Molecular Structure and Collisions

A dissertation submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy in Physics

by
Rebekah K. T. Hermsmeier
Dr. Timur Tscherbul/Dissertation Advisor

May, 2024






Abstract

Ultracold molecules are instrumental in many elds of physics, such as high-resolution
spectroscopy [1], quantum computation [2, 3], and cold controlled chemistry [4]. In this
dissertation, we discuss the structure and collisions of ultracold molecules in the presence
of external magnetic elds. We explore these topics in four main projects.

First, we study ultracold chemical reactions of triplet-state NaLi (a *) molecules
with Na atoms in the presence of an external magnetic eld [5]. We observe that by
tuning the magnetic eld to a Feshbach resonance or by starting the reactants in their
fully spin-polarized hyper ne and rovibrational states, the NaLi (a2 *)+Na! Nay+Li
reaction can be suppressed by several orders of magnitude.

Second, we propose a mechanism to tune the electric dipole moments and long-
range dipolar interactions of polar alkali-dimer molecules (such as KRb) with external
magnetic elds [6]. We nd that this tunability is possible due to the quantum ergodicity
of molecular eigenstates at low magnetic elds and the avoided crossings caused by the
nuclear-electric quadrupole interaction.

Third, we use a rigorous coupled-channel method to examine quantum nuclear spin
dynamics in cold collisions betweert3C160 molecules and He atoms [7]. We found that
the transition rates depend on the initial and nal state's projections of rotational and
nuclear spin angular momenta My and M, ). We observed that certain transition rates
are dependent on the magnetic eld, and explained this dependence using the rst Born
approximation. We utilize the transition rates we have calculated to nd the nuclear
spin relaxation rate of 23C*®0 in a helium bu er gas. We nd the relaxation rates are
highly dependent on temperature.

Finally, we demonstrate that cold collisions between'3C'®0 molecules and He atoms
can be used, in combination with microwave pumping, to produce cold spin-polarized
molecules with high e ciency (  95%) at 1 K [8]. This is accomplished by pumping
the molecules to the rst rotational excited state and allowing spin and rotational state-

changing collisions to occur, which populate a single nal spin state.



Acknowledgements

| am deeply grateful for the support and guidance of many mentors, collaborators,
colleagues, and friends, without whom this endeavor would not have been possible.
Firstly, | would like to express my deepest appreciation to my advisor, Dr. Timur
Tscherbul. | am immensely grateful for your unwavering patience, guidance, and support
throughout my degree. You have my greatest thanks for cultivating my skills. Your
extensive knowledge is truly inspirational.

| also want to express my sincere thanks to the members of my PhD committee: Dr.
Thomas White, Dr. Jonathan Weinstein, Dr. Alla Safronova, and Dr. Samuel Odoh,
for their assistance. Your patience and invaluable advice have greatly contributed to
improving this dissertation work.

| would also like to extend my heartfelt gratitude to all my research collaborators:
Dr. Ana Maria Rey, Dr. Xiaodong Xing, Dr. Suyesh Koyu, Dr. Paul Brumer, Dr.
Adrien Devolder, Dr. Jacek Klos, and Dr. Svetlana Kotochigova for their valuable
discussions and contributions to our research projects.

| appreciate the time | spent working with my fellow group members: Gabriela De
La Torre, Md Muktadir Rahman, and Nathan Prins. Additionally, | am thankful to my
parents Dorcas and the late Bruce Hermsmeier for their love and support.

This work was supported by the National Science Foundation grants No. PHY-

2045681, PHY-1912668, and EPSCoR RII Track-4 No. 1929190.



Contents

1 Introduction 1
1.1 Motivation . . . . . . ... 1
1.2 Methods for producing cold molecules . . . .. ... ........... 3
1.3 Dissertation Structure . . . . . . ... 4
2 Molecular Structure 6
2.1 The Spin-Rotation Interaction . . . .. .. ... ... .......... 7
2.2 The electronic Zeemaneect . . ... ... ... ... .. .. ..., 14
2.3 The nuclear electric quadrupole interaction . . . . ... ......... 19
2.4 Molecular structure of CO . . . . . . . ... 24
2.5 Molecular structure of KRb . . . . . .. ... Lo 31
2.6 Molecular structure of NaLi . . . . . ... ... ... ... ... .. ... 36
3 Collisional Theory 42
3.1 Single-channel scattering . . . . . . .. .. ... ... ... .. ...... 42
3.2 Low-Energy scattering . . . . . . . ... ... 48
3.3 Many-channel scattering . . . . . . . ... ... .. ... 52

4 Quantum spin state selectivity and magnetic tuning of ultracold chem-
ical reactions of triplet alkali-metal dimers with alkali-metal atoms 56
4.1 Introduction . . . . . . . ... 56
4.2 Theory: Ab initio calculations and extended CCS model . . . ... .. 58

4.3 Ultracold reaction dynamics in a magnetic eld . ... ... ... ... 60



5 Magnetically tunable electric dipolar interactions of ultracold polar

molecules in the quantum ergodic regime 67
6 Nuclear spin relaxation in cold atom-molecule collisions 79
6.1 Introduction. . . . . . . . . . . ... 79
6.2 Theory. . . . . . . . . e 82
6.3 Results and discussion . . . . . .. ... .o 88
6.3.1 Energylevelsof3C®0 . ... ... ... .. ... ..... .. 88

6.3.2 Nuclear spin dynamics in cold He-CO collisions: Cross sections
andrate constants . . . . . ... ... 89

6.3.3 Magnetic eld dependence . . . . . ... ... .. ... ... .. 97

6.3.4 Nuclear spin relaxation dynamics of CO molecules immersed in a
coldHebuergas . ... ... ... ... .. .. ... ..., 102

6.4 Summary and conclusions . . . . .. ... 104
7 Highly spin-polarized molecules via collisional microwave pumping 107

8 Conclusion 117



List of Tables

2.1 Experimentally measured [62] and calculated [5] hyper ne transition fre-

quencies of NaLi@® *) . . . . . .. . . .. ... 41

6.1 Nuclear spin relaxation times of CO molecules in the nuclear spin state
j2i (JN =0;M; =1=2i) in collisions with He atoms. The magnetic eld

ISO.05T. . . . 103



Y

List of Figures

21

2.2

2.3

2.4

The diagram of the center of mass coordinate system. The orange circle
represents an electron and the blue circles represent nuclei. . . ... ..
Zeeman Levels of the'3C1%0 molecule as a function of magnetic eld.
The energy levels are labeled by their quantum numbersj; My ;M i)

in the high eldlimit. . .. .. ... ... ... ... .. .. ....... 31
Energy levels of a KRb molecule corresponding tM g = 7 =2 as a function

of magnetic eld. The energy levels in the rotational ground manifold

(N =0) are shown in panel (a), and the energy levels in the rst excited
rotational manifold (N = 1) are shown in panel (b). The energy levels
are labeled by the quantum numbersMy, M, , and M, , respectively. 36
N = 0 Zeeman levels of NaLi ) as a function of magnetic eld. The
energy levels are labeled by the quantum number#ls and M, in the
high magnetic eld limit. The quantum number M, is not shown be-
cause the splitting between the dierent M, levels is too small to label

them. . . . . 41



4.1 (a) Schematic of the Na + NaLi(a® *) reactive scattering through a
Cl between the 2A° PESs leading to either ground state NaLi(X* *) or
Nap(X* 5) molecules. The CI is indicated by the red/blue cone. (b)
Ab initio adiabatic PESs for Na-NaLi as functions of the Na-to-NaLi
separationR and of the bending angle with r = 9:1a, close to the equi-

librium distance of the NaLi(a® *) potential. The blue (1A% and red

(22A9 PESs have a Cl, where two PESs of the same electronic symmetry

touch. The green surface is the spin-polarized, nonreactive PES of the
A symmetry. . . ...
4.2 (a) Magnetic- eld dependence of the reaction rate coe cient for the fully
spin-polarized Na(8) + NaLi(36) [red curve with label (8,36)] and non-
fully spin polarized Na(7) + NaLi(36) collisions [blue curve]. Also shown
are results [black curve labeled bySPy, wr] for calculations where the
hyper ne contact interactions are turned o. Here, the initial state is
the spin-polarized Na(Sg;Ms, = 1=2;1=2i) + NaLi( jSa;Ms, = 1;1i)
state. The collision energy isE=k = 2 K for all data. Here, Kk is
the Boltzmann constant. Panel (b) shows the hyper ne and Zeeman
energy levels of the ground-state Na atom. Panel (c) shows the rotational,
hyper ne, and Zeeman energy levels of theN = 0 and 1 rotational states
of NaLi(a® *;v = 0). In panels (b) and (c) relevant hyper ne states
(blue and red colored curves) are indexed as;2;3;::: in the order of

iNncreasing €nNergy. . . . . . v o i e e e e e e e

Vii

59



4.3

51

viii

(a) Adiabatic potentials (thin black curves) of the Na-NaLi reaction com-
plex in the absence of the hyper ne contact interactions atB = 0:01 T
and M = 3=2. Diabatized potentials for S = 1=2 and 3=2 are shown as
cyan and red curves, respectively. (b) A blowup of the avoided crossing
near 181ap; (c) Open-channel (cyan curve) and closed-channel (black and
red dashed curves) diabatic potentials near theN = 0 and 2 NaLi rota-
tional thresholds at B = 0:42 T. The closed-channel bound state is shown
by the horizontal bar. (d) Threshold energies (grey curves) of Na+NalLi
as functions of magnetic eld. Our incident thresholds labeledMg =
1=2 and Mg = 3=2 are colored as green and black curves, respectively
(Ms = Mg, + Ms,). The jNa =2;My, = 1;Ms, =0ijMg, = 3i
closed-channel threshold is the dashed red curve; (e) Na + NaLi reaction
rate coe cients for the spin-polarized M s = 3=2 (circles) and unpolarized
Ms = 1=2 (diamonds) initial states as functions of magnetic eld. Solid
and dashed lines correspond to calculations including and excluding the
anisotropic part of the Na-NaLi PESs. The universal limit is indicated
by the brown horizontal line. Locations of MFRs in this panel and thus
of zero-energy closed-channel bound states, are shown as colored circles

inpanel (d). . . . . . . . . . . e 66

Representative transition EDMs ds.10 and ds.1; of “°K87Rb plotted as a
function of magnetic eld at zero electric eld for Mg = 7=2 (a) and
Mg = 3=2 (d). The correspondingN =0 and N =1 hyper ne-Zeeman
energy levels are shown in panel (c) and (b) respectively. The color of
the energy levels corresponds to the IPR ergodicity measur® (iji) of
the corresponding energy eigenstates. Encircled are the avoided crossings
between the N = 1 states j10i and j11 [panel (b)] and j12i and j13
[panel (e)] responsible for the switching behavior of the EDMs in panels

@and (d). . ... .. e 70



5.2

53

54

6.1

6.2

(a) Transition EDMs ds:.10 and dz.11 plotted as a function of B eld at

E =0 and Mg = 7=2. Full lines: exact result, symbols: single-state
model. (b) The dependenceb;(B)?. Full lines: exact result, symbols:
model results including 3, 5, and 6 bare states. (c) ac Stark shifts for the
states shown in Fig. 1(b) as a function ofB eld (E = 0). The green
circle marks the magicB eld for state j10i. . ... ........... 72
Representative transition EDMs h12jdgjli and h2jdj2i of KRb plotted

as a function of magnetic eld for Mg = 3=2 at E = 0:2 kV/cm (a)

and E = 0:3 kV/cm (d). The corresponding N =0 and N =1 Zeeman
energy levels are shown in panel (c) and (b) respectively. The color of
the energy levels corresponds to the ergodicity of molecular eigenstates.
Encircled are the avoided crossings between thdl = 1 levels responsible

for the tunable behavior of the EDMs in panels (a) and (d). . ... .. 74
Spin exchange coupling constants, plotted as a function of magnetic
eldat E =0for M =7=2 (@) and Mg = 3=2 (b). Bottom panels
showJ, vs. B for Mg = 3=2 at E =0:2 kV/cm (c) and 0.3 kV/cm (d). 76

Zeeman energy levels of2C'®0 as a function of magnetic eld. Each
level is labeled by the quantum numbersj (in the low- eld limit) and
N; My ; M, (in the high- eld limit) and by its state index (SlI). 1 K =
0.695cm ™t . . . 88
State-to-state cross sections for He + CO collisions for the initial Zeeman
states in the N = 0 manifold: jM, = 1=2i (a) and jM| =1=2i (b) in a
magnetic eld of 0:05 T plotted as a function of collision energy. The cross
sections for the transitionsjli!j 2i;j8i andj2i!j 1i;j3i are multiplied by
10° for better visibility. Dashed lines indicate the energy gap between
the N =0and N =1 levels (' 5:3 K). The initial states are indicated
in each panel. The various color-coded symbols indicate the nal state
indices (Sls) speci ed in Fig. 6.1. The symbols do not represent the actual
number of calculated points, which is 20 per order of magnitude (i.e., 20

points between 0.01 and 0.1 cmt, etc.) . ... .............. 90



6.3

6.4

6.5

6.6

6.7

6.8

State-to-state cross sections of He + CO collisions for the initial Zeeman
statesj7i and j8i in the N =1 manifold plotted as a function of collision
energy. The initial states are indicated in each panel. The various color-
coded symbols indicate the nal state indices (SIs) specied in Fig. 6.1.

The cross sections for the transitiong8i!j 1i and j8i!j 3i are multiplied

by 10° for better visibility. . . . . . . ... ... ... ... 92
State-to-state cross sections of He + CO collisions for the initial Zeeman
statesj3i j 6i in the N = 1 manifold plotted as a function of collision
energy. The initial states are indicated in each panel. The various color-
coded symbols indicate the nal state indices (SIs) specied in Fig. 6.1.

The cross sections for group-Ill transitionsj3i!j 2i andj3i!j 8i are neg-
ligibly small and hence not shown inpanel(@. .............. 93
Thermally averaged rate coe cients for He + CO collisions plotted as a
function of temperature for the initial hyper ne-Zeeman states jli and

j2i of CO. The magnetic eld is 0.05 T. The initial states are indicated

in each panel. The various color-coded symbols indicate the nal state
indices (SIs) specied inFig. 6.1. . . . .. ... ... ... ... ..... 94
Thermally averaged rate coe cients for He + CO collisions for the rota-
tionally excited initial states j3i j 8i in a magnetic eld of 0.05 T. The

initial states are indicated in each panel. The various color-coded symbols
indicate the nal state indices (SIs) specied in Fig. 6.1. . ... ... .. 95
Schematic diagram of relaxation and excitation transitions among the

8 lowest Zeeman levels of CO in cold collisions with He atoms. The
most likely nuclear spin-conserving (group-1) transitions are marked by

solid arrows. Nuclear spin- ipping (group-Il) transitions are marked with
dashed arrows. Group-Ill transitions are forbidden and hence not shown. 96
Magnetic eld dependence of state-to-state cross sections fé?C®0 “He
collisions. The collision energy and the initial state index are indicated

in each panel. The cross sectionsg ;1 and g 3 are multiplied by 108

to aid visibility. The various color-coded symbols indicate the nal state

indices (Sls) speciedinFig. 6.1. . . ... ... ... ........... 97



Xi

6.9 Magnetic eld dependence of He + CO state-to-state cross sections for
the initial state j8i and nal states j5i and j7i at a collision energy of 2
K. Solid lines { cross sections calculated using the accurate CC method.
Dashed lines { results obtained in the Born approximation (BA). The
insert shows the contribution of the basis stategN; M ;M i to state j5i
as a function of magnetic eld. . .. ... ... ... ... ... ..., 100
6.10 Time dynamics of CO nuclear spin state populations in cold collisions
with He atoms at di erent temperatures: (&) T =0:5K, (b) T =1K and
(c) T = 2K, respectively. Panel (d) shows details of short-time dynamics

at T = 2 K. The red dots denote the exponential t (see the text). . .. 103

7.1 (a) Schematic illustration of collisional microwave pumping. We start
with an incoherent mixture of rotationally ground state ( N = 0) molecules
in their spin-up and spin-down statesjli and j4i. Resonant mw pumping
(straight vertical arrow) populates the N = 1, spin-down state j2i. Spin-
ipping collisions with bu er gas atoms (wavy arrows) transfer population
to the state j3i, which undergoes collision-induced rotational relaxation
down to the N = 0 spin-up state j4i, where the molecules accumulate.
(b) Steady-state populations of the four-state model shown in Fig. 1(a)
as a function of dimensionless temperatur&kT= E. The inset shows the
population ratio [Eq. (7.4)] as a function of kKT= E. .. ... ... ... 110

7.2 Zeeman energy levels ot3C%®0 as a function of magnetic eld. The
corresponding energy levels of the four-level model are shown on the right.
Each level is labeled by the quantum numbersN, My, and M, in the

high-eld limit. . . . .. ... ... ... .. .. . . 113



Xii

7.3 Molecular state populations as a function of time obtained by numeri-
cally solving the master equation (7.1) for the four-level model (a) and
the realistic 8-level model of'3C1%0 in a bu er gas of *He (b). The tem-
perature is 1 K, the magnetic eld is 0.05 T, and the mw Rabi frequency
is 30,000 Hz. Mw pumping is turned on att = 0, when the molecules are
initially in an equal incoherent mixture of their N = 0 nuclear spin states
jli and j4i. 98% (95.8%) of molecules end up in the target state after 0.4

s according to the four (8)-level model. . . . ... .. ... ....... 115



Xiii

Citation to Previously Published Work

In this dissertation, Chapters 4, 5, 6, 7 and 8 appeared in the following papers and

arXiv preprints:

Hermsmeier, R.; Klos, J.; Kotochigova, S.; Tscherbul, T. V. Quantum Spin State Se-
lectivity and Magnetic Tuning of Ultracold Chemical Reactions of Triplet Alkali-Metal

Dimers with Alkali-Metal Atoms Phys. Rev. Lett., 127, 103402 (2021).

Hermsmeier, R.; Xing, X.; Tscherbul, T. V. Nuclear Spin Relaxation in Cold Atom{Molecule

Collisions J. Phys. Chem. A, 127, 4511{4525 (2023).

Hermsmeier, R.; Rey, A. M.; Tscherbul, T. V. Magnetically tunable electric dipolar in-
teractions of ultracold polar molecules in the quantum ergodic regime, arXiv:2401.04902

(2024).

Hermsmeier, R.; Tscherbul, T. V. Highly spin-polarized molecules via collisional mi-

crowave pumping, arXiv:2404.07416 (2024).

Other research | have conducted, but not included in this dissertation was published in

the following papers:

Hermsmeier, R.; Devolder, A.; Brumer, P.; Tscherbul, T. V. Near-threshold scaling
of resonant inelastic collisions at ultralow temperatures Phys. Rev. A,105, L011302

(2022).

Koyu, S.; Hermsmeier, R.; Tscherbul, T. V. Total angular momentum representation for
state-to-state quantum scattering of cold molecules in a magnetic eld J. Chem. Phys.,

156, 034112 (2022).



Chapter 1

Introduction

1.1 Motivation

The main focus of this dissertation is on exploring the structure, interactions, and dy-
namics of cold and ultracold molecules. To begin, we must de ne the range of temper-
atures we describe as cold and ultracold. \Cold" is typically referred to as the range of
temperatures from a few Kelvin down to the ultracold regime [9]. The ultracold region
for the purposes of this dissertation, will be de ned as the region of temperatures, where
guantum mechanical treatment of molecules is necessary [10]. This region generally be-
gins at temperatures between 1 K and 1 mK. In this range of temperatures, two-body
scattering predominantly occurs in the lowest angular momentum partial wave (s-waves
or p-waves) [11]. The quantum dynamics of ultracold atomic collisions can be described
by a single parameter known as the scattering length [12, 13]. While ultracold molecular
scattering cannot be so simply described, it is, nevertheless, signi cantly simpli ed at
ultralow temperatures as such temperatures are low enough that molecules typically
collide in their rotational ground states and the number of contributing partial waves is
signi cantly reduced [14]. In this temperature range, collisions express quantum thresh-
old behavior described by the threshold laws discovered by Bethe and Wigner [11, 15,
16]. In an elastic collision, a molecule remains in its initial internal state. However,
in an inelastic collision, the molecule transitions to a di erent internal state resulting

in di erent initial and nal states. These collisions can be comprehensively described

using coupled-channel equations.



We choose to examine cold and ultracold molecular dynamics for several reasons.
First, higher temperature collisions are di cult to control, even when the initial rovi-
brational quantum states of the collisional partners are well-de ned. This is due to the
large number of partial waves involved in such collisions. By contrast, at temperatures
below 1 K, the relative orbital angular momentum of the collisional partners becomes
restricted to the few lowest partial wave states due to centrifugal barriers associated
with 1> 0 states. At low temperatures, the collision energy is signi cantly smaller than
the perturbations due to external elds [17], leading one to expect cold and ultracold
collisions of molecules to be readily controllable by external electromagnetic elds [14,
17, 18].

Next, ultracold molecules are well suited for high-resolution spectroscopy [1]. To
increase the resolution of a spectroscopy experiment, it is necessary to increase the time
the patrticle interacts with the radiation eld [1]. One way to increase the interaction
time is to slow down or trap the particles. Because ultracold molecules can be trapped,
they can be used to improve spectroscopic resolution, which enables high-precision mea-
surements [19]. In addition, the Doppler contribution to transition linewidths is re-
duced when molecules move slower, further increasing spectroscopic precision [4, 20].
The increased precision provided by cold molecules opens the door to incredibly precise
measurements of physics beyond the standard model, such as those of the permanent
electric dipole moment of electron [21] or discovering possible time variations of funda-
mental constants, such as the proton-electron mass ratio [4, 22{24] and the ne structure
constant [19, 25, 26].

Cold trapped molecules have long enough interaction times that it becomes possible
to measure the lifetimes of the individual rovibrational levels [27, 28]. These lifetimes
are necessary to accurately compute infrared absorption and emission spectroscopy,
which are used to determine the molecular composition of various environments like the
atmosphere of a planet and interstellar space [27].

Furthermore, cold bosonic molecules can be cooled to temperatures, where they
form a Bose-Einstein condensate (BEC), a state of matter, where most of the bosons
occupy the lowest quantum state [29, 30]. The BEC can be described by a single

macroscopic wave function. Fermionic polar molecules cooled to ultralow temperatures



form a quantum degenerate Fermi gas, a state of matter where all the energy states
below the Fermi energy are lled [31] because two identical fermions cannot occupy the
same quantum state of a system (the Pauli exclusion principle). Increasing the density
of the system forces the new fermions to occupy higher energy states. Degenerate Fermi
gases provide an important platform for studying quantum many-body e ects [29, 32,
33].

Additionally, ultracold polar molecules have been proposed as a promising platform
for quantum computation [2, 3]. The ability to precisely control the quantum states of
ultra-cold molecules opens up new avenues for exploring quantum information processing
and quantum computing [34]. Molecules can possess electric dipole moments, which
can be controlled using electromagnetic elds, thus allowing for control over long-range
dipole-dipole interactions between molecules [6, 35]. Dipole-dipole interactions are used
in the process of implementing quantum logic gates between qubits [36, 37]. Additionally,
molecules have many long-lived vibrational and rotational states, which can be used as
qubit states jOi and jli [36, 38]. In the setup, proposed by DeMille [36] the qubits
encoded in the ground and rst excited rotationally excited states and subject to an
inhomogeneous external eld, which allows for each site to be addressed spectroscopically
[36]. Other examples of qubit encoding include nuclear spin states, di erent nuclear sub-
levels of di erent rotational states, and non-adjacent rotational states [39, 40].

Lastly, cold molecules are an ideal platform for fundamental studies of chemical
reaction mechanisms. At low collision energies, long-range intermolecular forces play
an important role in chemical reactions [41, 42], and slowly moving molecules can be
trapped in magnetic or optical elds providing excellent control over the reactants [4].
The rates of low-temperature chemical reactions are extremely sensitive to small changes
in the intermolecular potential energy surface [43], and can be e ciently controlled using

external magnetic and electric elds [4, 10, 14].

1.2 Methods for producing cold molecules

The experimental study of cold and ultra-cold molecules began with the advent of the

methods of bu er gas cooling [44, 45] and photoassociation [46]. Photoassociation is a



process, in which an electronically excited molecule is formed when two colliding atoms
absorb a photon [47]. Subsequently, the molecule decays by emitting a photon, and can
either transition to a bound state (generally, a highly rovibrationally excited state) or
separate into two free atoms [47]. However, there is limited control of the nal states
and unwanted nal states may be populated.

Bu er gas cooling is a technique [44, 45], in which molecules are introduced into
a chamber lled with a cold buer gas (T= 1 10 K), such as helium or neon. The
bu er gas collides with the molecules, leading to a transfer of kinetic energy. This
exchange of energy causes the molecules to gradually lose their excess kinetic energy,
resulting in a signi cant reduction in their velocity and, thus, temperature. The process
continues until the molecules reach temperatures close to absolute zero, typically 110
K. In principle, bu er gas cooling can be applied to any molecule, making it a versatile
cooling method.

Another approach for producing ultra-cold molecules [48] relies on using Feshbach
resonances to transfer ultra-cold alkali-metal atoms to a weakly bound molecular state
via magnetoassociation. However, as in the case of photoassociation, the ultracold
molecules produced by magnetoassociation remain in the excited state. A STIRAP
(Stimulated Raman Adiabatic Passage) process can be applied to transfer the weakly
bound Feshbach molecules (KRb) to the rovibrational ground state. [49, 50]. The
STIRAP process utilizes two lasers. The rst laser excites the weakly bound molecule
to an intermediate electronically excited state, and the second laser drives the transition
to the ground state [50, 51]. This process is highly e cient and does not populate

undesired states [51].

1.3 Dissertation Structure

The rest of this dissertation is structured as follows. Chapter 2 discusses the Hamiltoni-

ans and energy level structure of molecules in the presence of external magnetic elds.
In Chapter 3, we discuss single-channel collisions to gain a basic understanding of the
collisional processes and then expand to the multi-channel case to understand collisional

processes, which involve atoms and molecules with internal structures. Chapter 4 fo-



cuses on calculating the reaction rates of ultracold chemical reactions of triplet-state
alkali-metal dimer molecules with alkali-metal atoms in the presence of an extremal
magnetic eld. Specically, we examine the Na + NaLi(a® *) ! Nay(* §)+ Li re-
action. In Chapter 5, we investigate the transition electric dipole moments (EDMs) of
polar molecules (KRb) in the presence of an adjustable magnetic eld. In Chapter 6,
we examine collisions betweert3CO(* *) molecules and He atoms and calculate their
cross sections and rates coe cients. Finally, in Chapter 7, we develop a method to trans-
fer cold molecules to a single nuclear spin quantum state by implementing microwave

pumping and collisions with a bu er gas.



Chapter 2

Molecular Structure

To utilize the potential of cold molecules, we must rst have a comprehensive under-
standing of their energy level structure, which is set by the molecular Hamiltonian. In
this chapter, we explore the Hamiltonians and energy levels of the molecules NaLi, CO,
and KRb in the presence of external magnetic elds. NaLi has two unpaired electron
spins, whereas CO and KRb have no electron spins. Speci cally, we will be examining
13¢160, which possesses a single nuclear spin, allowing for the exploration of nuclear
spin-rotational e ects. KRb possesses two nuclear spins, enabling the examination of
nuclear spin-spin e ects. We investigate these speci ¢ molecules because understanding
their structure is bene cial for the calculation of the ultracold reaction rates of NaLi+Na
(Chapter 4), the magnetic control of the electric dipole moment (EDM) of KRb (Chap-
ter 5), and the exploration of cold CO+He collisions (Chapter 6). To this end, we start
by deriving the key intramolecular interactions, such as the spin-rotation interaction,
the Zeeman e ect, and the quadrupole interaction. Subsequently, we derive the matrix
elements of the molecular Hamiltonians and use them to obtain the energy levels of the
molecules.

One of the most unique and important features of molecular Hamiltonians is the
rotational structure. The rotational structure refers to the patterns observed in the
energy levels of rotating molecules. The rotational motion of molecules gives rise to
a series of quantized energy levels, which can be labeled by the quantum numbaét.
These energy levels depend on the molecule's moment of inertia, which in turn depends

on its geometry and mass distribution. The rotational structure can be observed in



the rotational spectrum of molecules, which can be found by measuring the energy of
transitions between di erent rotational energy levels. The spacing between these levels
can be written ashiN M $jBN2jNMyi = NN BN (N +1) where By is the rotational

constant and N is the rotational angular momentum.

2.1 The Spin-Rotation Interaction

The rst interaction we will examine is the spin-rotation interaction, which arises due to
the coupling between the rotational angular momentum of the moleculel' and the elec-
tronic spin angular momentum S. More speci cally the spin-rotation interaction arises
from the e ective magnetic eld which is generated when the molecule rotates. This
e ective eld interacts with the unpaired spin electron thus causing the spin-rotation
interaction. Notably, this interaction causes the splitting of the rotationally excited
(N 1) energy levels. This term is only relevant when there are unpaired electrons. To
derive the spin-rotation Hamiltonian for -state molecules, we start with the Breit-Pauli
Hamiltonian, which describes the interaction between orbital motion and the spin of the
electrons [52]. The Breit-Pauli Hamiltonian is a relativistic correction to the standard
non-relativistic Hamiltonian in quantum mechanics and can be found by transforming

the Dirac-Coulomb-Breit Hamiltonian using the Foldy-Wouthuysen method [53].

_ e X X h Rk _
S0 — W . Zy in IQ 3 ('(7i—2 0'k) Si
e~ X 8o '
am jn pp o 8T

6]

wherei and j index the electrons,k is the index for the nuclei, Zy is the atomic number
of the nuclei k, fy is the vector pointing from the center of mass of the nuclei to the
electron i, Ry is the vector pointing from the center of mass of the nuclei to the nuclei
k, ¥ is the velocity of the i-th electron, and ¥ is the velocity of the k-th nuclei. The
linear velocity is related to angular velocity asw=4 where m™is the position vector
of the moving particle. The angular velocity in classical terms can be written as angular
momentum over the moment of inertia. Thus, the velocity of the nucleik can be written

as¥ =4 Ry where! is the angular velocity of the nuclei about their center of mass



[54].

Figure 2.1: The diagram of the center of mass coordinate system. The orange circle
represents an electron and the blue circles represent nuclei.

To bring this expression into a quantum mechanical form,r*becomes the position
operator, and * = ,3 where R is the nuclear rotation angular momentum operator [54].
Using the same methodology, the velocity operator of the-th electron can be written
asvy = N +4%; [54]. The velocity of the electron relative to the space- xed frame
v; is equal to the velocity of the electron relative to the molecule xed framevj, plus
the velocity of the electron which arises from the rotation of the molecule axis. The
velocity of the electron relative to the molecule xed frame (v = %Ci fy) is neglected
in our calculation as it leads to the spin-orbit interaction, which vanishes for -state
molecules. Electronic orbitals of atoms are molecules are denoted as s, p, d, and f. In
the case of molecules, they are denoted as; ;. orbitals are symmetric about the
internuclear axis and can be composed of two 2 s-orbitals or tw@,-orbitals. Because

-state molecules have zero electronic orbital angular momentum about the internuclear

axis, we can equate the nuclear rotational angular momentum to the total rotational



angular momentum, R = X' [ = N. ! Therefore, the electronic and molecular
velocities can be written asvp = 1Ny and % = 1N Ry [54]. Substituting these

expressions into the Breit-Pauli Hamiltonian (2.1) gives

_ e~ XX i R _
SO mC2| ) k Jr‘l ij3 [KI (f‘l _2 ﬁk)] sI (2 2)
e~ X non '
2mc? in r"les (R 0) - (8+28)

The triple vector product & (B @) can be expanded afa ¢ @ D), and thus

t Ro N (=2 R)l= NN Ri) (=2 Ry)

(f=2 R Re) N)
2.3)

@ on) N m=N@ o) MA@ /) N

[54]. Additionally, the rotational angular momentum of the nuclei N = R P (the
standard de nition). If the internuclear vector R is oriented along the z-axis, then, due
to the properties of cross products,N is perpendicular to the z-axis implying K, = 0.

This leads to the fact that ' Ry = 0. Consequently, the Hamiltonian in Eq. (2.2)

becomes
e~ XX R) (36 R,
oTmer N AT ke
X X & Nyt DR,
c T an RE R o @9
X M) M e oy, N I ) NI
honp STET nop G

i6]

[54]. The second part of the second termP (t KRy = P (i Ny + iy Ky + 4, 1K) Ry,
vanishes. This is because we are only concerned with molecules, which have an electron
orbital that is symmetric about the molecular axis (z-axis); therefore, the positions of
the electrons are also symmetric about the z-axis. Thus, terms withP i Pix or P i Py

average to zero.

'Note that just because L, = 0 does not mean L = 0.
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We want to express the Hamiltonian (2.4) in a more separable form whereN is
P P

separated from spin-dependent termsH = K i k& &. To achieve this, we need
to address the terms ¢ N)f & and [(fF  #) NIA (& +2%) [54]. We initiate the

process by expanding the second term in Eq. (2.4)

X X
(f l\/l\)f‘i § = (fix l<rx + Ty I<iy +1iz I<iz)(lf\ix Six + Ty Sy + TizSiz) (2.5)

As previously noted, NI, = 0. Thus, equation (2.5) becomes:
X
(f‘ix l<]\x + /riy N\y)(/f\ix Six + /riy siy + 4z siz)

X
= (f‘|x K& + ’?‘ |\/r ySiy + Fix ti2 N8z + Ty r\lzKr Siz (2.6)
+hix ﬁy l\Il\xgiy + /riy Pix l<tysi)

. . P P
Subsequently, we note that as previously mentioned terms with ; fy, or ; fjy average

to zero thus equation (2.6) becomes

(f%( K& + ’i‘ﬁ, N\ygiy) (2.7)

Subsequently we add and subtract the term3(f2 + 42 )KI‘ )

X
N si- (( 2 Nisix + 12 Nysy)

7(92 +fry)|<|‘ 8§ + 7(’(‘2 +12)N §)

2.8
= ( (f\ Nisi +45K,8y  rRlys, r\iym‘xsix)+ (f\z +12)N §) @8

X
- .(;(f\i%( I8 Nygy) + (sz*'/"ly)'\/r 5)

P : . - . ,
Theterm (f2 r\izy) vanishes as the electric orbital is symmetric about the internuclear

axis. As a result, Eq, (2.8) becomes
X X
@ KHf & = (1*2 +12)N
! N L (2.9)
= E(rlz r\|Zz)l<r $
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We can apply the same treatment to the fourth term of the equation (2.4), the Breit-

Pauli Hamiltonian. Again we initiate the process by expanding the desired term

X X
(o f) NIn @+28)= [n &/ NN §+20 §]

X
= I N )2 NE ) N 8) 2 KR §)]

(2.10)

To obtain the vectors in equation (2.10) in terms of their x, y, and z components we
introduce a summation over an indexm which sums overx, y, and z. Subsequently, we

require a second indexn, which is not equal to m, that also sums overx, y, and z.

X
I M s)+2¢n Kyw §) ¢ NE &) 265 N §)]

[
X X
= [FimNmrinSin +2rim NmlinSin -~ jm NmlinSin =~ 2rjm Nm"in Sjn | (2.11)
i mén
X X
+ [rﬁn Nm Sim +2ri2m NmSim  jm NmlimSim  2rjm Nm[im Sjm ]

i m

. P . .
All terms containing fix or ;fy vanish due to the orbital symmetry and we use

the notation rim  rjm = rijm together this simpli es the equation (2.11).

X
() NN (&8 +2%)=

X X
[rizm N m Sim +2I‘i2m NmSjm Fim Nmlim Sim  2fjm Nmrimsjm]
i m
X X
= [Fijm rim NmSim + 2Tijm Fim NmSjm ]
iom (2.12)
X

= [rijx Pix NxSix + lijy ﬁly Nysiy + lijz Nz N2Si; +2rijx Pix Nxij
i
+21iy Py NySjy + 21z fizNzSjz ]
X
= [Fijx Pix NxSix + rijy iy NySiy + 2rijx fix NxSjx + 21y Py NySjy ]
i

We add and subtract the term %(rijx Pix + Tiyy r\.y)lﬁ (8 +2%;) to get the equations into
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a more desirable form ofcK' (& + 25%)

X
(1) NN (& +2%)

X
= [rijx Pix NxSix + Fijy r'\ly Nysiy +2rijx Pix Nijx +2rijy rkly Nijy]
i

1 1
+ 5T Poc + iy AN (8 +25%) S o + Tigy AN (8 +25%)

X 1
= (é(rijx Pix I\Irxéix + Tijy Ry I<iygly Fijx Pix I<iygly Fijy By I\/l\xgix)
[ (2.13)

+( Fijx Pix I\Il\xij + Fijy r’\ly l<rysjy Fijx Pix l<rijy Fijy r'\ly N\ijx)

1
+ 5 (Mix P + Tiyy r R (8 +258)

X
= - (%(rijx Pix iy r,\ly)('\/l\xsix I\/rysiy) +((rix Pix  Tiyy f\ly)(mxij l<rijy)

1
+ Q(rijx Pix + Tijy fﬁy)N\ (8 +2%)

P P P
The (rix fx Ty fy)= (P2 r\i2y)+ i(rix fix  rjy fyy) terms vanish as the electric

orbital is symmetric about the internuclear axis [54] thus equation (2.13) becomes

X X 1
[t f) NIA (&+2%) = S0+ riy AN (8 +29))
! X . (2.14)
= S )N (8 +28)
i
Applying all our expansions, the Breit-Pauli Hamiltonian eq. (2.4) becomes
Ho = e~ IQX X S (f R) (3f Ry a
so — m k ; FQ 3 I
K i If k)
X X 1z )N 4
2 B2 2.15
K i ALy IQkJ3 ( )
X (ki) h X3ty n r )N (8 +28)
N e e Gt L
i8] ! i8] !

We have obtained the second and fourth terms of the Breit-Pauli Hamiltonian (2.4) in

the desired form whereH = N k &j 8 which looks much more like the standard

i
spin-rotation interaction ( sgN' 8). However, we have not yet achieved this nal form

and must continue our derivation by rearranging the rst and third terms so they are
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also in the correct form. We simplify the rst term of the Breit-Pauli Hamiltonian (2.4)

* R GA RO _ 2 Reh in Re+RE
in R in R
_ 5(r? R A R+ R IR A+ 3RZ
, =
it Ry (2.16)
1 Rk f+R2
= . . + . .
26 R 2 R®
_ 1 (h Ry R
26 R 28 Ry3
Additionally, we simplify the third term of the Breit-Pauli Hamiltonian (2.4)
(i B) A+ BN Tz fy)
inoonje
_ N f‘|+_%(f*ij f; Fijz Fiz) (2.17)
I h)
_ 3 A+ hy)
inoonjs
Using these simpli cations the Breit-Pauli Hamiltonian (2.15) becomes
~ X X 1 rR R 2 p2
Hso = 6272 Zy (- : ( I 0 . ) .I‘, = S
2me-| CIN R IR R 2R Ry
kol (2.18)
XO# K+ iz '
KI ij i ijz iz & + 24
28 )8 (5 +2%)
i8]
P 2 a2
o= e~ 1 (i Ri) Ry e ry i) =
We de ne the terms (i) = 5221 « R R T and (i;j) =
4ne,|2C;| i j';‘iJ’;\;'iJ\iz . The spin-rotation Hamiltonian takes the form
X . X . -
Ay = N is N ;) (&8 +2%) (2.19)

i i6]

[54]. We have achieved what we set out to do the transformed Hamiltonian has the

: P P
derived formof H = NI~ . |, & §.

P
Now we wish to write Hamiltonian in terms of the total spin $= ' § rather than

the individual electron spins §. To this end, we introduce a projection operator " [55].

a= "8 (2.20)
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To determine the form of " we apply a dot product with total spin to both sides of eq.

(2.20)

§i 8= Aié 8
ALY a (2.21)
'8 8
[55]. We can write = ;8 as we are only concerned with matrix elements that are

diagonal with respect to spin S [56]. We nd ; by taking the expectation value of "

with respect to the electronic wavefunction [56].

_ tsis Sjsi (2.22)
' 5(S+1)
From this de nition the Hamiltonian (2.19) becomes
X X
He =N () (9 N () (18$+2 ;9 (2.23)

i i6]
[56]. Since (i), (i;j), and ; are scalar operators we can pull them out of the dot
product.
hy NSjHejg NSi =
.X - X . . . .
hg Nsj () NS (i) i+2 N Sjg Nsi
[ i6]

X X
= g NSj (i) | (i) i+2 ;) N Sjg NSi

i i6]

(2.24)

= hg NSjN Sjg NSi:
The term ; has allowed us to write the spin-rotation interaction in its standard form

P P
where our spin rotation constant ishg Nj ; (i) i is] (i) i+2 j)ig Ni.

2.2 The electronic Zeeman e ect

The next interaction we are going to examine is the electronic Zeeman e ect, which arises
from the electron's intrinsic magnetic moment interacting with the external magnetic

eld. To demonstrate how the angular momentum of the electron leads to an intrinsic
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magnetic moment, we start with the Dirac Hamiltonian [55],
H=c P+ mc? (2.25)

which describes the behavior of a free relativistic electron [55]. When the electron is in

an external electric eld the Dirac equation becomes [55],
H= e +c (P+eA)+ mc? (2.26)

where A and are the vector and scalar potentials of the external electromagnetic eld,

and and ; are 4x4 matrices [55]

0 1 0 1
10 0 O 0 0O
_BO 1 0 O _BO 01
= « =
00 1 O 010
00 O 1 1 000
0 1 0 1 (2.27)
0O 0 0 i 0O 0 1 O
0O 0 i O 0 0 1
y = z =
0O i 0 O 1 0 0 O
i 0 0 O 0O 10 O
We rearrange the Dirac Hamiltonian as '4+Ce = (P+eA)+ mc and square both
sides of the equation to obtain
ﬁ + 2 h i2
© = (Pter) + 2m? (2.28)

[55]. It follows from Eq. (2.27) that 2 =1. In order to make use of a useful Dirac spin

matrix identity to simply the equation we must rst write the  -matrices in terms of
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the Dirac spin matrices = where
2 3 2 3
0 01 010
I S U gL oo
= W =
1 00 0 00 1
0100 0010
2 3 2 3 (2.29)
0O i 0 O 1 0 0 O
i 0 0 O 0O 10 O
y = z =
0O 0 0 i 0O 0 1 O
0O 0 i O 0O 0 0 1
and since 2 =1 equation (2.28) becomes [55]
H + 2 h ih [
Ce =  (P+eA) (P+eA) +mc (2.30)

Now we can use the identity ( A)( B)=(A B)+ i (A" B) which arises from the

commutation properties of the Dirac spin matrices, and”® stands for the wedge product.

2

H* e o pseA) (P+eA)+i ((P+eA)r (P+eA))+ mid

=(P+eA)’+i (P "P+eA"P+P"eA+eAreA)+ m?c?
=(P+eA)’+ie (AAP+P"A)+ mc

(2.31)

It should be noted that the quantum mechanical momentum operator can be written as

usual asP = i~r .

2

Ht e o (Pt+ea)+ie (AN( i )+( i )7 A)+ m2

=(P+eA)’+e- (ANr +r" A)+ mic

=(P+eA)’+e- B+mi? (232

The Hamiltonian can be written as H = mc2+ H if the electron has a low velocity and
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thus small momentum. It is considered to be moving slowly if the electron's energyH 1

is small compared tomc?. Thus equation (2.32) becomes

2

Hi+ mc+ e
L " =(P+eA)’+e B+ mi?

c

(2.33)

The squared term is expanded to obtain

1
m2c? +2mcHy +2me + g(H12+2H1e +e 2)=(P+eA)’+e B+ mic

(2.34)

We subtract m2c? from both sides.
1
2mH; + 2me + g(Hf +2He + € 2 = (P+ eA)’+ e B (2.35)

[55]. The ciz terms are negligibly small. Subsequently, we divide by & to obtain

_ 1 2, ~€
Hl—%(P+eA)+% B e (2.36)

[55]. The Hamiltonian we have derived is very similar to the Hamiltonian for a charged

particle in an electromagnetic eld except for the middle term, which reveals that there

is a magnetic moment interacting with the external magnetic eld [55].

To better understand this middle term we rst want to nd a constant of motion

of the Dirac Hamiltonian in free space. If an operator commutes with the Hamiltonian

then the operator is a constant of the motion and the observable corresponding to that
operator remains constant as a function of time. First, since the momentum commutes
with the classical Hamiltonian, we check to see if the quantum momentum operator
commutes with the quantum Hamiltonian H = ¢ P + mc 2 [55]. To accomplish this

we break down thelL orbital angular momentum into its X;y, and z components. We
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start by checking if the L, component commutes with the Hamiltonian.

[H:L,]= HL, LH
=¢ (PL,) (LP)]+ mc?(L, L)
=c [P;L]
=c [PiL4]
= ¢ ( x[Px;Lz]l+ y[Py;Lzl+ z[Pz; L))
[HiLz]=c ( x[Px;(XPy yP)l+ y[Py;(XPy yP)l+ z[Pz;(XPy YPX)])
= C ( x(PxxPy PyxyPx XPyPy + yPxPx)+ y(PyxPy PyyPx xPyPy+ yPxPy)
+ 2(PzxPy PpyPx XxPyP; + yPxP;))
= ¢ ( x(XPxPy Py 0 yPZ xPyPy+yP2)+ y(0+xPi+iPx yPyP, XPJ’+yPcP))
+ ,(0+ xP,Py 0 yP,Px XxPyP;+ yPyP;))

= ic (xPy P (2.37)

We nd it does not commute. Similarly, we obtain Ly and Ly, commutors with the

Hamiltonian

[HiLx]= HLx LxH = ic ( yP, 2Py)

[H;Ly]=HLy LyH= ic ( xP,+ ;Px) (2.38)
Finally, we check whether commutes with the Hamiltonian starting with

H; z]=H zH
= P;JJ+ mc?(, )

=c[ P; ]

c ([ xPx; z1+I yPy; 21 +[ 2Pz 2D

C( x5 2IPx+[ y; 2IPy+1[ 27 2IP2)

(2.39)



19
Using the Pauli matrix commutation identities [ i; j] =21 jx «
[H; z21=c ( 2 yPx+2i yPy)=2ic (  yPx+ xPy) (2.40)
The Hamiltonian does not commute with ,. Similarly, we obtain for , and
H; x]=H x xH=2ic ( P, ;Py) (2.41)

and

H, y]I=H y yH =2ic ( .Px xPz) (2.42)

We found that neither nor L commute with the Hamiltonian. However, if we add

the components of and L together, we nd

1 . 2.
[H;L,]+ é[H; z]= ic ( xPy yPx) + §|C ( xPy yPx) =0

1 . 2.
[H;L,+ > z] ic ( xPy yPx) + EIC ( xPy yPx) =0
1 ) 2.
[H;Ly+ > yl ic ( 2P« xPz) + é|c ( 2P« xPz)=0
1 ) 2.
[H;Lx + > x] ic ( yP; 2Py) + E|c ( yP: zPy) =0 (2.43)

[55]. Adding the last three equations, we getif; L + % ]=0thus L + % is a constant
of the motion [55]. The electron thus has spin angular momentum-S = ~% [55]. Now
we are able to express the second term of the Hamiltonian in equation (2.36) in terms
of S

~e ~e

— B=—S B: 2.44
2m m ( )

Using the de nition of the Bohr magneton g = 5% we obtain the Zeeman e ect in a
more familiar form 2 gS B. If we assume the magnetic eld is along the z-axis then

the Zeeman e ect can be written as 2 g S;B [55].

2.3 The nuclear electric quadrupole interaction

The nuclear electric quadrupole (NEQ) interaction is due to the nuclei's quadrupole

momentum interacting with the gradient of the internal electric eld. The quadrupole
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moment is due to a non-spherical charge distribution of the nuclei. We can derive this
interaction by starting with the electrostatic interaction between a nucleus, containing
positively charged protons, and the surrounding non-spherical charge distribution of
negatively charged electrons

X
A=t 5%

wherei is the electron index, p is the proton index, Ifép is the position vector of proton
p, R; is the position vector of electroni, €p is the charge of protonp, and g is the charge

of electroni [55]. We apply the Laplace expansion

1 Xyl
W = |T<1PI (cos( ip)) (2.46)
i P

| >

whereP,(cos( ip)) are Legendre polynomials,r< is the magnitude of shorter vector either
the magnitude of R; or IQp, r- is the magnitude of longer vector, and i, is the angle
between the vectorslﬁp and R;. Because the electron distribution in the molecule exists
outside the nucleus (i.e.R; > IQp), our equation becomes

1 X R!

A = ro i:p:l (-:rlelol:‘)ilifllz)I (oot ip)): &40

The Legendre polynomials can be written in terms of spherical harmonics using the

spherical harmonics addition theorem [57]

4

2A+1
o= |

Pi(cos( ip)) = Yig( p: p) Yig( i i) (2.48)
where , and | are the polar coordinates of the proton in the space- xed frame, and
and ; are the polar coordinates of the electron in the space- xed frame [55]. Equation
(2.47) thus becomes

a. 1X R, 4 X

eiep 1+1
40 Ri 2|+1q

Yig( ps p) Yig(is i) (2.49)
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To simplify this equation, we de ne renormalized spherical harmonics

4 1=2
21+1

cP(; )= Yip(; ) (2.50)

where the following symmetry relationship is usefuICé')( ) = ( 1)qC('é( ;). The

Hamiltonian (2.49) simpli es to

p X PN ()) ()
( 1)°C q( p p)Cq (is i) (2.51)
i;pil o=

The monopole term ( = 0) may be written as

1 X g¢
B = 7 I'?—p( 1)4Y oo( p; p)Yoo( i i)
ip !
) 71)( 6 (2.52)
T4 0 . Ri

P

which is the Coulomb interaction between the protons and the electrons [57]. The next
highest-order term is the dipole term ( = 1). This term corresponds to an interaction
between a nucleus's electric dipole moment and an electric eld that is generated by the
electrons inside the molecule [57]. This term vanishes because, in their ground state,
nuclei possess no permanent electric dipole moments [57]. THe= 2 term corresponds
to the electric quadrupole moment of the nucleus interacting with the gradient of the
electric eld, and it can be written as
2
a=" ( 1)Qﬁ§§,0‘23( o CP (i 1) (2.53)
ipd :
[57].
The | = 3 component is zero because nuclei without degenerate states exhibit only
even electric moments [57]. Lastly,l = 4 component is signi cantly smaller than the
| = 2 one, and can therefore be neglected [57]. Thus our Hamiltonian for the quadrupole
interaction can be written as equation (2.53) which can also be written using tensor

notation as

R = eT%r E) T%Q) (2.54)
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where the Hamiltonian is the product of two second-rank tensor<), the quadrupole mo-

ment of the nucleus andr E, the electric eld gradient at the nucleus. More speci cally,

1 X e -
— =3C°(ir i)
4 o R3
Q)= RIC 5 o
p p» p/-
p

T2(r E) =
(2.55)

The current form of the Hamiltonian requires a many-particle treatment of the nu-
cleus [55]. Fortunately, the Hamiltonian can be expressed in a spherical tensor form
which is the standard form

X Ps
Ho = e0Q ————
°T CQza 1

( PTEC)TZ,(151) (2.56)

where eQ; is the nuclear electric quadrupole moment [55]. In this form, the gradient of
the electric eld is written as

1 X e
40-Ri3

T?(r E)= C%(i; )= dT%C) (2.57)

where q = ﬁ% is the electric eld gradient at nucleus i[57]. We also would like to
express the quadrupole moment in similar terms. To accomplish this, we rst start by
considering the operator with angular dependence on nuclear orientation[55].

3r\j i+ M}

X
T M= 5

jk

ik (2 (2.58)

The nuclear quadrupole moment tensorT %(Q) can be expressed in terms of nuclear spin

of the operator asT(I} ') = CT?(Q) because they have the same angular dependance
on the nuclear state [55]. Thus, the nuclear quadrupole moment tensor components can
be expressed as

1 Sf}l'\k+ (\k(}

Qi = c% 5 Kl? (2.59)

[55]. They are related by a constantC. To nd C, we rst start by considering the
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matrix elements of the nuclear quadrupole tensor.

X
HiM = 1jeT?(Q)j;My = i = h;M = lje  R3C?( p piliM; = 1i

p
S

X ) _
=e Rgh;lj
p

2(2‘;+1Y02( p pilili (2.60)

1, X y o
= eéh;l o (BZg RpjLli
p

P
[55]. Because IO(323 RS) is the nuclear quadrupole momentQ then (2.60) can be

written as

;1 jeT?(Q)jl;1i = e%Q (2.61)

Now we can relateC and the nuclear quadrupole momentQ

e;thﬂjerkj';'i:HHijl—G sw N (2.62)
[55]. We choose to examine the diagonaD,, term
1 o1 2
eEQ—H,IJCF.Fé 3= TN
céh;l 312 i
61 (2.63)
= Cp%(3|2 (1 +1))
_ 2 (2|6 1)

Thus, C = ﬁQl) and the quadrupole moment of the nucleus is written as

T2 _ X sz c2( .- _ pé
(Q)-ep pq ( p; p)-eQm

T2(1;1) (2.64)

Having derived some key interactions, we will now examine the structures of three

molecules.
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2.4 Molecular structure of CO

We start by examining the structure of CO molecules, as they are the simplest molecules
we will be considering. The asymptotic Hamiltonian of the diatomic CO molecule (which

is treated as a rigid rotor) is given by:

|q = BeN\2+ DKI\“ ON N[Q é o] Nr\ é'l' Cf\ Kt Iqdiam (265)

where B is the rotational constant, B is the external magnetic eld, N is the rotational
angular momentum operator, [ is the nuclear spin operator, \ is the nuclear Bohr
magneton, C is the spin-rotation, g, is the nuclear g-factor, gy is the rotational g-factor,
D is the centrifugal distortion constant, and A giam is the diamagnetic susceptibility term
[58]. The rst term represents the rotational structure, the second term represents the
centrifugal distortion, the third term is the rotational Zeeman e ect, the fourth term

is the nuclear Zeeman e ect, and the fth term is the nuclear spin-rotation interaction.
We will discuss each of these interactions below, starting with the rotational structure.

The rotational energy can be conveniently expressed as a sum of rotational and cen-

trifugal distortion terms. The rotational spectrum arises from the quantized rotational
motion of molecules. The centrifugal distortion term represents a correction to the ro-
tational energy, which accounts for the deviation of the rotational spectrum from the
idealized rigid rotor behavior due to the molecule's non-rigidity. To nd the energy
levels of the molecule, we diagonalize the Hamiltonian matrix, obtaining its eigenvalues.
To accomplish this, we must rst nd the matrix elements of the Hamiltonian. We start
by deriving the matrix elements of the rotational structure and the centrifugal distortion

in the uncoupled basisjIM |ijNM yi. The matrix elements are diagonal in the nuclear

spin quantum numbers [58].

INM yjhIM jBeNZ + DRIMPIANMGi = 1oy, moNM BN + DN M

= 1o MmO NNO Mymg (BeN(N +1)+ DN N +1)?)
(2.66)

Next, we consider the nuclear Zeeman and rotational Zeeman e ects. The rotational

Zeeman e ect causes the energy levels of a molecule to split into sub-levels that cor-
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respond to a projection of the rotational angular momentum along the direction of an
externally applied magnetic eld. This e ect arises from the magnetic moment asso-
ciated with molecular rotation interacting with an external magnetic eld. Similarly,

the nuclear Zeeman e ect causes the energy levels of a molecule to split into sub-levels
that correspond to a projection of the nuclear spin along the magnetic eld direction.
The nuclear Zeeman e ect is caused by the interaction between the nuclear magnetic
moment and an external magnetic eld. The matrix elements of the rotational Zeeman

e ect and the nuclear Zeeman e ect are given by the following expression:

INM M) g N B g NI BiIMOGiNM Qi

= nommeiNMNj  on nREBINMEi + o myme My g ni BjI M)
(2.67)

If the magnetic eld is orientated along the z-axis, then the equation can be written as:

INMnjhIM ) gv nN B g Nl BiIMOGINM S
= nommoMNMNj oy NNZBINMGi + o myme M ] g nIZBjI M
= o NB o m moMNMNJNNMET g NB N0 g mg M jljl M

= nomme NNOMymo( O NMN G M)
(2.68)

The next interaction we will examine is the weak diamagnetic Zeeman term, which
arises due to the interaction of the external magnetic eld with the molecule's dia-
magnetic susceptibility. The diamagnetic Zeeman term can be written asHgiam =

1T2( ) T*B;B) where [55]
0 1

X
TZ(B; B) = ( 1" 5 %1 ' Zngi(é)Tpi(E?) (2.69)
pip2 P11 P2 p

if the direction of the magnetic eld in the space- xed frame is along the z-axis, then
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p = p1 = p1 = 0. Therefore, we can reduce the above expression to:

0 1
28:8)=( )5 T K TIB)THE) =
000 (2.70)

P
P& 2=im82 = ( 2)}B2

WIN

[55]. The magnetic susceptibility tensor's components are de ned in the body- xed

frame, so we transform them to the space- xed frame using the Wigner D-matrices,

2 X (2) 2
To( )= Dgg (1)Tg( ): (2.71)
q

where! is the angular velocity of the molecule about the center of mass and is the

total magnetic susceptibility [55]. Putting it all together, we obtain:

1 .,%X @ 2
Hdiam = %Bz Dog (1)Tg() (2.72)
q

[55]. The matrix elements of the diamagnetic Zeeman term can be written as:

. . . 1 _,X . . .
hi ¢ JiMyjHaami; 53GMsi= p=BZ  h; IEM3iDE (MTEOi: SI%Myi
0 1
1 J 2 %X } }
= BEBﬁ( NILER ) K" h; ;2iip@ ()T2(0)5; 298

My 0 My g
(2.73)

where J is the total angular momentum, M; is the projection of the total angular
momentum, is the projection of L, and represents are all other quantum numbers
not speci ed [55]. Next, we expand to get:

0 1

1 J 2 3% X X
= p=B3( 1’ " @ K
6 M; 0 My g oo (2.74)

hi (D@ (13 % O Q3% JTEC: 839
[55]. The magnetic susceptibility matrix elements are diagonal for diatomic molecules;

therefore, they require ( = ©J%= 39 in order to have non-vanishing matrix ele-

ments:
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0 1
- ez wh rex
My 0 My ¢ (2.75)
hy 53D ()i 3% 9h S38 iTEO0i ;898
[55]. The reduced matrix elements of the Wigner D-matrix can be expressed as

0 1

p J k J¢
;MDY (IS SMPi=( 1’ T @I +DEI%D) @ K (276)
q 0
where the projection of total angular momentum onto the z-axis, , is equal to + ,
the sum of the projections of the orbital angular momentum and the spin [57]. In the
case oft molecules such as CO whereS =0, = +0= thus the matrix elements

of the diamagnetic Zeeman term become

0 1
J 2 19X

= pBI( 1) "B &
6 Mj; 0 My q

0 1 (2.77)

0]
1y Peirneirn R’ C JOEthZ(X)i
q

[57]. Next, we set the projection of the orbital angular momentum to zero because
=0 for ! molecules. Additionally, we only care about the ground states thus g=0,

and we are only looking at the case wherd = J©

h; ; J;MjjHdiamj; ; J;Myi =
0 1

0 1
J 23 J 23 (2.78)
pB2( 1 " B K(w@+d = K
6 My 0 M, 000
The algebraic expressions for the above 3-j symbols are:
0 1 0 1
%) J 2 J X %)J J 2&
Mj; 0 M; My M; O (2.79)

M2 J(J +1)

- ( 1)J M 2 _
(23 +3)(2J +2)(2J +1)2J(23 1)1
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and 0 1 0 1
J 2 ] J J 2
@ k=8 K
0 0O 0O 0O (2.80)
—( 1’2 JJ +1)

(23 +3)(23 +2)(2J +1)2J(23 1))¥=2
[57]. Replacing the 3-j symbols with these algebraic expressions gives us:
h: 5 B MyjHdiam]; 5 J;Myi =

91—68§( 1) MIRTZ(X)i(2J +1)

( 172 3M; JJ +1) (2.81)
(23 +3)(2J3 +2)(2J +1)23(23 1))
( 1) M2 +1)
Next, we gather like terms:
= pl—,thTg( )i( 120 M) (23 +1)232(3 +1)
6 (2.82)
3M; J@J +1) '
(23 +3)(2J +2)(2J +1)2J(23 1))
and simplify the above expression to obtain:
= B—éBthO(ChI)I(ZJ +2)
My J(J +1)
(23 +3)(23 +2)(2J 1)) (2.83)

3M;  J(J +1)
23 +3)2J3 1)

= plngth( )i

In the case of! molecules J = N+ S+ L and S = L =0. Since we are interested in

these molecules, we can write J=N. Thus, the above equation can be written as:

; I M3jHgiamj; 5 JMji =
3My  N(N +1)
2N +3)2N 1)

(2.84)

h;
%BZhTO(X)l
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[55]. The expectation value of the magnetic susceptibility is:

hTE( )i =

X
e I GO
|

7( ) *3( )
= %5 2 2 XX yy) = para perp

where para and perp are the parallel and perpendicular components of the diamagnetic
susceptibility tensor of CO, andr; is the vector from the center of mass of the molecule
to the position of the electron [55]. Plugging the above expression into our equation, we
obtain the diamagnetic Zeeman matrix elements:

» 3MZ  N(N +1)

h; 5 I MjjHdam]; 3 JMgi = BZ3(2N 2N +3)( para perp)

(2.86)

[55].

The nuclear spin-rotation interaction is the coupling that occurs between the rotation
of the molecule and the nuclear spin angular momentum of the nuclei. Similarly to the
electron spin-rotation interaction, the magnetic moment, in this case, nuclear magnetic
moment, interacts with the e ective magnetic eld arising from the molecular rotation.

The matrix elements of the spin-rotation interaction are given by:
INM njhiM (jC1 N jIM GiNM Qi (2.87)
We can expand the dot product as:
INM N jhIM (JC 12N+ TyNy + 13N ) jIMENMSi (2.88)
Sincel =14 ilyandN =Ny iNy equation 2.88 becomes

PNM y jhiM jC |2N2+%(|+N +1 N4) jIMIAGNMQI: (2.89)
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Evaluating the nuclear spin operators gives us:

. o . 1 . .
CINMyj HAM jMGIMOEN , + E(C+(|o;Mlo)HM|jI,9,a(M|O+1)|N +C (omy

AM jIAM?  21)iN 4) jNMQi
(2.90)

where,C (jm) = P j(+1) m(m 1). As a result, equation 2.90 simpli es to

. 1
CINMNJ i meMIN 2 + 5(Ceiomd) wmysmpn) N

(2.91)
+C (om0 M mo pN +) INMQI:
which gives us the spin-rotation matrix elements:
INMnjhiM jCL NGIMENMQi = C o mymg MM+
1
E(C+( | O;MIO)C (N;M ﬁ) M, ;(M|0+1) M N ;(Mﬁ 1) + C (|O;MIO) (292)

C+(N;Mg) M (M2 1) MN;(M,3+1))

Diagonalizing the Hamiltonian matrix, which was found using the matrix elements
derived above, we obtain the energy levels of CO. These energy levels are plotted as
a function of magnetic eld in gure 2.2. The rotational structure causes the largest
splitting of the energy levels. The energy levels corresponding ttN\ = 0 and N =1
are separated by 3.6761 cf. At high magnetic elds, the second largest splitting of
the energy levels is caused by the nuclear Zeeman e ect. The third largest splitting at
high eld is due to the rotational Zeeman e ect, which splits the energy levels based on
their projection of the rotational angular momentum My . At high magnetic elds, My
and M, are good quantum numbers, and we can use them to label the energy levels.
However, at low magnetic elds, they are no longer good quantum numbers. At such
elds, jN 1j J N + 1 is conserved, andM; is always a good quantum number.
Thus, at low eld, J and M3 are good quantum numbers. At zero eld, there are two
groups of N = 1 states. The low group can be labeled withJ = % and the upper group
with J = % As we increase magnetic eld slightly, the states are split based on their
projection of the total angular momentum M ;. At low elds, the second largest splitting

occurs due to the spin-rotation interaction.
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Figure 2.2: Zeeman Levels of thé*C*®0 molecule as a function of magnetic eld. The
energy levels are labeled by their quantum numbersjN;My;M;i) in the high eld
limit.

2.5 Molecular structure of KRb

The next molecule we will explore is KRb, which is a bi-alkali molecule, that is, a

molecule composed of two alkali metal atoms. The e ective Hamiltonian of KRb is

H=BcN?+gy v B g, n[1 B g, ni2 B+l 11+ N Iy

X
e TXr E) TXQ)+ CspéTz(é) T2((1; 1) + caly 13 E

(2.93)

where Be is the rotational constant, B is the external magnetic eld, E is the external

electric eld, N is the rotational angular momentum operator, [ is the nuclear spin of
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potassium (K), I is the nuclear spin of rubidium (Rb), n is the nuclear magneton,c;
are the hyper ne constants, g, are the nuclear g-factor, gy is the rotational g-factor,
O are the quadrupole moment of the nuclei,r E is the electric eld gradient, and
is the dipole moment. The Hamiltonian is composed of rotational structure, Zeeman
e ects, hyper ne interactions, the quadrupole interaction, and the Stark e ect. We will
examine the terms, which were not previously covered, starting with the quadrupole
interaction.

The quadruple interaction arises from the electric quadrupole momenta the nuclei
interacting with the gradient of the electric eld. The quadrupole momenta are due
to the charge distributions of the nuclei in the molecule. The matrix elements of the

quadrupole interaction interaction are given by the following expression [59]:

X "%
INM N 11M i 12M ), ., (qui)m
X | s
, 01 0\O[OMOi = )
JNOMNllMHIZMbI - . (qu|)4|i(2|i 1)

( DPTZ(C)T?,(1i: 1)
( LPINM JTZ(C)iNMyi  (2:94)
My, oM T2 )M 1M O

We examine the matrix elements of the tensors

INM njTZ(C)IN M

r___

.4 . .
NM yj ?YPZ(; JINM Qi
0 10

1

0 0

Cpvien speno Bt 2 N gRY 2 N
M p M9 0 0 O

(2.95)

[59]. To nd HiM; jT?,(1i;17)jl M Qi we use the identity
0 1

0
RIM,TSA)IMi =( 1)) M %) Ik XhJjka(A)jqu (2.96)
M p M
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to get:

HiM T2, )M Qi =
0 1

Corm BTN TR
Mi p M?

(2.97)

[59]. Next, we use the identity

0 1,
J(2J 1)%3 k Jo&

hjiT2(J;9)jid9 = 50
6 J o J°

(2.98)

to obtain:

hiM, jT o(lis 1M i =
10 1,
0 (2.99)

Lol 1) w; i (2L, 1)%)II X%)I' 2 Iiﬁ

M p MO li 0 1P

putting everything together, we obtain

X2
INMyIiM ) e T2(r Ei) TQ)INMQIMPRi =

i=1
X
(eqQi)( 1P( HMn¢( 1)Ii Mil2N +1)2N°+ 1)+
10 1
pé |(2|I 1)%) 2 N© %)N 2 NOg (2.100)

a;21; 1) M p |\/|0 0 0 0
0 10 1,

%Ii 2 |ig%|i 2 I‘X

M p MO i 0 I

ip

[59]. Simplifying, we obtain the matrix elements of the nuclear quadruple moments
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interaction with the magnetic eld

X2
INMyIiMj e T E) TAHQ)INMJIM i =
i=1

%(qui)( Pl MU@N + 1)@ N+ 1]
P 0 10 1
%) N 2 Nog %)N 2 NOE (2.101)

M p M 0 0 O
0 10 1,

%Ii 2 I‘E%)" 2 Iig

M p MO li 0 I

The Stark e ect refers to the splitting of the energy levels in the presence of an
external electric eld. The Stark e ect arises from the interaction between an external
electric eld and the electric dipole moment of an atom or molecule. The matrix elements
of the Stark e ect are given by the following expression:

INMyIiMyj d EINMJIMDi
(2.102)
= EqdotNMy1iMyj @ EINMGIM i
whered is the electric dipole moment operator andE is the electric eld. The dc electric
eld E = Ep2 is along the space- xed z-axis.
= EodotNM 1M, jd 2iNMG 1M i
(2.103)
EodoMNM n 1iMyjcos( )INMF 1M i
The operator cos( ) is independent of the nuclear spin degree of freedom, so the equation

can be written as
= Eodo m, mo 1,1, INMn1iMyjeos()iINMG 1M i (2.104)
Further, cos( ) can be written in terms of spherical harmonics

= Eodo m, m? L INM M GYL2(DINM T (2.105)
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The matrix elements of the spherical harmonics can be evaluated using

z
Himi Y 2 (Djlamigi = Yy, 202 ()Y, (r)dr
z
= (DM, )Y ()Y (r)dr
0 10 1 (2.106)
_ (@1 +1)@212+1)(213+1) %)h 2 ISX%) l1 2 |3£

4 0O 0 O mpy, m, my

Using this identity the matrix elements of the Stark e ect can be written as

INMyIiMj d EINMJIMPi =
0 10 1

3(2N +1)(2 N %+ 1) %N 1 NO&?@ N 1 NOE (2.107)

Eodo 11, my,mp 4
| 00 0 My O MQ

Applying all the matrix elements we have derived, we obtain the full Hamiltonian for
KRb, which we diagonalize to determine the energy levels. Rubidium-87 has a nuclear
spin of % leading to four possible projections of nuclear spin ( % % % and %), while
potassium has a nuclear spin of 4, leading to thirty-six possible projections of nuclear
spin. For the rotational ground state (N = 0) of KRb, this leads to 36 Zeeman sub-levels,
which can be represented at large magnetic eld agMy; M, ;Mg i.

Working with such a large number of states can be challenging. Fortunately, when
the magnetic and electric elds are parallel, the projection of the total angular momen-
tum on the eld axis is conserved. Thus, the N = 0 bare states My ; M, ;M i
can only be coupled if they have the same projection of total angular momentum
Mg = My + My, + My, . This allows us to look at a smaller subset of levels. Figure
2.3 shows the energy levels, which havslg = 7=2.

The largest splitting of the energy levels is due to the rotational structure, which
splits the energy levels enough to warrant plotting them in two separate panels. In panel
(b), the ground rotational state energy levels are displayed as a function of magnetic eld
at zero E- eld. Here, we observe that the dominant interaction is the nuclear Zeeman
e ect caused by the rubidium's nuclear spin. In panel (a) the rst excited rotational
states are shown. At low elds, the nuclear electric quadrupole interaction dominates.

This interaction splits the energy levels by their Fr, = Igrp+ N quantum numbers. Since
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lrRp =3=2and N =1then 1=2 F, 5=2 which leads toF, = 1=2;3=2;5=2. Thus,
at low elds, we expect to see three energy level groups, which we observe in panel (a).
At high elds, the dominant e ects are the nuclear Zeeman interactions of rubidium,

potassium, and the rotational Zeeman e ect, listed in the order of strength.

Figure 2.3: Energy levels of a KRb molecule corresponding tM g = 7=2 as a function of
magnetic eld. The energy levels in the rotational ground manifold (N = 0) are shown
in panel (a), and the energy levels in the rst excited rotational manifold (N = 1) are
shown in panel (b). The energy levels are labeled by the quantum numberMy, My, ,
and M, , respectively.

2.6 Molecular structure of NaLi

The last molecule we will explore is NaLi in the metastable triplet electronic state created
in recent experiments [60]. A molecule in a triplet state has two unpaired electrons and
an electronic spin of 1 § = 1). It is called a triplet state as there are three possible

projections (Ms = 1;0; 1) of the electronic spin. The asymptotic Hamiltonian of the
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NaLi molecule is:

Iq = BeKi2+2 oBéz + aNa(\Na é+ aii f‘._i é

1
b, 24 2 2

X (2.108)
€5 = z3 (DY (N5 SUlP
q

5 R3

where B is the rotational constant, N is the rotational angular momentum operator,
§ is the electron spin operator, ¢ is the Bohr magneton, ana and a;; are the hyper ne
constants, and gs is the electron spin g-factor [5]. The e ective Hamiltonian contains
contributions from molecular rotation, the Zeeman e ect, hyper ne structure, and ne
structure. We will derive the matrix elements of the interactions that we have not yet
considered beginning with the Zeeman e ect.

The electronic Zeeman e ect causes the splitting of atomic and/or molecular energy
levels associated with di erent projections of the electron spin in an external magnetic
eld. To calculate the matrix elements of this interaction, we choose our basis to be
the fully uncoupled basisjNM N SMsliM, INaM, i Where jI M| ;i and jInaM, i
are eigenstates of the projection of nuclear spin angular momentum and the squared
nuclear spin angular momentum (2;1., and 13,;1na,). The matrix elements of the

Zeeman e ect are diagonal in the nuclear spin quantum numbers

INM n jhSMsjhi ;iM) | jhinaM), j2 0B Szjl 2aM 2 i 1GM L i SMIiNM i

. . O.
MiaME M M2 NNOMymg MsmSMs)2 0B SzjSMJi

M|NaM°

O M MP MsMQ NNOMymy2BM s (2.109)

The isotropic hyper ne interaction between the electron and nuclear spins can be

written as

Mol = analva S+ auflli S (2.110)

[61]. The interaction is diagonal in the rotational angular momentum N and its projec-

tion My . Expanding the dot products in Eq. (2.110) in ladder operators asanalna S =
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ana MNa, S+ 2(MNa. 8 + Mva S4)), we obtain

INM n jhSMsjhi ;M jhlnaM i B RaM 2 i 1ML i SM TN MY
: . : 1
= NNO My M3 SMsjhliMy; jhinaMiy, jana (Na, S + é(r\Na+§ +Mva S+)

1 . .. . .
+ay Ni,5 + é(r\Lhé + M Se) JIRaMPL i IGMP ijSM&i: (2.111)
Evaluating the matrix elements of the nuclear spin operators gives

N;N0 MNrMﬁ MILi M OLi aNa M|Na;M|0NaM|0NarSMSj§stq\/|gi
1
* 5(Ca18 M2 ) Mi MO )
I’SMSJQ qu\/lgl +C (|£ ;MIO ) M, ;(MO 1)I’SMS]é+quV|g|)
a Na Na I'Na
Mg MO, B My, ;MloLiM,ourSMsjészOl\/lgi
1 A :
+ E(C+(IEiMIOLi)C (S;Mg) M, ;(Mlou +1) |”S|\/ISJ§ JSqVIg|

+C 1amP ) My mP, yBMsjS jsMi) ; (2.112)

where C (;m) = P j(G+1) m(m 1). Evaluating the matrix elements of the elec-

tronic spin operators gives the matrix elements of the isotropic hyper ne Hamiltonian

0 0 1
NINO MyiMG M MO BNa My, M0 MMM, Ms+ S(Caig mp )C (simg)

Mi (M0 +1) Msi(MQ n+tC (|(N)a;M|0Na)C+( SMQ) My, (MP 1) Ms;(M§+1))

. 0 0
MiaM2 8L M Mo MsmgMiMs

1
+ E(C+(IEiM|°Li)C (SMQ) My (MO +1) Msi(MQ 1)
T Coaame ) Cosm My 1) Msimgsn) ¢ (2.113)
The intermolecular spin-spin interaction arises from the magnetic dipolar coupling

of the electronic spins inside the molecule. The spin-spin interaction makes by far the

largest contribution to the molecular ne-structure Hamiltonian compared to the spin-
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rotation Hamiltonian. The interaction can be written as

1
24 2z 2X
8= &5 T 7z (DVa2oSa S (2.114)
q

[61]. This interaction does not depend on the nuclear spin degrees of freedom, and we

can thus rewrite its matrix elements as

INM n jhSMsjhi ;M jhinaM iR 351 3M 2 i 1EM L i SMZij N M ]
1
2 2 24 2 2

= %0 5 RE Mg Mo, Migme 1)1

INMNjY2 o(N)INMQihSMsjiSna SLIPjSMi: (2.115)

Using the Wigner-Eckart theorem we obtain
0 1

SMsildn SIPsME=( s s B S 7 S g
Ms q M (2.116)

h (SnaSL)Sii[Sna  SLi1@ji(S2.S%)Si:

The double-bar matrix element of the tensor product of two spherical tensor operators

may be written as

h(SnaSti) Sjj [éNas Sul®@jj (SNagsu )Si =[(2S +1)(2S +1)(5)] 2
% SNa [gja
5 S st o1 I‘SNaJJ SNali SRaihSuilj Stiji St

-

S 2

(2.117)

where hSyajj Snalj SNai = [(2Sna + 1) Sna(Sna + 1)] 2 SnaSY, ~ f3(Sna) SNa S0 and the

term in gure brackets is a 9-j symbol. Combining this expression with the standard

matrix elements of the spherical harmonicshiNM njY2 iINM Qi , and taking g= M
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Myn = Ms Mg, we obtain the matrix elements of the spin-spin Hamiltonian

INM n jhSMsjhi ;M jhinaM g B TSI RM 2 i 1ML i SMITNM

2
= @ 30wy mp wiy e ( DV "E2S +DIEN + DN’ Ok
R Na’ Nao L 10

X%N 2 Nog
0

N
f 3(Sna)F a(SL1) %uo

0 My My MS MQ
8 9
- , 'ZSa Sw 3
& ° & Sy Sy 1. (2.118)
Ms Ms M2 M2 2
s s 2

We diagonalize the Hamiltonian to obtain the energy levels of the NaLi ¢ ). These
energy levels are shown in gure 2.4. As usual, the rotational structure causes the largest
splitting of the energy levels, separating the energy levels that correspond tbl = 0 from
the energy levels that correspond toN = 1.

In Fig. 2.4, the largest splitting between the N = 0 states in the high B- eld limit is
due to the Zeeman e ect, which splits the energy levels by their corresponding projection
of electronic spin Ms. The next largest splitting is due to the nuclear Zeeman e ect
caused by the nuclear spin of sodium (Na). The smallest splitting is due to the Zeeman
e ect of lithium. At such high elds, we can label state energy levels with My, M, ,, and
M,,.. At low elds, the total angular momentum and its projection are good quantum
numbers.

For N = 0 the possible values of total angular momentum can be found using
iS It J S+ liwherejlna Iij 1t Ina* L. The nuclear spin of sodium is
3 and the nuclear spin of lithium is 1 thus 3 1y 3. We usel; and S = 1 to obtain
J1=2 J 32,3 J 3,3 J Zso0J= 34 From this, we predict there
should be 8 groups of states at zero magnetic eld, each corresponding to a di ereni,
which is what we see in Fig. 2.4.

We can validate our results by comparing them with experimental data. The tran-
sition frequencies of NaLi@® *) in the ground rovibrational state at zero magnetic
eld were measured by [62]. The hyper ne transition frequencies can be obtained from

our calculated NaLi hyper ne energy levels by taking the di erence between the two
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Figure 2.4: N = 0 Zeeman levels of NaLi € ) as a function of magnetic eld. The
energy levels are labeled by the quantum number$ls and M, in the high magnetic
eld limit. The quantum number M, is not shown because the splitting between the
dierent M, levels is too small to label them.

Table 2.1: Experimentally measured [62] and calculated [5] hyper ne transition frequen-
cies of NaLi@® *)

Energy Levels Experiment (MHz) Theory (MHz)
JF=1=2,Mg =1=21$] F =3=2,Mg =1=2i 561 561.4
JF =3=2,Mg =5=2i$j F =5=2Mg =7=2i 1132 1132.3
JF =5=2,Mg =5=2i$j F =5=2;Mg =7=2i 100 99.9

desired energy levels. To convert this energy di erence to transition frequencies, we

. 10 cm_
use = &= ZBMB 0T _ 5.99792458 1010 Hz, wherec is the speed of light.

- lcm 1

Table 2.1 compares our calculated hyper ne transition frequencies of NaL&® *) in
the ground rovibrational state at zero magnetic eld and the experimentally measured

frequencies. We observe good agreement, con rming the accuracy of our results.



42

Chapter 3

Collisional Theory

3.1 Single-channel scattering

We start with elastic collisions, which are de ned those, which conserve the internal

states of the colliding particles [63]. To simplify our analysis, we choose to work in

the center-of-mass frame [63]. The Schmdinger equation, which describes the relative
motion of the patrticles, takes the form

2
2 -
%r +V(EP) (®=E (# (3.1)

where m = mmlimng is the reduced mass of the two particles,V (f) is the interaction

potential, %r 2 is the kinetic energy, andr ? is the Laplace operator. [64].We de ne

| o J—
k = —2ME and the scaled interaction potential U(f) = 2™ and are thus able to

rewrite equation (3.1) as
(r 2+ k% (®=2mU(®) (®) (3.2)

[64]. The two particle system can be described by a wavefunction [65]. The incoming
particle can be represented as a plane wave [65]. If we choose its incoming direction
to be along the positive z-axis the wavefunction takes the form ;, = €*? [64]. Far
from the scattering center, the outgoing wave function can be expressed as a spherical
wave multiplied by the scattering amplitude, oyt = f ( )% where is the scattering

angle andf ( ) is the scattering amplitude [63]. The scattering angle is de ned as the



43

angle between the z-axis and the direction in which the scattered particle moves after
the collision [63]. The scattering amplitude is naturally zero in the absence of collisions
[65]. Putting the outgoing and incoming waves together, we obtain the asymptotic form

of the solution to the Schrodinger equation (3.1) atr ! 1

M= e+ 1) (33

[65]. This solution is valid only if the potential decreases faster thanrl [64]. We introduce

the current density vector [64]

T:ﬁ r roo); (3.4)

which describes the ow of probability associated with the wavefunction and is some-

times referred to as the probability ux vector. If we apply equation (3.4) to the

~2ik  —

plane wave = €** we obtain the magnitude of the incident ux jinc = 2k =

e

. . . . . . ~_k .
- indicating that the plane wave corresponds to a particle with velocity - moving

. . . . ikr .
along the z-axis [64]. Additionally, if we apply equation (3.4) to f ( )&— the result is

jeod Ol (e 1 ik 1y o FOZ(2ky o 2K - HOP \hich represents the magni-
tude of the scattering ux along r [64]. This quantity represents the number of particles
that pass through a unit surface area per unit time at a distancer [64]. To convert
the scattering ux to outgoing ux we multiply by jou = jscf2 [64]. The ratio of the

outgoing ux to the incident ux gives the di erential cross section [64].

~kf ( )2

Jout _ Jj _ A _ —m _ o, 2
== = = jf (3.5)
Jinc Ji d ;?k J ()J

The di erential cross section can be thought of as the probability density for nding the

scattered projectile at a given angle that the scattered particle will be located at a speci c
angle. A cross-section quanti es the e ective area \seen" by incoming particles. The
integral cross section jj gives the total probability of the transition i ! j occurring (for

elastic collisionsi = j) [65]. To calculate the integral cross section we need to integrate
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over the solid angle b
) dj
ij - d

= jf()%d (3.6)

d

z,Z
= jf ( )%jsin( )d d
0 o
[64]. The second integral can be equated to 2 as the di erential cross section is inde-
pendent of [64]. The rate coe cients are related to the integral cross sectionkj; = v! j;
[65]. If one has a velocity distribution v which can be represented by a functionf (v)
the averaged rate coe cients can be represented as

z 1
hkij i = vf (v) jjdv (3.7)
0

3 2

2 mv
[65]. Thermal gases generally have a distribution functionf (v) = 5 kmB + 4v 2g2kpT

which is the Maxwell distribution, where m is the mass of the particle,kg is the Boltz-
mann constant, T is the temperature, andv is the velocity [65].

In a central eld, the Schrodinger equation can be solved using the method of separa-
tion of variables (r; ; )= R(r)Y,"(; ) whereR(r) are radial functions and Y, (; )
are spherical harmonics [63]. The radial part of the Schrodinger equation is

1d 2dR| 2
et K T

A+ 2My0y R =0 (3.8)

[63]. We substitute ”'7“) = Ry(r) in Eqg. (3.8) which gives a more convenient form of the
Schrodinger equation
d2U|

atup 2
dr2 tok r2

I+ 1) 2~—TU(r) u=0 (3.9)

For U(r) = 0 the solutions can be expressed as a linear combination of spherical Bessel

functions
ur(r) = kr[Ajji(kr) + Bini(kr)] (3.10)
P m
where A, and B, are constants, andj(kr) = é m(%)zm” and ny(kr) are

regular and irregular Bessel functions respectively [64]. The asymptotic behavior of the
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Bessel functions can be written as

1

G 122 g it 122y SN 1=2)
2ikr

(¢
kr
cogkr 1=2) (3.11)

kr

Ji(kr) =

ni(kr) =

[64]. We can see thaf|(kr) can be thought of as being composed of two spherical waves
one outgoing and one incoming [65]. Subsequently, at large the radial solution can be

written as

u(r)y= Aysin(kr 1=2) Bjcoskr 1=2)
(3.12)

= Cysintkr =2+ )
wheren; =tan !( B;=A)) is the phase shift andC, = (A? + B?)¥* is a constant [64].
The wavefunction and its derivative must be nite for all r, , and , and we require
that uj(r) must go to zero at the origin (r = 0) [64].
When scattering o a central potential, which is a potential that only depends on
the distance from the origin r, the direction of the incident wave vector (Q) is an axis of
symmetry [65]. We choose the incident vector to be along the polar axis. We can now

use the partial wave analysis to expand in terms of Legendre polynomials.

X X
()= ROPEos()= 0P (coy )

! ' (3.13)
f()=  fiPi(cos())

[65].

This expansion is possible because our choice of the wave vector's direction allows the
wavefunction andf scattering amplitude to be independent of [65]. The asymptotic
form of the wavefunction can be found by rst applying the plane wave expansion to

the incoming wave

X
okz = gkr cos() - (21 +1) i'j 1(kr)P;(coq )) (3.14)
|

[64].

Next, we obtain the asymptotic form of the wavefunction by combining equation
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(3.14) with the outgoing wave expansion, which can be found using equation (3.13)

eikr X o eikr
= @Dk H
|

:eik2+f()

IPi(cos( )) (3.15)

[64]. Since we know at large the solutions to the radial Schrodinger equation take the
form shown in Eq. (3.12), they must be equivalent to the r times radial part of the

equation (3.16)

(sin(kr  1=2)

- +f6K] (3.16)

Cisinkr 1=2+ )=[(21+1)]i

[64]. We apply a rearrangement of Euler's formula sin) = e = " to rewrite equation

(3.16) in the form

glkr 122+ ) 4 g ikr 1=2+ )
2i

(ki 1=2) 4 g i(kr 1=2)
2ik

C =[] +1)i' + k] (3.17)

Since both sides of the equation must be equal, we can set the terms wit ' on the
left equal to the terms with the same exponential on the right. We can do the same for
the €k terms thus splitting the equation into two equations based on their exponential

terms. We start with the equation involving the negative exponential.

o ik 1=2+ ) e il 1=2)
Cf =it
Cre itk 1=2+ ) = CLHD i 1=2) (3.18)
k
+ )
c = (2|k 1

Having solved for C;, we can now determinef| by using the equation involving the

positive exponential and substituting the value of C;.

@ +1),,; ik 1=200 gk 1=2) ik
" i'e 5 —[(2I+1)|T+f|e ]
i(21)
@+1) e _o1vny L4y
k 2i 2ik (3.19)
(20+1) (€0 1)
k 2i -
f) = 2|+1sin( e

k
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Thus we have found that C; = Mei and f; = 2L sin( )€ 1. We can now express

the scattering amplitude in terms of the phase shift and Legendre polynomials

X 2+1

f()= e I'sin( )Pi(cos()) (3.20)

|
[64]. Subsequently, we apply the same process to determine the wave function [64].

X 21+1

(r, )= i'uy(r)Py(cos( ) (3.21)

Since we know the equation for the scattering amplitude, we can use equation (3.5)
to nd the di erential cross section.
d X @2+1)21%1) _ _
427 ARG singsing P cos)Pecos()  (322)

1o

[64]. To nd the total cross-section, we integrate over the solid angle.

_ Z X 2 +1)1°+1) 5,
= k2 e
110
X (2'+1)(2'0+1)ei<'
k2

19 sin( ;) sin( 0)P;(cos( )) Pjo(cos( ))d

7 (3.23)
19'sin( |)sin( o)  Py(cos( ))Po(cos( ))d
0

o
[64]. We can simplify this using the orthogonality of the Legendre polynomials.

X (21 +1)(219+ 1) e
k2

2
IO) . .
B sin( 1) sin( |o)72| Lk
X (21+1)2 2
=2 0 «in2
| e eS|n(|)2I+1

X
RQENCEE

(3.24)

where o is a delta function [64]. Additionally, the partial cross-section can be written

as
4 21+1) .
= %sz( I) (325)
[64].
We introduce the S-matrix via its relation to the phase shift S| = € ' [63]. This

will be used later when discussing examine the low-energy scattering. With this new
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relationship, the wave function becomes

X , . .
r )= (21 +1) [elkr e i(kr | )]PI (cos())

| 2ikr
3.26)
X @D e e gt - (
(kr 1=2) i(kr 1=2)
| ik i'le Se JPi(cos( ))
and the scattering amplitude can be written as
X 2|
f()= [S| 1]Pi(cos()) (3.27)
[
[63]. Thus we can conclude
1 1 5,
= _— = _— 3.28
fi= (& 1= o (Gl (3.28)

[63]. For elastic scatteringjS;j = 1 [63]. By examining (3.26) this indicates that the

magnitudes of the incoming and outgoing uxes are the same [63, 65].

3.2 Low-Energy scattering

We will examine the case when the collisional energy is low, speci cally wheka << 1
[63]. This means that the energy is much less than the potential eld within a rangea
(V(r) aatr>a)][63]. Italsoimplies that the wavelength ka = 2& << 1, which
translates to 2a <<, indicating that the wavelength is large compared to the rangea
of the potential. Within this range, the wave function does not oscillate much atr < a,

and the Schrodinger equation becomes

2mU(r)

R 2 Rol R, (3.29)

because we can negledt? since we assume that the collision energy is low [63]. If we
look at the region outside of the range of the potentiala << r << % we are able to

neglect the potential term and the Schrodinger equation takes the form

R%% 2 Rol R =0 (3.30)

(1+1)
r2
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which has a solution of

B
R = Arr' + r|+'1 (3.31)

[63]. To get the exact solution we need to determine the constant#&, and B, by solving
the equation for a speci c potential U(r) [63]. The region de ned by r > % where is
where the particles move freely. In this region, the Schredinger equation for free motion

includes the term proportional to k? [unlike Eq. 3.30]

|(|+1)

R0 ZRP%[kZ IR = (3.32)

which has a solution that takes the form

c( 1)+ 1)II ,sm(kr) co( 1)I | |cos(kr)
= 3.33
[63]. If we apply the derivatives in equation we obtain
c(2l + )t . 1 cok! 1
= = = 3.34
R e} sin kr 2I + @ )”cos kr 2I ( )

We have chosen the constants so there is a smooth transition at the boundary = §

between solutions (3.31) and (3.34) [63]. We want our solution (3.34) to take the form:
asin( )+ bcos()= Rsin( + ) (3.35)

We solve forR and by expanding equation (3.35).
asin( )+ bcos() = R cos()sin( )+sin( )cos( ) (3.36)

Therefore, a and b can be expressed in terms oR and

Rsin( )= b (3.37)
Rcos()= a
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which are squared and added to obtain
2 2 2 2 P——5
a’+ P = R%(cod( )+sin?( ))= R?! R= a2+ P (3.38)

Substituting the new R into equation (3.37) to obtain

b

= P
a (3.39)
cos( )= p—
() Y
We divide these equations to get:
b
tan( )= — (3.40)
a
Now that we have found R and equation (3.34) can be rewritten as
; 1
R sin kr 51 + (3.41)
r
where
2141
tan | = CoK (3.42)

T a@+)uEI i
First, we can utilize equations (3.28) to determine the low-energy limit of the partial

scattering amplitudes [63]. Employing this equation and the Taylor expansion, we can

nd
1 i 1 .
fi = ﬂ(e2 ) g@+2i) 1 .

[63]. We substitute (3.42) for the phase shift to obtainf, = k?[63]. From this expression,
we observe that the only signi cant scattering amplitude and hence cross sections at low
energy must havel = 0[63]. Therefore, we neglect the higher values of. Next, we use

equation (3.42) to nd the phase shift for s-wave scattering ( = 0)

0= 2k= Kk (3.44)
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where = is the s-wave scattering length[63]. Using the Taylor expansion, we can

then obtain the s-wave S-matrix elements as
So=¢€"° 1+2iy=1 2k (3.45)
The total cross-section for elastic collisions is then
0= 121 Sojf)=4 ° (3.46)

[63]. This is the Wigner threshold law for elastic scattering. The equation informs us
that at low energies, the elastic cross section is independent of the particle's energy.
Additionally, the cross-section represents the e ective surface area that the incoming
particle encounters [63]. The surface area of a sphere isr42, which implies that in the
limit of low energy, the scattering is analogous to that from a hard sphere with a radius
of (scattering length).

Inelastic collisions involve a change in energy, which leads to a loss of ux of incoming
particles in a given internal state [63]. We use equation (3.26) to calculate the incoming
and outgoing ux. The incoming wave is inc  z-€ ' which gives a ux of lj, =

R 5 ~k _4 : ; ~kiqi2_4
area Jinrd = ™ @z The ux of the outgoing wave is lout = ]Si W[GS]. Then

the loss of uxis lin lout = %k(z“w(l i Sij%). We normalize to the incident beam ux

(we calculated the incident ux in equation (3.5)) to get the inelastic cross section. The
cross section for inelastic collisions becomes
~k 4 © Q2
lin | m oz 1 Si9) o
= n_ot - DY = (1] s (3.47)

T =
Inc m

It should be noted that jS;j? relates the intensity of the outgoing and incoming waves
[63]. If S = 1 then this indicates a lack of inelastic scattering occurring, while S, = 0
indicates a total absorption of the particles.

In the case of elastic collisions, the scattering length is real. However, for inelastic
collisions, is complex because the asymptotic radial functiorR, is no longer a standing
wave (composed of incoming and outgoing waves of the same magnitude) [63]. For

inelastic scattering, the incoming wave must have a larger amplitude than the outgoing
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wave [63]. Thus, the asymptotic form of the wavefunction is complex, and the scattering
length = 2is

= 04 00 (3.48)

[63]. Inputting the complex alpha into equation (3.45) we obtain
So=1 2k(%+i % (3.49)

[63]. To nd the reaction cross section, we need the modulus squared of the S-matrix,

which can be written as
Soi?=1+4] +ak? §+j ) (3.50)

Using equations (3.47) and (3.50) we obtain the cross section

i 0
0= 1z ] o) = 4]k?+4 G 9%+ P (3.51)

Since we know the relationship between energy ané, we can nd the cross section in
terms of the energy

40 . .
0= Pt +4 (j 32+ °P) (3.52)
2mE

Therefore,

N[

o E (3.53)

that is, the total s-wave inelastic cross section is energy dependent. This is the Wigner
threshold law for inelastic scattering. As energy decreases, the inelastic cross section

becomes larger, while the elastic cross section remains constant [63].

3.3 Many-channel scattering

Now, let's delve into multi-channel collisions. Thus far we have only discussed particles
that have one internal state [65]. However, in atom-molecule collisions, molecules possess
many internal rovibrational and hyper ne states, which must be accounted for [65].

Multichannel collisions are e ectively described by coupled-channel (CC) equations. To
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derive these equations we begin with the time-independent Schredinger equations for

the interaction between two particles, similar to the single-channel mode.

Hr ( R;r)= E( R;r) (3.54)

whereH ¢ is the Hamiltonian that describes the interaction of two colliding particles, R
is the standard Jacobi vector representing the distance between the colliding particles,
and r is the Jacobi vector representing the distance between the two nuclei within the
molecule [65]. We are using a space- xed coordinate system. The total Hamiltonian of
the atom-molecule reaction complex in an external electromagnetic eld can be expressed
as (in atomic units ~=1)

1 d? (2

H = >R dR2R+2R2+V(r;R; )+ H mol (3.55)

where R is the distance between the atom and the moleculer is the distance between
the nuclei and the diatomic molecule, r and gr are the orientations of the atom-
molecule separation vector, ; and  are the coordinates of the inner nuclear vector
of the diatomic molecule, is the Jacobi angle of the atom-molecule complex, is the
reduced massL is the orbital angular momentum operator of the atom-diatom system,
H mor is the asymptotic Hamiltonian of the molecule andV (r; ; ) is the atom-diatom

interaction potential [7]. The wavefunction for such a system can be written as
1 X
(RiN=5 F R (R (3.56)

where  (R;r) are the channel functions [65]. The diabatic channel functions (R;r)
form a basis set in the state space of the reaction complex Hamiltonian and are inde-
pendent of the distanceR [65]. Now, we expand the total wavefunction of the system

in the uncoupled basis [58].

1 X XXX . o
N:My IE6M | LM L S;Mg
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where jNM y ij IM | ij LM Lij SMgi are the eigenstates of the di erent angular momenta
which characterize the atom molecule complex.L is orbital angular momentum, S is
electronic spin, N is rotational angular momentum, and | is nuclear spin. In Eq. (3.57)
M = My + M| + Ms + M denotes the projection of total angular momentum of
the atom-molecule complex, which is conserved for collisions in a magnetic eld [58].
We substitute our expanded wave function into equation (3.54) to obtain a system of
coupled-channel equations

1 d? (2
+
2R dR2 2R3

1 1 X e
+ ﬁV (nR; )+ §H mol FY(R)j i
(3.58)

1 X
= E

M . .
R FY(R)j i

where = N;My; ;M |;S;Mg;L;M_ [58]. To simplify, we multiply the equation by
2R .

& 2 X o X e

gzt rzt2 V(BRI )+2 Hmal FY(R)j i=2E FY(R) i (3.59)
Next, we apply iN M 3 jhl M GhsM JGhLM %j = h § to both sides

d2 02 X "
ﬁ"‘@"‘z V(R )+2 Hmoa FY(R)

0

X (3.60)
= h942E FM(R)j i
Becausel. M %jC3LM i = L(L +1) Ly M, ;M0 €quation (3.60) becomes

d? , L+
dR2 R2

X
FMR)+ 22 V(IR )+2 H mo FM(R)

X
=2E FM(R)
(3.61)

Rearranging equation (3.61) and applying the Kronecker delta symbols, we obtain

d oo L+

X
Xl o FUR)=2 ~ h 90+ Ana)i IFY(R) (362)
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where the sum is taken over all channels present in the basis set [58]. The coupled-
channel equations (3.62) are expressed in terms of the matrix elements of the molecular
Hamiltonian and the interaction potential [58]. We have detailed the evaluation of the
matrix elements of the molecular Hamiltonian in the previous chapter.

Now that we have coupled-channel equations, we must consider the boundary condi-
tions their solutions are subject to [61]. The short-range boundary conditions imposed
on wavefunction is that it must be regular at the origin, thus ( R;r)! 0OasR! 0.

This leads to the boundary condition

FAM M smetm (R! 01 0 (3.63)

for the expansion coe cients F, v IM smsim . (R). Atlong range the boundary condi-

tion for the expansion coe cients is

FAM v smsim (R1T1 )=

i(k R L=2
NN O My Mo 110 M Mo SS9 MsMgo LLO M M o€ 'KNM N M SMs )

1=2 _
KNM y IM | SM s S i(Ky oy 0 oy 05y 0R L %=2)
NOM 3 1M 0SOM LOM O:NM y IM | SMsLM € NTTEEES

Kn om 3 10Mm Osom &
(3.64)

[61]. These coupled-channel equations are typically solved using numerical methods such

as the log-derivative method [66, 67].
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Chapter 4

Quantum spin state selectivity
and magnetic tuning of ultracold
chemical reactions of triplet
alkali-metal dimers with

alkali-metal atoms

4.1 Introduction

Recent experimental advances in molecular cooling and trapping have opened up new
avenues of research into controlling chemical reactivity with external electromagnetic
elds [10, 68, 69], the idea that fascinated scientists for decades, and led to the develop-
ment of new research frontiers at the interface of chemistry and physics, such as mode-
selective chemistry [70, 71], quantum coherent control [72], and attochemistry [73]. In
particular, the production and trapping of ground-state molecular radicals NaLi(a® *),
Lio(@® *), Rbo(@® *), SrF(? *), CaF(? *), YO(? *), YbF(? *)[74{80] and studies
of their collisional properties at K temperatures [81{84] suggested the possibility of us-
ing the reactants's electron spin degrees of freedom to tune ultracold reaction dynamics

by magnetic elds.



57

The prospect of using magnetic elds as a tool to control chemical reactivity is central
to ultracold chemistry [10, 68] and a very important one in chemical kinetics [85] and
biological magnetoreception [86], where radical pair reactions in cryptochrome proteins
are thought to play a key role in magnetic- eld-guided orientation of birds and insects
[87, 88]. However, despite the long-standing signi cance of this question and the recent
experimental observations of inelastic collisions in an ultracold Na-NaLi(& *) mixture
[84], no theoretical studies have been reported on ultracold reaction dynamics involving
ground-state alkali-metal dimers and atoms in the presence of external magnetic elds
and hyper ne interactions. This is because such reactions occur through the formation
of a deeply bound reaction complex [43, 89, 90], whose numerous strongly coupled bound
and resonance states defy rigorous quantum scattering calculations [89{91].

Here, we explore the dynamics of the ultracold chemical reaction Na + NaLi&® *)

I Nay(* 5) + Li in the presence of magnetic elds and hyper ne interactions using
the extended coupled-channel statistical (CCS) model [92] parametrized byab initio
calculations. The model assumes the existence of a long-lived reaction complex at short
range, whose properties can be modeled statisticallyi.e. using classical probabilities)
[93{95]. Statistical (or universal) models [93{107] have been successfully applied to
calculate the rate of ultracold chemical reactions of alkali-metal dimers [97, 99{101, 104]
and the density of states of the (KRb), reaction complex [108]. However, the previous
calculations have been limited to the case of zero magnetic eld and did not account
for electron spins, hyper ne interactions, and non-adiabatic e ects, all of which we will
consider in the present work.

Our calculations show that the fully spin-polarized spin states of NaLi and Na are

10-100 times less chemically reactive than unpolarized spin states, demonstrating ex-
tensive quantum spin state control of chemical reactions of triplet-state alkali-metal
dimers with alkali-metal atoms. We also nd that the magnetic eld dependence of the
reaction rate displays several magnetic Feshbach resonances (MFRs), providing the rst
theoretical prediction of MFRs in an ultracold chemical reaction. MFRs in non-reactive
scattering of NaK with K were observed experimentally and thoroughly analysed in
Refs. [109{111]. Our ndings open up several new avenues of research in ultracold

molecular physics and chemistry. The reactive MFRs will enable experimentalists to
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e ciently suppress unwanted chemical reactivity in trapped atom-molecule mixtures,
enabling, e.g., e cient sympathetic cooling [84, 112{117]. They could also be used to
assemble chemically reactive atom-molecule trimers via magnetoassociation, to engineer
entangled many-body states in trapped atom-molecule mixtures, and to probe and con-

trol the quantum dynamics of chaotic scattering and reaction complex formation [89].

4.2  Theory: Ab initio calculations and extended CCS

model

To describe ultracold reactive collisions between Na atoms and NaLi molecules in the
metastable & * electronic state, we performedab initio calculations of the electronic
potential energy surfaces (PESs) of the long-lived intermediate NgLi reaction complex.
The complex is characterized by two2A° and one #A° trimer electronic states. The
potential landscape of these barrierless PESs is shown in Fig. 4.1. The PESs are ex-
pressed in the Jacobi coordinateRR [the atom-molecule separation vector and r|the
vector joining the nuclei of the diatomic molecule. For our purposes it is su cient
to determine the PESs, which are only functions ofR and (the angle betweenR
and r) in the two-dimensional plane with the internuclear distance of NaLi xed at its
equilibrium value (r = re) [118]. Our ab initio calculations of the two-state 2A° PESs
reveal a conical intersection (Cl) between the two doublet states which is located at
R' 8:5agand = 70°. The relevant multi-dimensional PESs have been determined us-
ing the internally-contracted multi-reference con guration interaction (MRCI) method
[119] with single and double excitations and Davidson correction [120] as further de-
scribed in the Supplemental Material [SM ].

From the energetics of the relevant molecular states in the entrance and exit re-
action channels we determine that the production of the Na(a® ) molecule in the
Na(®S) + NaLi(a® *) reaction is endothermic by 41.7 cm ! including the zero-point
vibrational energy correction. This suggests that the vibrational excitation of the reac-
tant NaLi(a® *) molecule to thev 2 vibrational states will allow for production of
triplet-state Na » products. However, the CI allows for an e cient transfer of the reac-

tant NaLi(a 3 *) molecules into either NaLi (X! *) or Nay(X? 5 ) states of the ground
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Figure 4.1: (a) Schematic of the Na + NaLi(a® *) reactive scattering through a Cl be-
tween the “A°PESs leading to either ground state NaLi(X' *) or Nax(X* §) molecules.
The Cl is indicated by the red/blue cone. (b) Ab initio adiabatic PESs for Na-NaLi as
functions of the Na-to-NaLi separation R and of the bending angle with r = 9:1ag,
close to the equilibrium distance of the NaLi(& *) potential. The blue (12A9 and red
(22A9 PESs have a Cl, where two PESs of the same electronic symmetry touch. The
green surface is the spin-polarized, nonreactive PES of the*A° symmetry.
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electronic con guration. A schematic depiction of reactive scattering between Na atoms
and NaLi(a® *) molecules through a Cl is demonstrated in Fig. 4.1(a). The reactants
start out on the asymptotically degenerate ZA°and 1*A° excited PESs. The reaction
ux on the 2 2A° PESs can reach the Cl and make a transition to the ground #A° PES

leading to ground-state reaction products. Only the ZA%and 1*A°PESs are included in
our CCS calculations, which is justi ed by the fact that the Cl is located deeply inside

the reaction complex region not explicitly included in the calculations [SM ].

The extended CCS model of barrierless chemical reactions [118] assumes the exis-
tence of a long-lived reaction complex, whose formation from the reactants or decay
to products can be treated as independent events [93, 94]. The state-to-state reaction
probability between the reactant and product states r and p Py o(E) = B’%;
where pr(E) and py(E) are the energy-dependent capture probabilities of the reac-
tants and products into the reaction complex obtained by solving the time-independent
Schmdinger equation in the entrance reaction channel subject to a short-range capture

boundary condition for the reactive 22A° PES and a regular boundary condition for the

nonreactive *A° PES [SM, 118].

4.3 Ultracold reaction dynamics in a magnetic eld

We begin by describing the hyper ne energy level structure of the reactants in a magnetic

eld. Figures 4.2(b) and (c) show the Zeeman levels of Na and NaL&® *;v=0;N =0)
obtained by diagonalization of the atomic and molecular Hamiltonians SM]. There are
a total of 36 molecular energy levels in theN = 0 manifold of NaLi(a® *), which can
be classi ed in the weak- eld limit by the values of the total angular momentum of the
moleculeF and its projection on the eld axis Mg [121, 122]. The calculated zero- eld
hyper ne splittings are in good agreement with the measured values$M , 74].

To explore the inuence of reactant spin polarization on chemical reactivity, we
consider reactive collisions of NaLi molecules in the highest-energy levgB6 of the
N = 0 manifold with Na atoms in the hyper ne states j7i and j8i [see Figs. 4.2(b)
and (c)]. Note that state j36i is a triply spin-polarized state of NaLi, where all of the

spins in the molecule are aligned along the magnetic eld. Similarly, statej8i of Na is



61

doubly spin-polarized (jF =2;mg = 2i), in contrast to state j7i. In the absence of the
hyper ne structure, the Zeeman states of NaLi and Na shown in Fig. 4.2 reduce to 3
molecular statesjSaMs, i (Ms, =0; 1), and 2 atomic statesjSgMs, i (Mg, = 1=2).
The fully spin-polarized initial states of Na and NaLi are labeled asj2i and j3i.

In Fig. 4.2(a) we plot the magnetic eld dependence of the reaction rates for the
(8,36) and (7,36) initial states of Na + NaLi(a®) at T =2 K. The rates are nearly
temperature independent, as expected for a two-body inelastic process near anwave
threshold [123].

More signi cantly, we observe that the chemical reactivity of fully spin-polarized
reactants Na(8) + NaLi(36) is suppressed by a factor of' 10-100 compared to that of
non-fully spin-polarized reactants Na(7) + NaLi(36). Remarkably, ipping the electron
spin of one of the reactants leads to a dramatic change in chemical reactivity. While the
strong dependence on the initial spin state has been observed previously for Penning
ionization in cold atom-atom collisions [124], the atom-molecule reaction studied here is
essentially di erent due to the large number of participating rovibrational states coupled
by strongly anisotropic atom-molecule interactions.

The rate of the Na(7) + NaLi(36) reaction displays the opposite trend, beginning
to decrease atB  0:05 T. This trend is similar to that observed in [118] and can be
explained by referring to Eq. (4.1): the weight c;(B) of the \reactive" electron spin

state j1; i in the hyper ne state j7i of Na
j7i = c(B)j33i 351 + c2(B)i3; 3ij 33 (4.1)

decreases with increasing magnetic eld, as the state tends to the unreactive spin-

polarized state j33ij 33i in the large- eld limit (where j33ij31i denotes the Zeeman

2
state with S = Mg, = 1, Ig = 3, and M|, = ). The hyperne state j7i of Na
becomes less and less reactive towards NaLi with increasing eld because the reactive
weight co(B) ' B 1[118]. We note that the spin-polarized reaction rates calculated with
and without the hyper ne structure of Na and NaLi taken into account [see Fig. 4.2(a)]
are similar in magnitude and eld dependence. The fully spin-stretched hyper ne states

j36i of NaLi and j8i of Na are direct products of the electron and nuclear spin states, so
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the nuclear spin degree of freedom only causes a slight shift in threshold energies, but
otherwise plays the role of a spectator.

The suppression of chemical reactivity of spin-polarized molecules is due to a general
mechanism [125{127] based on approximate conservation of the total spin of the reaction
complex. Speci cally, if the electron spins of the reactants are completely polarized, the
reaction complex is initialized in the nonreactive state of total spin S = 3=2 described
by the “A° PES (see Fig. 4.1). Thus, in the absence o$-nonconserving interactions,
such as the intramolecular spin-spin or intermolecular magnetic dipole interactions, the
value of S must be the same for the reactants and products (the Wigner spin rule [125]).
The energetically allowed products of the Na + NaLi reaction|molecular Na »(* g)
and atomic Li(?S;,)|correspond to S = 1=2. As a result, the spin-polarized chemical
reaction Na+ NaLi(a® *)! Nap(* 5) + Li requires spin-changing intersystem crossing
transition S =3=2! 1=2[128{132] in order to proceed. We veri ed that omitting the
spin-spin and magnetic dipolar interactions from CCS calculations leads to a complete
suppression of the reaction Na(8) + NaLi(36)! Na, + Li, while having little e ect on
the reactivity of the initial state (7,36).

To gain further insight into the mechanism of the spin-polarized chemical reaction
Na + NaLi( a® *) we plot in Fig. 4.3(a) the adiabatic eigenvalues ;(R) of the atom-
molecule Hamiltonian [96, 98, 133{135]. Consider, e.g., th& = 3=2 diabatic potential
obtained by following the corresponding adiabatic curves through a series of avoided
crossings shown in Fig. 4.3. The potential is repulsive at short range with a well depth
of' 200 cm 1, and correlates with the fully spin-polarized initial state of Na(2)-NaLi(3).
The repulsive state experiences several crossings with tH& = 1 =2 diabatic states, which
are attractive at short range and correlate asymptotically with unpolarized rotationally
excited states of NaLi. The crossings are induced bys-nonconserving interactions,
predominantly by the intramolecular spin-spin interaction of NaLi( a®), which cause
the chemical reaction. We note that a simple two-channel model involving the pair of
diabatic states near the largest avoided crossing shown in Fig. 4.3(b) underestimates the
reaction rate by several orders of magnitude (as does Landau-Zener theory), suggesting
the importance of multichannel e ects.

The resonance variation of the spin-polarized reaction rate neaB = 0:4 T shown
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Figure 4.2: (a) Magnetic- eld dependence of the reaction rate coe cient for the fully
spin-polarized Na(8) + NaLi(36) [red curve with label (8,36)] and non-fully spin po-
larized Na(7) + NaLi(36) collisions [blue curve]. Also shown are results [black curve
labeled by SPyno we] for calculations where the hyper ne contact interactions are
turned o. Here, the initial state is the spin-polarized Na(jSg;Ms, = 1=2;1=2i) +
NaLi(jSa;Ms, = 1;1i) state. The collision energy isE=k = 2 K for all data. Here,
k is the Boltzmann constant. Panel (b) shows the hyper ne and Zeeman energy levels
of the ground-state Na atom. Panel (c) shows the rotational, hyper ne, and Zeeman
energy levels of theN = 0 and 1 rotational states of NaLi(a® *;v = 0). In panels (b)
and (c) relevant hyper ne states (blue and red colored curves) are indexed as;2;3;:::
in the order of increasing energy.
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in Fig. 4.2(a) is caused by MFRs, which occur due to the coupling of the incident spin-
polarized channeljNa = 0;Msg, = 1i with closed-channel bound statestR =2; MgAi
(MgA 8 Ms,) mediated by anisotropic interactions, which include the intramolecu-
lar spin-spin interaction of NaLi(a® *) [136] and the anisotropic part of the Na-NaLi
interaction. The near-threshold bound state responsible for the MFR at 0.42 T is sup-
ported by the adiabatic potential that correlates to the jN2 =2;MJ =0ijMQ = i
closed-channel threshold, as shown in Fig. 4.3(c).

Figure 4.3(e) illustrates that MFRs can also occur in the spin-unpolarized incident
channel (1,3). The low- eld resonance is mainly due to the atom-molecule interaction
anisotropy, which couples theN = 0 incident channel with N > 0 closed channels.
Indeed, as shown in Fig. 4.3(e) the MFR disappears when the anisotropic part of the
Na-NaLi interaction is omitted.

Our calculated Na-NaLi reaction rates deviate substantially from the universal value

4=1:84 10 1°cmd/s[137, 138] calculated using the accurat@b initio Na-NaLi(a® *)
long-range dispersion coe cient Cg = 4026 a.u. [SM]. This indicates a substantial
degree of non-universality due to the inherently multichannel nature of the reaction
dynamics caused by anisotropic interactions (see above). As shown in Fig. 4.3(a) a
large fraction of adiabatic channels, through which the reaction occurs, is repulsive at
short range, leading to a signi cant re ection of the incident ux even for unpolarized
initial reactant states. This re ection manifests in the appearance of MFRs and other
non-universal e ects [137]. Test calculations show that in the absence of anisotropic
interactions, the unpolarized reaction rate remains close to the universal limit over the
entire range of magnetic elds [see Fig. 4.3(e)].

In summary, we have presented a theoretical study of the ultracold chemical reaction
of Na atoms with triplet NaLi(a ® *) molecules in their ground rovibrational states
in the presence of external magnetic elds and hyper ne interactions. This reaction
is representative of a wide class of ultracold chemical reactions of triplet alkali-dimer
molecules currently studied by several experimental groups [81, 82, 84]. Our calculations
reveal a substantial degree of quantum state selectivity in the dependence of the reaction
rate on the initial states of the reactants (fully spin-polarized vs. unpolarized). Our

results also suggest that it is possible to control ultracold chemical reactions of alkali-
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metal dimers with alkali-metal atoms via magnetic Feshbach resonances.

The generality of the spin-based control mechanisms explored here implies their
potential utility as a tool to control other, potentially more complex chemical reactions,
such as those of heavier bialkali molecules [e.g., K + KRb(&)] and those involving ?
molecules, such as Li + CaH?) [113, 118], Li + SrOH( 2) [114], and Li + CaF( ?)
[116]. We thus expect our results to be tested in near-future experiments with ultracold

atom-molecule mixtures.
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Figure 4.3: (a) Adiabatic potentials (thin black curves) of the Na-NaLi reaction complex
in the absence of the hyper ne contact interactions atB = 0:01 T and M = 3=2.
Diabatized potentials for S = 1 =2 and 3=2 are shown as cyan and red curves, respectively.
(b) A blowup of the avoided crossing near 18lag; (c) Open-channel (cyan curve) and
closed-channel (black and red dashed curves) diabatic potentials near thsl = 0 and
2 Nali rotational thresholds at B = 0:42 T. The closed-channel bound state is shown
by the horizontal bar. (d) Threshold energies (grey curves) of Na+NaLi as functions of
magnetic eld. Our incident thresholds labeled Mg = 1=2 and Mg = 3=2 are colored
as green and black curves, respectivelyMs = Mg, + Mg, ). The [Nao = 2; My, =
1;Ms, =0ijMs, = i closed-channel threshold is the dashed red curve; (e) Na +
NaLi reaction rate coe cients for the spin-polarized Mg = 3=2 (circles) and unpolarized
Ms = 1=2 (diamonds) initial states as functions of magnetic eld. Solid and dashed lines
correspond to calculations including and excluding the anisotropic part of the Na-NaLli
PESs. The universal limit is indicated by the brown horizontal line. Locations of MFRs
in this panel and thus of zero-energy closed-channel bound states, are shown as colored
circles in panel (d).
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Chapter 5

Magnetically tunable electric
dipolar interactions of ultracold
polar molecules in the quantum

ergodic regime

The nearly limitless availability of quantum levels with long lifetimes, favorable coher-
ence properties, and strong, tunable electric dipolar (ED) interactions make ultracold
polar molecules a highly attractive platform for quantum science [69, 139{153], ultracold
chemistry [10, 68], and precision searches of new physics beyond the Standard model [69,
154]. Attaining robust quantum control over molecular electric dipole moments (EDMs)
and their ED interactions is key to achieving high- delity quantum gates [140, 155] and
dynamical generation of entangled states [152, 153], which can be used for a wide range
of applications ranging from quantum metrology [156{159] to quantum simulation [141,
160{164].

Thus far, quantum control of EDMs and ED interactions of polar molecules has
only been explored for internal molecular states in the high magnetic B) eld limit,
where the nuclear spins are nearly completely polarized and decoupled from molec-
ular rotation, leading to magnetic eld-insensitive molecular eigenstates of the form

INMyijliMy ijl2My,i, where N is the rotational angular momentum of the molecule
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with eigenvalueIO N(N +1), {in are the spin operators for them-th nucleus (m = 1; 2),
and My, and M, are the projections of N and i, on the B-eld axis. As a result,
in this limit, B elds cannot be used to tune the EDMs of closed-shell polar molecules
(such as KRb, NaK, and NaCs), precluding magnetic control over their ED interactions.
While these interactions can still be tuned using external dc and ac electricg) elds,
this type of control imposes a number of signi cant limitations. For example, it is im-
possible to turn the ED interaction o on demand using a dc E eld alone when working
with superpositions of rotational states with non-zero ED coupling, such asN =0 and
N =1 states. Thus far, this challenge has been addressed by transferring the molecules
to (or from) the states coupled (decoupled) by the ED interaction [141, 155], requiring
additional microwave or Raman pulses.

Here, we propose a general mechanism for smoothly tuning the ED interactions
between polar molecules via an external dc magnetic eld. By leveraging the hyper ne
interactions between the nuclear spin and rotational degrees of freedom in polar alkali-
dimers, we demonstrate magnetic control over their EDMs over a wide dynamic range
enabled by the ergodic behavior of molecular eigenstates at loB elds. Unlike previous
work [158, 163], our proposal does not require strong magnetic elds and/or microwave
dressing, and can be realized with molecules remaining in a single quantum state, thus
obviating the need for coherent state transfer to switch the ED interaction on and o
[140, 155]. Our results thus demonstrate the possibility of on-demand generation and
tuning of long-range ED interactions in ultracold molecular gases using dc magnetic
elds alone.

We start by considering the energy level spectrum of an alkali dimer molecule (e.g.,

KRb) in its ground electronic and vibrational states described by the Hamiltonian [165]

Iqmol = |qrot + |th + qu + qu; (5.1)

2. . I . .
where Iqrot = BeIQ is the rotational Hamiltonian, R is the rotational angular momen-
tum operator and B is the rotational constant. The Stark Hamiltonian Bs= Qa E de-
scribes the interaction of the EDM d with a dc electric eld E directed along a space- xed

(SF) z axis. The interaction of the molecule with an external magnetic eld B = jBj,
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o P
parallel to the E eld, is given by H; = gy nN,B m=129m N(m,B@  m),
where gy is the rotational g-factor, g, is the g-factor for the m-th nucleus, y is the

nuclear Bohr magneton, and , are the shielding factors. The hyper ne Hamiltonian

|th

P 6(eqQm

X
el T2+ ( 1)pcg(; )m

m:;p

T2, fm); (5.2)

is dominated by the scalar spin-spin interactioncsf; f» and the nuclear electric guadrupole
(NEQ) interaction [121, 165]. The latter arises from the non-spherical shape of thé 1
nuclei in KRb leading to nonzero NEQ moments, which interact with the (non-spherical)
electron charge distribution inside the molecule. The interaction energy depends on the
orientation of the NEQ ellipsoid (whose axis of symmetry coincides with the direction
of Iy) with respect to the molecular axis r [166]. Transforming this electrostatic inter-
action to the SF frame, one obtains the second term in Eq. (5.2), wheré:g( ; )isa
renormalized spherical harmonic, and specify the orientation of r in the SF frame
[167], €Qdm are the NEQ interaction constants, and T2(1\m;1\m) is the second-rank
tensor product of f, with itself [121]. The NEQ interaction couples the bare states
jNM ;M Mp,i with jN- N§  2andjMy MQJj 2[163] but vanishes in theN =0
manifold. As a result, in the previously underexplored lowB eld regime of interest
here, the eigenstates in theN = 1 manifold contain contributions from many bare states
with dierent My, M, and M,,.

Figure 5.1 shows the energy levels and transition EDMs of KRb as a function of
magnetic eld at E = 0 obtained by exact diagonalization of the Hamiltonian (5.1)
[158, 163]. We label the levels in the order of increasing energy (witlli being the
ground state). The nuclear spins of K and Rb arel; = 4 and |, = 3=2, giving rise
to (211 +1)(21, + 1)(2N + 1) or 36 (108) Zeeman sublevels in theN = 0 (N = 1)
rotational manifolds [165]. The total angular momentum projection along the applied
electromagnetic elds, Mg = My + My, + My,, whereF = N+ (' = £, + f,) is
conserved in parallelE and B elds, so only a smaller subset of levels (3 foN =0 and
9 for N = 1) occurs in the Mg = 7=2 symmetry sector [165, 168]. In theN = 0 manifold
at B 20 G, the scalar spin-spin interaction splits the energy levels into four manifolds

F = f11=2;9=2; 7=2;5=2g according to the value of the total angular momentum F,
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Figure 5.1: Representative transition EDMs ds.10 and ds.1; of “°K®’Rb plotted as a
function of magnetic eld at zero electric eld for Mg =7=2 (a) and Mg = 3=2 (d).
The correspondingN = 0 and N = 1 hyper ne-Zeeman energy levels are shown in
panel (c) and (b) respectively. The color of the energy levels corresponds to the IPR
ergodicity measureP (iji) of the corresponding energy eigenstates. Encircled are the
avoided crossings between thé = 1 states j10i and j11i [panel (b)] and j12i and j13
[panel (e)] responsible for the switching behavior of the EDMs in panels (a) and (d).
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which ranges fromjl  Njto jl + Nj. Inthe N 1 manifolds the dominant e ect at
low B elds is the NEQ interaction, which splits the energy levels by their £, = N + {5
angular momenta values,F, = 5=2;3=2; 1=2, whereF, = jl, Nj Fz I+ N. In
the high B eld limit, the Zeeman interaction takes over and groups the eigenstates by
the values of good quantum numbersMy ; M, ; and My,.

Remarkably, as shown in Fig. 5.1(a), the absolute magnitude of the matrix element
ds11 = jh3j(’j\oj1]jj increases sharply from zero to a nearly constant value, whil@ls.1o
decreases to zero at highB elds. To explain these variations, we notice that there is an
avoided crossing between the energy eigenstat¢sOi and j11i at the same eld (140 G),
where ds;10 and dz.11 swap values. The crossing causes the eigenstatgi and j11i to
switch their dominant bare states, only one of which has nonzero transition EDM with
the ground statej3i = j0C; 4 %i, which explains the switching. Indeed, to the left of the
avoided crossing encircled in Fig. 5.1(b)j10i'j 10,4 3i andj1li'j 11,3 3i and thus
ds.10! constanddsziy! 0. To the right of the crossing, the bare states are swapped,
and henceds.1p! constanddsi! O atlarge B. This tunability is ubiquitous at low
B elds as illustrated in Fig. 5.1(d) (see also the Supplemental Material SM ]).

At a more quantitative level, the B eld dependence of the EDM matrix elements can
be described by expanding molecular eigenstatgs in bare statesj i = [NM y; M|, My, i
as

X
jii = ci(B)ji: (5.3)
Because the EDM operatordy = d; is diagonal in M, and M,,, its matrix elements in

the eigenstate basis are (ym o = Mi Mo Mlz'th)

hjdojji = X Ci (B)C 0j(B) mm oNM njdojNMRi: (5.4)
.o
Signi cantly, because the matrix elements on the right-hand side are independent of
B, the magnetic tunability of the EDM arises entirely from the expansion coe cients
c.i (B), which depend on the extent of ergodicity of molecular eigenstates (see below).
Using the conservation of Mg to narrow down the range of states, which contribute
to Eq. (5.4) [SM], and noting that j3i ! ] 00;4 %i above 30 G, we obtaindz.11 =
jb1(B)H00jdoj10ij , where by = Cro4 %;11(8). The B eld dependence of the transition
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Figure 5.2: (a) Transition EDMs ds.10 and ds.11 plotted as a function of B eld at
E =0 and Mg = 7=2. Full lines: exact result, symbols: single-state model. (b) The
dependenceb; (B)2. Full lines: exact result, symbols: model results including 3, 5, and
6 bare states. (c) ac Stark shifts for the states shown in Fig. 1(b) as a function oB
eld (E =0). The green circle marks the magicB eld for state j10i.

EDM shown in Fig. 1(a) is then completely determined by that of by, as can be seen by
comparing Figs. 2(a) and 2(b). Figure 2(a) shows that the prediction of the single-term
model is in excellent agreement with the numerically exact transition EDM.

As the B eld decreases below 200 G, the amplitudeb (B) declines monotonically
from 1 [see Fig. 2(b)] as the NEQ interaction begins to admix other bare states into
eigenstatej1li such asj11;3 3i,j1 1;33i, andj10;3%i. These bare states \dilute" the
eigenstate, causing the transition EDM ds.1; to decline to zero. As shown in Fig. 2(b)
it is necessary to retain as many as 6 bare states in Eq. (5.3) to reproduce the eld
dependence ofy(B). The single-term model also explains the behavior of the transition
EDM dz.10 ' by (B)h00jdoj10ij , where by(B) = Cioa %;10('3) I 0 at large B, as shown
in Fig. 2(b) due to the eigenstate j10i approaching the bare statej10; 3%i.

To further elucidate the B eld dependence of the EDMs, we invoke the concept
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of quantum ergodicity [169, 170], which plays a central role in theoretical studies of
intermolecular vibrational energy redistribution [171{174]. Very recently, ergodicity-
breaking transitions have been observed in g molecules as a function of rotational
angular momentum [175]. An eigenstatgjii is said to be ergodic with respect to a bare
(or zeroth-order) basis setfj ig if it is delocalized in the Hilbert space spanned byfj ig.
The degree of ergodicity of a given molecular eigenstate can be quanti ed [170] by the
inverse population ratio (IPR) P (iji) = P jcii j* wherec; are de ned by Eq. (5.3).
A small value of P (iji) indicates that jii is highly mixed with respect to the bare state
basisj i = [NMy;M;;M,i, which gives a physically meaningful representation of the
EDM operator.

Figures 5.1(b)-(f) show the IPR for the lowest eigenstates of KRb as a function of
magnetic eld. In the high B- eld limit the eigenstates consist primarily of a single bare
state, and thusP (iji) ' 1. Aswe reach loweB elds, the NEQ coupling causes di erent
bare state contributions to the individual eigenstates to mix, increasing their ergodicity
and lowering P (iji). In addition, we observe larger ergodicity near avoided crossings of
the N = 1 levels, which re ects additional NEQ mixing of the nearly degenerate bare
states.

To test whether the exquisite tunability of the EDMs in the quantum ergodic regime
extends to other observables, we consider tensor ac Stark shifts E® of the hyper ne
sublevelsjii induced by the optical elds used in trapping experiments [176{181]. Min-
imizing these shifts is crucial for achieving long coherence times of ultracold molecules
trapped in optical lattices and tweezers [69, 141, 144{153]. Assuming that the op-
tical trapping eld is o -resonant and su ciently weak, one can show that E2C
hjP>(cos )jii, where P»(cos ) is a second-order Legendre polynomial, which represents
the anisotropic (N -dependent) part of molecular polarizability [163, 176]. Figure 5.2(c)
shows that the tensor ac Stark shifts of theN = 1 hyper ne sublevels of KRb can be
e ciently controlled by applying a moderate B eld. The shifts follow the same trends
as those displayed by transition EDMs, showing rapid variations near avoided crossings
and at low B elds. In particular, the ac Stark shifts of the states j10i and j11i show the
same behavior as transition EDMs in Fig. 5.2(a), which can be explained as described

above. Importantly, we observe that tensor ac Stark shifts vanish at certain \magic"
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Figure 5.3: Representative transition EDMs h12jdoj1i and h12jdoj2i of KRb plotted as
a function of magnetic eld for Mg = 3=2 at E =0:2 kV/cm (a) and E =0:3 kV/cm
(d). The correspondingN = 0 and N = 1 Zeeman energy levels are shown in panel
(c) and (b) respectively. The color of the energy levels corresponds to the ergodicity
of molecular eigenstates. Encircled are the avoided crossings between the = 1 levels
responsible for the tunable behavior of the EDMs in panels (a) and (d).



75

B - elds [see Fig. 5.2(c)]. This shows that, similarly to E elds [176, 177],B elds can
be used to prolong the coherence lifetimes of trapped alkali-dimer molecules.

Figures 3(a) and (d) show the magnetic eld dependence of transition EDMsd;.11
and dy.12 in the presence of a small d&& eld. In contrast to the zero E- eld case, the
EDMs display narrow peaks due to the additional avoided crossings seen in Figs. 3 (b)
and (e). We also observe a decrease in the ergodicity of the eigenstates compared to the
eld-free case. This is caused by the Stark splitting between theMy =0and My = 1
levels, which weakens the ergodicity-inducing NEQ coupling between these levels. As
the E eld is further increased above a few kV/cm, we observe an increase in ergodicity
due to the Stark coupling between theN = 0 and N = 1 states [SM]. In regions of
low ergodicity, the eigenstates consist mainly of a single bare-state component. Thus,
when an avoided crossing causes the eigenstates to switch their dominant bare-state
components, the change in the eigenstate composition is signi cantly more dramatic
than in the zero E - eld case, causing rapid variations in the EDMs, as shown in Figs. 3(a)
and (d).

We now explore magnetic control of ED interactions between two polar alkali-dimer
molecules trapped in an optical lattice or a tweezer as recently demonstrated experi-
mentally [144{153]. We encode an e ective spin% system with eigenstatesj"i and j#i
into molecular states chosen from the hyper ne-Zeeman levels inthéd =1 and N =0
manifolds [see, e.g., Fig. 2(a)]. The ED interaction between the moleculesand  treated

as e ective spin—% systems may be written as [182]

1 3cof i Jo A ai A A
Ry = ?13” 7(§'+ g +8.8)+ 3,89 ; (5.5)
where §' and §iz are the e ective spin-1/2 operators, j is the angle betweenE and

the vector joining the moleculesRjj, and J, = (d- dy)? and J, = 2d% are the
Ising and spin-exchange coupling constants [163, 182]. The tunability of these constants
is key to generating metrologically useful many-body entangled states [158, 183] and
exploring new regimes of far-from-equilibrium quantum magnetism [141, 164] using the
XXZ Hamiltonian (5.5).

Figure 4 shows the magnetic eld dependence of the spin-exchange couplirdy for
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Figure 5.4: Spin exchange coupling constantd, plotted as a function of magnetic eld
at E =0 for Mg =7=2 (a) and Mg = 3=2 (b). Bottom panels show J, vs. B for
Mg = 3=2atE =0:2 kV/cm (c) and 0.3 kV/cm (d).

several representative encodings of the e ective spin-1/2 into molecular hyper ne states,
such asj'i = j3i, j#i = j10i. Remarkably, we observe a strong variation ofJ, over a
wide dynamic range (0O 250 Hz) as theB - eld is tuned from 10 to 600 G. The variations

of J, observed in Fig. 4 match those in the transition EDMs shown in Figs. 1 and 3. In
particular, the avoided crossing between the eigenstateglOi and j11i causes the spin-
exchange coupIingst‘lO and J??’;11 to switch at B = 140 G. Similar sensitivity of J, to

the B eld is observed for the eigenstates in theMg = 3=2 symmetry sector, as shown
in Fig. 4(b), and in the presence of ankE eld [see Figs. 4(c) and (d)].

The strong dependence and fast change af, with magnetic eld opens a unigue
opportunity to use molecules for d.c. magnetometry. This can be achieved by taking
advantage of the so called density shift or dipolar induced precession of the collective
Bloch vector of the system in the presence of ED interactions [144, 184]. The latter
can be measured in a standard Ramsey spectroscopy sequence, whé&remolecules
prepared in the lowest rotational state are illuminated by a microwave drive to generate

a coherent superposition with a targeted excited rotational state (denoted ag"i state)
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i.e.j (0)i =(cos() j#i+sin() j"i)N. Inthis case thej"i state is the one that features
the sharp resonance as a function oB. After the pulse, the system is let to evolve
under the presence of dipolar exchange interactions for timé, accumulating a density
shift, which manifests by the accumulated phase (t) = (J, J»)t cos() and =
P (1 3cog ¢)5Rgjj3. The phase is measured via a second 2 pulse that converts
it into a population dierence. As any standard Ramsey sequence, the sensitivity of
this protocol for an array of N independent molecules is given by the so called standard
guantum limit (t) = 1:p N. The fact that is a very sensitive function of B
nevertheless opens a path for very precise magnetic eld sensing with a sensitivity given

P 1
by B= XL “with &5 = t %2, Forunit lled molecular arrays in 2D geometries

with the electric eld perpendicular to the molecule plane, the optimal sensitivity scales

as B = m&i which can be as large as B = 1=(2 cos pW) T at one

second close to the point of maximum slope (around = 152:2 G, (%—Ei 200G/Hz).
This translates into a sensitivity at the level of a few hundred pT /p Hz for an array
of pinned 16 molecules assuming 1. Even though this value is at least three
orders of magnitude less sensitive than that achievable with state of the art cold atom
magnetometers [185], it potentially o ers unique opportunities for improvement given
the many-body nature of the shift. For example, by enhancing the range of the exchange
interactions via the use of microwave cavities or by operating with itinerant arrays
instead of pinned particles, could be made to scale linearly with N, signi cantly
increasing the achievable sensitivity.

Finally, our results suggest novel possibilities for high-dimensional quantum informa-
tion processing [186, 187] and quantum simulation [188] with ultracold polar molecules.
As shown in Figs. 1 and 3, the splitting between theN = 1 levels near an avoided
crossing can be made smaller thant 50 Hz, the strength of the ED interaction at a
typical lattice spacing. As a result, molecules near such crossings can no longer be
described as e ective two-level systems, and the explicit inclusion of the third level
becomes necessary. To this end, we describe each molecule by an e ective three-level
system (qutrit) comprising the ground (jOi) and two excited (j 1i) and jli) energy levels
in the V-con guration. The e ective ED interaction between the three-level systems at

the avoided crossing, where the transition EDMs are both equal tod [see Fig. 1(a)],
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takes the form [SM ]

2 -y h i

oy = ST 88 0.0 56
where §' are the e ective dipole (or spin-1) operators, and @' (; = x;y;z) are
the quadrupole operators, which form an orthogonal basis of thesu(3) Lie algebra [189,
190], whose elements are in nitesimal generators of the SU(3) Lie group of unitary
single-qutrit gates [191]. The Hamiltonian (5.6) contains similar processes to the ones
engineered with e ective all-to-all couplings in spinor quantum gases of ultracold atoms
(such as four-wave mixing) [190], where spin-nematic squeezed vacuum has been exper-
imentally realized thanks to the SU(2)-like character of the f S; Qy,; Qx, g quadratures
[159]. The implementation of this Hamiltonian in dipolar molecules can open unique
opportunities of realizing such states with even richer properties.

In summary, we have shown that transition EDMs of polar molecules can be mag-
netically tuned over a wide dynamic range, and can even be made to vanish as shown
in Fig. 1(a) and (d), e ectively turning a polar molecule like KRb into a non-polar one!
The underlying mechanism relies on narrow avoided crossings and the quantum ergodic
behavior of molecular eigenstates mediated by the NEQ interaction. This enables con-
tinuous magnetic tuning of exchange ED interactions between zero and a maximum
value without the need to transfer the molecules from one quantum state to another.
Our approach requires neither strong magnetic elds nor microwave dressing, and only
relies on the interplay between the hyper ne and Zeeman interactions. As a result, it
can be applied to laser-coolablé molecules [75{77, 79, 192, 193] and even polyatomic
molecules [78, 175, 194{198] providing a versatile tool for controlling intermolecular

interactions in the quantum regime.
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Chapter 6

Nuclear spin relaxation in cold

atom-molecule collisions

6.1 Introduction

Cold and ultracold molecular gases prepared in single rovibrational and spin quan-
tum states can be e ciently controlled with external electromagnetic elds [162, 199],
thereby forming a unique platform for exploring fundamental concepts of gas-phase reac-
tion dynamics, such as long-lived complex formation, universal dynamics, external eld
control, and the role of quantum chaos in chemical reactivity [10, 68, 69]. Ultracold po-
lar molecules also hold promise for quantum information science, precision spectroscopy,
and searches for new physics beyond the Standard Model [69, 162, 200]. Experimental
realization of these proposals demands dense, cold, and long-lived molecular ensembles.
As such, understanding low-temperature collisions within these ensembles, which limit
both the maximum achievable density and lifetime, has long been a major thrust in the
eld [10, 68, 69].

Atom-molecule and molecule-molecule collisions can have bene cial as well as detri-
mental e ects on the stability of cold molecular gases. While elastic collisions are a
main driving force behind sympathetic and evaporative cooling [112, 113, 162] inelastic
collisions lead to heating and/or trap loss. In particular, inelastic collisions can ip the
orientation of molecular electron spins, leading to spin relaxation (also known as spin

depolarization) [113, 136, 201]. As collisional spin relaxation is a primary loss mecha-
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nism for magnetically trapped molecules, it has been the subject of much experimental
and theoretical work (see, e.g., Refs. [84, 91, 113, 115, 117, 136, 201{207] and references
therein). Volpi and Bohn [201] and Krems and Dalgarno [136] performed the rst rig-
orous coupled-channel calculations of cold collisions between open-shell molecules and
atoms in the presence of an external magnetic eld. This work has since been extended
to a variety of ultracold atom-molecule and molecule-molecule systems, and generated
theoretical predictions of their low-temperature collisional properties [91, 113, 115, 207,
208].

By comparison, collisional relaxation ofnuclear spins has drawn much less attention.
Nuclear spin- ipping collisions are responsible for the stability of nuclear spin states of
molecules immersed in cold inert bu er gases (such as He or Ne). These systems can
be realized experimentally using cryogenic bu er-gas cooling [192, 202, 209{220], and
they are interesting for a variety of reasons. First, preparing molecules in a single nu-
clear spin (or hyper ne) state enhances the sensitivity of spectroscopic measurements
[192, 212{220] and is essential for the initialization steps of molecule-based quantum
information processing protocols. One example is hyperpolarized nuclear magnetic res-
onance (NMR), which relies on driving populations of nuclear spin states out of thermal
equilibrium as a means to enhance the sensitivity of conventional (thermal) NMR [221{
224]. Because nuclear spins interact weakly with their environment, they could be an
ideal platform for long-term quantum information storage [143, 180]. Our ability to use
bu er gas-cooled molecules for these applications is currently hindered by the lack of
knowledge of collisional nuclear spin relaxation rates. Indeed, if these rates turn out to
be large, collisional thermalization would lead to rapid decoherence of the nuclear spin
superposition states, making them unsuitable for quantum information processing.

Nuclear spins can a ect molecular collisions and chemical reactions through several
mechanisms. First, nuclear spin statistics restricts the number of available reactants
and/or product states. As a prime example, only odd partial waves are allowed for
collisions of identical fermions in the same internal states, leading to a suppression of
the ultracold chemical reaction KRb + KRb ! K3 + Rb, [225, 226]. Homonuclear
diatomic molecules can exist in the form of di erent nuclear spin isomers, such as ortho

and para-H,, which can exhibit dramatically di erent chemical reactivity at ultralow
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temperatures, as seen in theoretical calculations [68, 227]. Nuclear spin isomers of
polyatomic molecules such as methylene (Ck) have been predicted to have markedly

di erent spin relaxation rates in cold collisions with He atoms [228] and ortho- and
para-water molecules have di erent reactivity towards trapped diazenylium ions [229].
Second, because nuclear spins are weakly coupled to the other degrees of freedom, it is
expected that the total nuclear spin of the collision complex should be conserved, which
leads to nuclear spin selection rules [230]. These selection rules have recently been ob-
served experimentally for the ultracold chemical reaction KRb + KRb ! K, + Rb,
which populates only even (odd) rotational states of K (Rby) [231] when the reactants
are prepared in single, well-de ned nuclear spin states. Finally, hyper ne interactions
between the nuclear spins and the other degrees of freedom (such as the electron spins
in open-shell atoms and molecules) play a crucial role in low-temperature atomic and
molecular collisions [118, 232{235] being largely responsible for, e.g., the occurrence of
magnetic Feshbach resonances in ultracold atom-atom collisions [236]. However, rigor-
ous theoretical studies of nuclear spin e ects in ultracold molecular collisions have been
largely limited to hyper ne interactions in open-shell molecule-atom collisions [112, 233,
234]. Quernrerer et al. recently proposed a simple state decompaosition model [237]
to describe the e ects of nuclear spin conservation and external magnetic elds on the
product state distributions of the ultracold chemical reaction KRb + KRb ! K, + Rb .
While the model describes these e ects remarkably well, it makes a number of assump-
tions, such as neglecting the rotational structure of the reactants and products. Model
calculations on ultracold RbCs + RbCs [238], Li + CaH [118], and Na + NalLi collisions
[235] used severely limited basis sets, which did not produce converged results when
hyper ne degrees of freedom were included.

Here, we develop a rigorous quantum mechanical theory of nuclear spin relaxation
in collisions of * molecules with structureless atoms in the presence of an external
magnetic eld. We apply the theory to calculate numerically converged cross sections
and rate coe cients for transitions between the di erent rotational and nuclear spin
sublevels of*3CO molecules in low-temperature collisions with*He atoms, and to ex-
plore their dependence on collision energy and magnetic eld. Our calculations show

that such transitions follow distinct selection rules. For example, nuclear spin- ipping
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transitions occur very slowly in the ground rotational state manifold, leading to nuclear
spin relaxation (T1) times on the order of 0.5 s at the bu er-gas density of 10 14 cm3/s
and T = 1 K. The long relaxation times of the nuclear spin sublevels of the ground
rotational state implies their potential utility for precision spectroscopy and quantum
information storage. The long T1 times are maintained as long as the bu er gas temper-
ature is much lower than the spacing between the ground and the rst excited rotational
levels.

The rest of this paper is structured as follows. In Sec. Il we present the quantum
scattering methodology for atom-molecule collisions in a magnetic eld, which explicitly
includes the nuclear spin degrees of freedom &f molecules. We then apply the method-
ology to obtain converged cross sections for nuclear spin transitions in cold He + CO
collisions. The relevant computational details are given at the end of Sec. II. In Sec. IlI,
we present and analyze the cross sections and rate constants for nuclear spin relaxation
in cold He + CO collisions. In Sec. IlID we consider the dynamics of nuclear spin
sublevels of CO molecules immersed in a cold bu er gas of He. Section IV summarizes

the main results of this work.

6.2 Theory

In this section, we will develop the quantum theory of collisions between' molecules
bearing a single nuclear spin (such ag3C'®0) and structureless S-state atoms in an
external magnetic eld. We will next apply the theory to calculate the cross sections
and rates for nuclear spin-changing transitions in cold*He + 3C%0(* *) collisions.

The Hamiltonian of the atom-molecule collision complex may be written as

L G, 0 + V(R )+ Amol; (6.1)

A= SR @R~ " 2Rr?

where the orbital angular momentum operator ' describes the orbital motion of the
colliding particles, = MagMmo=(Mat+ Mmg) is the reduced mass of the complex, and
Y represents the atom-molecule interaction potential in Jacobi coordinates R;r; ),
where r = jrj is the internuclear distance in the diatomic molecule,R = jRj is the

separation vector from the atom to the center of mass of the molecule, and is the angle
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betweenR and r. Here, we consider collisions of3C10 molecules with structureless
atoms (such as*He), and hence the atomic Hamiltonian can be omitted from Eq. (6.1).
The interaction potential V(R;r; ) approaches zero asR ! 1

The e ective Hamiltonian of the 1 * molecule in its ground electronic and vibra-

tional states [121, 239],

lqmol = |qrot + |th + IqZ (6.2)

can be decomposed into the rotational, hyper ne, and Zeeman terms

Rt = BeR2 DyN4
R = AT K; (6.3)
1 X
Hz= ov nN.B g (3B FFBBZ D&, ()TE();
q
where B is the rotational constant, D, is the centrifugal distortion constant, N is the
rotational angular momentum operator, { is the nuclear spin operator,A is the nuclear
spin-rotation interaction constant, gy is the rotational g-factor, g, is the nuclear g-factor,
N is the nuclear magneton,B is the magnetic eld, ng(! ) is a Wigner D -function of
the Euler angles! , which determine the position of the molecular axis in the space- xed
frame, and ‘f‘\(f( ) is the magnetic susceptibility tensor [239].

The hyper ne structure of 3CO arises from the nuclear spin of*3C (I = 1=2) and
includes the nuclear spin-rotation interaction de ned by Hy; in Eq. (6.3). The Zeeman
term Hz accounts for the interaction of the external magnetic eld with molecular rota-
tional angular momentum, nuclear spin, and diamagnetic susceptibility [121] represented
by the rst, second, and third terms in the third line of Eq. (6.3).

We assume that the external magnetic eld B is directed along the space- xed (SF)
guantization axis z. The Hamiltonian in Eq. (6.3) employs the rigid rotor approximation
with a correction for centrifugal distortion. This e ectively neglects the vibrational
motion of the molecule, which is known to be a good approximation for collisions with
weakly perturbing bu er gas atoms (such as*He) at low temperatures [68, 240].

To solve the quantum scattering problem for the atom-molecule collision system,

we expand the total wavefunction of the system in a complete set of uncoupled basis
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functions in the SF frame

1 X X X
ji== FM v v (RIINM i IM i LM i (6.4)
N:My My LM

whereMy, M, and M_ indicate the projections of N, f and ' onto the SF z axis. The
basis set used in Eq. (6.4) is similar to the one used in the previous work of Volpi and
Bohn [201] and Krems and Dalgarno [136] for open-shefl and 2 molecules colliding
with structureless atoms. The only di erence is that our basis functionsjIM |i describe
the nuclear spin degrees of freedom ih molecules rather than the electron spins of 2
and 3 molecules.

The projection of the total angular momentum M = My + M| + M, unlike the total
angular momentum itself, is conserved for collisions in a magnetic eld. Substituting
Eq. (6.4) into the time-independent Schredinger equation, }j i = Ej i, whereE is the
total energy, we obtain a system of coupled-channel (CC) equations for the expansion
coe cients FM, JIM, v, (omitting the initial quantum numbers N, My, Ii, My;, Lj,

M, for simplicity)

d? L(L +1)
ﬁ"'ZE RZ Fl’\\l/IMNIM|LML(R):
X X R ; 0 0 0; M
2 NM nIM (LM LV + BinotiN MG T ML ML F oy 0 1 oawo (R)

NoM 3 MPLOmpD
(6.5)

where the summation is carried out over all the channels included in the basis set. The
CC equations (6.5) are parametrized by the matrix elements of the molecular Hamilto-
nian and of the interaction potential in the direct-product basis (6.4). Below we describe
the evaluation of these matrix elements.

We begin with the matrix elements of the Hamiltonian of an isolated 1 molecule
(6.3). Because the rotational Hamiltonian is independent of the nuclear spin and orbital

degrees of freedom, it is diagonal ifM, L, and M :

INMNIM LM LR NMGIM LML = o vy
(6.6)
MmO Lo M mo[BeN (N +1)  DyNZ(N +1)7]
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The matrix elements of the hyper ne Hamiltonian Hy; are obtained by expanding the
spin-rotation interaction Af K in terms of the raising and lowering operators* and

N [167]

INMNIM LM RN MGT MM = oo w ms Al mymg vy oMM 67)
1, MO0 NM?O M ° _N;M 0 o
+§(C+ CY MmO MMy FCTTICTTN o 1 g m 2+l

whereC'™ = " j(j +1) m(m 1). The matrix elements of the Zeeman interaction
are diagonal in the uncoupled basis since the basis statgéM i are eigenstates off 2

and [,

ENM y IM LM LR ZINM S IM 2L 01 =

NINO MyMO LLo M Mo mMymo( On NMnNB g NM|B) (6.8)

, 3MZ  N(N +1)
NN© My Mg LLO Mo MBI 3o T ON +3)( kK 2)

where the matrix elements of the diamagnetic Zeeman interaction are proportional to
the di erence between | and -, the parallel and perpendicular components of the
diamagnetic susceptibility tensor of CO (see Eq. (8.140) of Ref. Brown:03). Test calcu-
lations show that the diamagnetic Zeeman interaction becomes noticeable only at high
magnetic elds (B> 1 T).

The atom-molecule interaction potential is rotationally invariant and independent of
the nuclear spin. Hence, its matrix elements are diagonal in the total angular momentum

projection M and in the nuclear spin projection M, [136]

INMyIM LM GV (R )INMGIT MM =y o DME M

b
X L L¢
@L+1)@2L%1) 2 2N +1)2N°%+1) Z V(R B X
000 (6.9)
0 10 10 1
% L L OX %DN N OX% N N Og
ML Mg M2 M? 0 0 O Mny My  Mpo Mpo

where the Legendre coe cientsV (R) are obtained by expanding the interaction poten-

P
tial energy surface (PES) in Legendre polynomialsV(R; ) = V (R)P (cos ) (see
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Section Il A for details).

To obtain the full state-to-state reactance (K ) and scattering (S) matrices, we match
the asymptotic solutions of CC equations (6.5) to the standard asymptotic form given
by linear combinations of the Riccati-Bessel and Neumann functions at largdR [241].

The state-to-state scattering cross sections are related to th& matrix elements at

a given collision energyE

X X X " "
 oAE)= 3 Jimpiome o Sty aomol® (6.10)
M LM LOM?
where and Crefer to the eigenstates of the isolated molecule's Hamiltonian (6.3) in
P
the presence of a magnetic eldj i =y m, C:nm M, (B)INMyIijIM i, andk =
P 2 E isthe collision wavevector. The matrix of solutions of CC equations is transformed
to the eigenstate basis before the application of scattering boundary conditions [136].
The thermal state-to-state rate coe cients at temperature T are obtained by aver-

aging the cross sections over the Maxwell-Boltzmann velocity distribution [242]

E
K = —— E)Eex —— dE; (6.11)
v o(T) R ;! o(E)Eexp e T

where kg is the Boltzmann constant and T is the temperature.

Computational details

We use the following spectroscopic constants dffC1e0 to parametrize the Hamiltonian
in Eq. (6.3) Be = 55:101 GHz [243],D, = 1:676 10 % GHz [243],A =3:27 10°
GHz [239],gv = 0:2595[239],g, = 1:40482 [244], and the diamagnetic susceptibility
anisotropy ( « »)= 6:85829 10 Mcm 1=T?2[239].

We use the log-derivative approach [241, 245] to numerically integrate the CC equa-
tions (6.5) for He + 13C180 collisions on a radial grid fromRmin = 3:0ag t0 Rmax = 110:0
ag with a constant grid step 0.02 ag. While here we are only interested in transitions
between the Zeeman states in the rst two rotational manifolds (N =0 and 1), the CC
basis must include closed channels to ensure numerical convergence of the calculated
cross sections. In order to ensure the convergence, we found that it is necessary to in-

clude 11 lowest rotational states of CO in our calculations. For collision energies below
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(above) 2 K we include all partial waves withL 10 (L  13), which results in a total
of 288 (450) coupled channels.

To calculate collision rates, we averaged the calculated cross sections according to
Eq. (6.11) on a grid of collision energies from %4 10 © to 14.4 K with 102 grid points
tted with cubic splines. In doing so, we found that calculating the upward excitation
rates (e.g., for thej2i!'j 3i transition) is challenging because excitation transitions are
energetically forbidden at collision energies below theN = 1 threshold (5.3 K), and
their cross sections increase sharply from zero to a nite value above the threshold. As
this behavior is very hard to t, we use the principle of detailed balance

ko i(T) _ S+
ki £ (T) © 612

to obtain the desired excitation rates, whereE; and E¢ are the energies of the initial
and nal molecular states involved in the transition.

We use an accurateab initio PES for He-CO developed by Heijmeret al. [246] using
a symmetry-adapted perturbation theory approach [247]. This PES was used in several
guantum scattering calculations by Balakrishnan et al. [240] and by Wanget al. [242],
which focused on rovibrational transitions in 2C1%0 induced by ultracold collisions with
He atoms. Low-energy scattering resonances in He + CO collisions were observed in a
merged beam experiment and compared to theoretical calculations using several PESs
[248]. We compare our results against the previous calculations [240, 242] in Appendix B
to test our He + CO scattering code. The He-CO PES is weakly anisotropic, with a single
minimum of depth -23.734 cm 1located at R = 6:53ay, =484, andr = 2:132a,
(the equilibrium bond length of CO). We expand the dependence of the PES in 12
Legendre polynomials.

The previous calculations did not account for the nuclear spin of the3C'60 iso-
topologue, which is the subject of interest here. Because the original He-CO PES was
de ned in the Jacobi coordinate system with the origin at the center of mass of*?C160,
we need to rescale the PES to account for the shift of the center of mass. The rescaling

procedure is described in Appendix C.
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Figure 6.1: Zeeman energy levels offC'®0 as a function of magnetic eld. Each level
is labeled by the quantum numbersj (in the low- eld limit) and N;My;M; (in the
high- eld limit) and by its state index (SI). 1 K= 0.695 cm 1.

Top and bottom panels show the levels in the rotational manifoldsN =1 and N = 0,
respectively.

6.3 Results and discussion

In this section, we apply the theory developed above to study the nuclear spin dynamics
in cold collisions of 13C10 molecules with “He atoms. We will present state-to-state
scattering cross sections and collision rates for all initial Zeeman levels dfC'%0 (N =

0; 1) in collisions with “He atoms. We also calculate the magnetic eld dependence of
inelastic collision rates and explain it using a simple model. Finally, we use the computed
collision rates to explore the thermalization dynamics of a single nuclear spin state of
13¢1%0 immersed in a cold bu er gas of*He, and estimate the nuclear spin relaxation

times.

6.3.1 Energy levels of 13C0

Figure 6.1 displays the Zeeman levels ot3C*®0O as a function of magnetic eld. The

electronic spin of 13C%e0 is zero and the energy splittings are determined by an interplay
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