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Abstract

Ultracold molecules are instrumental in many �elds of physics, such as high-resolution

spectroscopy [1], quantum computation [2, 3], and cold controlled chemistry [4]. In this

dissertation, we discuss the structure and collisions of ultracold molecules in the presence

of external magnetic �elds. We explore these topics in four main projects.

First, we study ultracold chemical reactions of triplet-state NaLi ( a3� + ) molecules

with Na atoms in the presence of an external magnetic �eld [5]. We observe that by

tuning the magnetic �eld to a Feshbach resonance or by starting the reactants in their

fully spin-polarized hyper�ne and rovibrational states, the NaLi (a 3� + )+Na ! Na2+Li

reaction can be suppressed by several orders of magnitude.

Second, we propose a mechanism to tune the electric dipole moments and long-

range dipolar interactions of polar alkali-dimer molecules (such as KRb) with external

magnetic �elds [6]. We �nd that this tunability is possible due to the quantum ergodicity

of molecular eigenstates at low magnetic �elds and the avoided crossings caused by the

nuclear-electric quadrupole interaction.

Third, we use a rigorous coupled-channel method to examine quantum nuclear spin

dynamics in cold collisions between13C16O molecules and He atoms [7]. We found that

the transition rates depend on the initial and �nal state's projections of rotational and

nuclear spin angular momenta (M N and M I ). We observed that certain transition rates

are dependent on the magnetic �eld, and explained this dependence using the �rst Born

approximation. We utilize the transition rates we have calculated to �nd the nuclear

spin relaxation rate of 13C16O in a helium bu�er gas. We �nd the relaxation rates are

highly dependent on temperature.

Finally, we demonstrate that cold collisions between13C16O molecules and He atoms

can be used, in combination with microwave pumping, to produce cold spin-polarized

molecules with high e�ciency ( � 95%) at 1 K [8]. This is accomplished by pumping

the molecules to the �rst rotational excited state and allowing spin and rotational state-

changing collisions to occur, which populate a single �nal spin state.
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Chapter 1

Introduction

1.1 Motivation

The main focus of this dissertation is on exploring the structure, interactions, and dy-

namics of cold and ultracold molecules. To begin, we must de�ne the range of temper-

atures we describe as cold and ultracold. \Cold" is typically referred to as the range of

temperatures from a few Kelvin down to the ultracold regime [9]. The ultracold region

for the purposes of this dissertation, will be de�ned as the region of temperatures, where

quantum mechanical treatment of molecules is necessary [10]. This region generally be-

gins at temperatures between 1 K and 1 mK. In this range of temperatures, two-body

scattering predominantly occurs in the lowest angular momentum partial wave (s-waves

or p-waves) [11]. The quantum dynamics of ultracold atomic collisions can be described

by a single parameter known as the scattering length [12, 13]. While ultracold molecular

scattering cannot be so simply described, it is, nevertheless, signi�cantly simpli�ed at

ultralow temperatures as such temperatures are low enough that molecules typically

collide in their rotational ground states and the number of contributing partial waves is

signi�cantly reduced [14]. In this temperature range, collisions express quantum thresh-

old behavior described by the threshold laws discovered by Bethe and Wigner [11, 15,

16]. In an elastic collision, a molecule remains in its initial internal state. However,

in an inelastic collision, the molecule transitions to a di�erent internal state resulting

in di�erent initial and �nal states. These collisions can be comprehensively described

using coupled-channel equations.
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We choose to examine cold and ultracold molecular dynamics for several reasons.

First, higher temperature collisions are di�cult to control, even when the initial rovi-

brational quantum states of the collisional partners are well-de�ned. This is due to the

large number of partial waves involved in such collisions. By contrast, at temperatures

below 1 K, the relative orbital angular momentum of the collisional partners becomes

restricted to the few lowest partial wave states due to centrifugal barriers associated

with l > 0 states. At low temperatures, the collision energy is signi�cantly smaller than

the perturbations due to external �elds [17], leading one to expect cold and ultracold

collisions of molecules to be readily controllable by external electromagnetic �elds [14,

17, 18].

Next, ultracold molecules are well suited for high-resolution spectroscopy [1]. To

increase the resolution of a spectroscopy experiment, it is necessary to increase the time

the particle interacts with the radiation �eld [1]. One way to increase the interaction

time is to slow down or trap the particles. Because ultracold molecules can be trapped,

they can be used to improve spectroscopic resolution, which enables high-precision mea-

surements [19]. In addition, the Doppler contribution to transition linewidths is re-

duced when molecules move slower, further increasing spectroscopic precision [4, 20].

The increased precision provided by cold molecules opens the door to incredibly precise

measurements of physics beyond the standard model, such as those of the permanent

electric dipole moment of electron [21] or discovering possible time variations of funda-

mental constants, such as the proton-electron mass ratio [4, 22{24] and the �ne structure

constant [19, 25, 26].

Cold trapped molecules have long enough interaction times that it becomes possible

to measure the lifetimes of the individual rovibrational levels [27, 28]. These lifetimes

are necessary to accurately compute infrared absorption and emission spectroscopy,

which are used to determine the molecular composition of various environments like the

atmosphere of a planet and interstellar space [27].

Furthermore, cold bosonic molecules can be cooled to temperatures, where they

form a Bose-Einstein condensate (BEC), a state of matter, where most of the bosons

occupy the lowest quantum state [29, 30]. The BEC can be described by a single

macroscopic wave function. Fermionic polar molecules cooled to ultralow temperatures
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form a quantum degenerate Fermi gas, a state of matter where all the energy states

below the Fermi energy are �lled [31] because two identical fermions cannot occupy the

same quantum state of a system (the Pauli exclusion principle). Increasing the density

of the system forces the new fermions to occupy higher energy states. Degenerate Fermi

gases provide an important platform for studying quantum many-body e�ects [29, 32,

33].

Additionally, ultracold polar molecules have been proposed as a promising platform

for quantum computation [2, 3]. The ability to precisely control the quantum states of

ultra-cold molecules opens up new avenues for exploring quantum information processing

and quantum computing [34]. Molecules can possess electric dipole moments, which

can be controlled using electromagnetic �elds, thus allowing for control over long-range

dipole-dipole interactions between molecules [6, 35]. Dipole-dipole interactions are used

in the process of implementing quantum logic gates between qubits [36, 37]. Additionally,

molecules have many long-lived vibrational and rotational states, which can be used as

qubit states j0i and j1i [36, 38]. In the setup, proposed by DeMille [36] the qubits

encoded in the ground and �rst excited rotationally excited states and subject to an

inhomogeneous external �eld, which allows for each site to be addressed spectroscopically

[36]. Other examples of qubit encoding include nuclear spin states, di�erent nuclear sub-

levels of di�erent rotational states, and non-adjacent rotational states [39, 40].

Lastly, cold molecules are an ideal platform for fundamental studies of chemical

reaction mechanisms. At low collision energies, long-range intermolecular forces play

an important role in chemical reactions [41, 42], and slowly moving molecules can be

trapped in magnetic or optical �elds providing excellent control over the reactants [4].

The rates of low-temperature chemical reactions are extremely sensitive to small changes

in the intermolecular potential energy surface [43], and can be e�ciently controlled using

external magnetic and electric �elds [4, 10, 14].

1.2 Methods for producing cold molecules

The experimental study of cold and ultra-cold molecules began with the advent of the

methods of bu�er gas cooling [44, 45] and photoassociation [46]. Photoassociation is a
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process, in which an electronically excited molecule is formed when two colliding atoms

absorb a photon [47]. Subsequently, the molecule decays by emitting a photon, and can

either transition to a bound state (generally, a highly rovibrationally excited state) or

separate into two free atoms [47]. However, there is limited control of the �nal states

and unwanted �nal states may be populated.

Bu�er gas cooling is a technique [44, 45], in which molecules are introduced into

a chamber �lled with a cold bu�er gas (T= 1 � 10 K), such as helium or neon. The

bu�er gas collides with the molecules, leading to a transfer of kinetic energy. This

exchange of energy causes the molecules to gradually lose their excess kinetic energy,

resulting in a signi�cant reduction in their velocity and, thus, temperature. The process

continues until the molecules reach temperatures close to absolute zero, typically 1� 10

K. In principle, bu�er gas cooling can be applied to any molecule, making it a versatile

cooling method.

Another approach for producing ultra-cold molecules [48] relies on using Feshbach

resonances to transfer ultra-cold alkali-metal atoms to a weakly bound molecular state

via magnetoassociation. However, as in the case of photoassociation, the ultracold

molecules produced by magnetoassociation remain in the excited state. A STIRAP

(Stimulated Raman Adiabatic Passage) process can be applied to transfer the weakly

bound Feshbach molecules (KRb) to the rovibrational ground state. [49, 50]. The

STIRAP process utilizes two lasers. The �rst laser excites the weakly bound molecule

to an intermediate electronically excited state, and the second laser drives the transition

to the ground state [50, 51]. This process is highly e�cient and does not populate

undesired states [51].

1.3 Dissertation Structure

The rest of this dissertation is structured as follows. Chapter 2 discusses the Hamiltoni-

ans and energy level structure of molecules in the presence of external magnetic �elds.

In Chapter 3, we discuss single-channel collisions to gain a basic understanding of the

collisional processes and then expand to the multi-channel case to understand collisional

processes, which involve atoms and molecules with internal structures. Chapter 4 fo-
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cuses on calculating the reaction rates of ultracold chemical reactions of triplet-state

alkali-metal dimer molecules with alkali-metal atoms in the presence of an extremal

magnetic �eld. Speci�cally, we examine the Na + NaLi( a3� + ) ! Na2(1� +
g )+ Li re-

action. In Chapter 5, we investigate the transition electric dipole moments (EDMs) of

polar molecules (KRb) in the presence of an adjustable magnetic �eld. In Chapter 6,

we examine collisions between13CO(1� + ) molecules and He atoms and calculate their

cross sections and rates coe�cients. Finally, in Chapter 7, we develop a method to trans-

fer cold molecules to a single nuclear spin quantum state by implementing microwave

pumping and collisions with a bu�er gas.
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Chapter 2

Molecular Structure

To utilize the potential of cold molecules, we must �rst have a comprehensive under-

standing of their energy level structure, which is set by the molecular Hamiltonian. In

this chapter, we explore the Hamiltonians and energy levels of the molecules NaLi, CO,

and KRb in the presence of external magnetic �elds. NaLi has two unpaired electron

spins, whereas CO and KRb have no electron spins. Speci�cally, we will be examining

13C16O, which possesses a single nuclear spin, allowing for the exploration of nuclear

spin-rotational e�ects. KRb possesses two nuclear spins, enabling the examination of

nuclear spin-spin e�ects. We investigate these speci�c molecules because understanding

their structure is bene�cial for the calculation of the ultracold reaction rates of NaLi+Na

(Chapter 4), the magnetic control of the electric dipole moment (EDM) of KRb (Chap-

ter 5), and the exploration of cold CO+He collisions (Chapter 6). To this end, we start

by deriving the key intramolecular interactions, such as the spin-rotation interaction,

the Zeeman e�ect, and the quadrupole interaction. Subsequently, we derive the matrix

elements of the molecular Hamiltonians and use them to obtain the energy levels of the

molecules.

One of the most unique and important features of molecular Hamiltonians is the

rotational structure. The rotational structure refers to the patterns observed in the

energy levels of rotating molecules. The rotational motion of molecules gives rise to

a series of quantized energy levels, which can be labeled by the quantum numberN .

These energy levels depend on the molecule's moment of inertia, which in turn depends

on its geometry and mass distribution. The rotational structure can be observed in
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the rotational spectrum of molecules, which can be found by measuring the energy of

transitions between di�erent rotational energy levels. The spacing between these levels

can be written as hN 0M 0
N jBeN̂ 2jNM N i = �NN 0BeN (N + 1) where Be is the rotational

constant and N̂ is the rotational angular momentum.

2.1 The Spin-Rotation Interaction

The �rst interaction we will examine is the spin-rotation interaction, which arises due to

the coupling between the rotational angular momentum of the moleculeN̂ and the elec-

tronic spin angular momentum Ŝ. More speci�cally the spin-rotation interaction arises

from the e�ective magnetic �eld which is generated when the molecule rotates. This

e�ective �eld interacts with the unpaired spin electron thus causing the spin-rotation

interaction. Notably, this interaction causes the splitting of the rotationally excited

(N � 1) energy levels. This term is only relevant when there are unpaired electrons. To

derive the spin-rotation Hamiltonian for �-state molecules, we start with the Breit-Pauli

Hamiltonian, which describes the interaction between orbital motion and the spin of the

electrons [52]. The Breit-Pauli Hamiltonian is a relativistic correction to the standard

non-relativistic Hamiltonian in quantum mechanics and can be found by transforming

the Dirac-Coulomb-Breit Hamiltonian using the Foldy-Wouthuysen method [53].

Hso =
e2~
mc2

X

k

X

i

Zk

�
r̂ i � R̂k

jr̂ i � R̂k j3
� (v̂i =2 � v̂k )

�
� ŝi

�
e2~

2mc2

X

i 6= j

�
r̂ i � r̂ j

jr̂ i � r̂ j j3
� v̂i

�
� (ŝi + 2 ŝj )

(2.1)

where i and j index the electrons,k is the index for the nuclei, Zk is the atomic number

of the nuclei k, r̂ i is the vector pointing from the center of mass of the nuclei to the

electron i , R̂k is the vector pointing from the center of mass of the nuclei to the nuclei

k, v̂i is the velocity of the i -th electron, and v̂k is the velocity of the k-th nuclei. The

linear velocity is related to angular velocity as v̂ = !̂ � r̂ where r̂ is the position vector

of the moving particle. The angular velocity in classical terms can be written as angular

momentum over the moment of inertia. Thus, the velocity of the nuclei k can be written

as v̂k = !̂ � R̂k where ! is the angular velocity of the nuclei about their center of mass
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[54].

Figure 2.1: The diagram of the center of mass coordinate system. The orange circle
represents an electron and the blue circles represent nuclei.

To bring this expression into a quantum mechanical form, ^r becomes the position

operator, and !̂ = R̂
I where R̂ is the nuclear rotation angular momentum operator [54].

Using the same methodology, the velocity operator of thei -th electron can be written

as v̂i = !̂ � r̂ i + v̂ir [54]. The velocity of the electron relative to the space-�xed frame

vi is equal to the velocity of the electron relative to the molecule �xed frame vir plus

the velocity of the electron which arises from the rotation of the molecule axis. The

velocity of the electron relative to the molecule �xed frame (vir = 1
I L̂ i � r̂ i ) is neglected

in our calculation as it leads to the spin-orbit interaction, which vanishes for �-state

molecules. Electronic orbitals of atoms are molecules are denoted as s, p, d, and f. In

the case of molecules, they are denoted as �; � ; �. � orbitals are symmetric about the

internuclear axis and can be composed of two 2 s-orbitals or twopz-orbitals. Because

�-state molecules have zero electronic orbital angular momentum about the internuclear

axis, we can equate the nuclear rotational angular momentum to the total rotational
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angular momentum, R̂ = N̂ � L̂ = N̂ . 1 Therefore, the electronic and molecular

velocities can be written asv̂i = 1
I N̂ � r̂ i and v̂k = 1

I N̂ � R̂k [54]. Substituting these

expressions into the Breit-Pauli Hamiltonian (2.1) gives

Hso =
e2~

mc2I

X

k

X

i

Zk

�
r̂ i � R̂k

jr̂ i � R̂k j3
� [N̂ � (r̂ i =2 � R̂k )]

�
� ŝi

�
e2~

2mc2I

X

i 6= j

�
r̂ i � r̂ j

jr̂ i � r̂ j j3
� (N̂ � r̂ i )

�
� (ŝi + 2 ŝj )

(2.2)

The triple vector product â � (b̂ � ĉ) can be expanded aŝb(â � ĉ) � ĉ(â � b̂), and thus

(r̂ i � R̂k ) � [N̂ � (r̂ i =2 � R̂k )] = N̂ (( r̂ i � R̂k ) � (r̂ i =2 � R̂k ))

� (r̂ i =2 � R̂k )(( r̂ i � R̂k ) � N̂ )

(r̂ i � r̂ j ) � (N̂ � r̂ i ) = N̂ (( r̂ i � r̂ j ) � r̂ i ) � r̂ i (( r̂ i � r̂ j ) � N̂ )

(2.3)

[54]. Additionally, the rotational angular momentum of the nuclei N̂ = R̂ � P̂ (the

standard de�nition). If the internuclear vector R̂ is oriented along the z-axis, then, due

to the properties of cross products,N̂ is perpendicular to the z-axis implying N̂z = 0.

This leads to the fact that N̂ � R̂k = 0. Consequently, the Hamiltonian in Eq. (2.2)

becomes

Hso =
e2~

mc2I

 �
N̂

X

k

X

i

Zk
(r̂ i � R̂k ) � ( 1

2 r̂ i � R̂k )

jr̂ i � R̂k j3

�
� ŝi

�
X

k

X

i

Zk

�
(r̂ i � N̂ )r̂ i

2jr̂ i � R̂k j3
�

(r̂ i � N̂ )R̂k

jr̂ i � R̂k j3

�
� ŝi

�
�

N̂
X

i 6= j

(r̂ i � r̂ j ) � r̂ i

jr̂ i � r̂ j j3

�
� (ŝi + 2 ŝj ) +

X

i 6= j

�
[(r̂ i � r̂ j ) � N̂ ]r̂ i

jr̂ i � r̂ j j3

�
� (ŝi + 2 ŝj )

!

(2.4)

[54]. The second part of the second term
P

i (r̂ i � N̂ )R̂k =
P

i (r̂ ix N̂x + r̂ iy N̂y + r̂ iz N̂z)R̂kz

vanishes. This is because we are only concerned with � molecules, which have an electron

orbital that is symmetric about the molecular axis (z-axis); therefore, the positions of

the electrons are also symmetric about the z-axis. Thus, terms with
P

i r̂ ix or
P

i r̂ iy

average to zero.

1Note that just because L z = 0 does not mean L = 0.
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We want to express the Hamiltonian (2.4) in a more separable form whereN̂ is

separated from spin-dependent termsH = N̂ �
P

i
P

k aij ŝi . To achieve this, we need

to address the terms (^r i � N̂ )r̂ i � ŝi and [(r̂ i � r̂ j ) � N̂ ]r̂ i � (ŝi + 2 ŝj ) [54]. We initiate the

process by expanding the second term in Eq. (2.4)

X

i

(r̂ i � N̂ )r̂ i � ŝi =
X

i

(r̂ ix N̂x + r̂ iy N̂y + r̂ iz N̂z)( r̂ ix ŝix + r̂ iy ŝiy + r̂ iz ŝiz ) (2.5)

As previously noted, N̂z = 0. Thus, equation (2.5) becomes:

X

i

(r̂ ix N̂x + r̂ iy N̂y)( r̂ ix ŝix + r̂ iy ŝiy + r̂ iz ŝiz )

=
X

i

(r̂ 2
ix N̂x ŝix + r̂ 2

iy N̂y ŝiy + r̂ ix r̂ iz N̂x ŝiz + r̂ iy r̂ iz N̂y ŝiz

+ r̂ ix r̂ iy N̂x ŝiy + r̂ iy r̂ ix N̂ysi )

(2.6)

Subsequently, we note that as previously mentioned terms with
P

i r̂ ix or
P

i r̂ iy average

to zero thus equation (2.6) becomes

X

i

(r̂ 2
ix N̂x ŝix + r̂ 2

iy N̂y ŝiy ) (2.7)

Subsequently we add and subtract the term1
2(r̂ 2

ix + r̂ 2
iy )N̂ � ŝi

X

i

(r̂ i � N̂ )r̂ i � ŝi =
X

i

(( r̂ 2
ix N̂x ŝix + r̂ 2

iy N̂y ŝiy )

�
1
2

(r̂ 2
ix + r̂ 2

iy )N̂ � ŝi +
1
2

(r̂ 2
ix + r̂ 2

iy )N̂ � ŝi )

=
X

i

(
1
2

(r̂ 2
ix N̂x ŝix + r̂ 2

iy N̂y ŝiy � r̂ 2
ix N̂y ŝiy � r̂ 2

iy N̂x ŝix ) +
1
2

(r̂ 2
ix + r̂ 2

iy )N̂ � ŝi )

=
X

i

(
1
2

(r̂ 2
ix � r̂ 2

iy )( N̂x ŝix � N̂y ŝiy ) +
1
2

(r̂ 2
ix + r̂ 2

iy )N̂ � ŝi )

(2.8)

The term
P

i (r̂
2
ix � r̂ 2

iy ) vanishes as the electric orbital is symmetric about the internuclear

axis. As a result, Eq, (2.8) becomes

X

i

(r̂ i � N̂ )r̂ i � ŝi =
X

i

1
2

(r̂ 2
ix + r̂ 2

iy )N̂ � ŝi

=
X

i

1
2

(r 2
i � r̂ 2

iz )N̂ � ŝi

(2.9)
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We can apply the same treatment to the fourth term of the equation (2.4), the Breit-

Pauli Hamiltonian. Again we initiate the process by expanding the desired term

X

i

[(r̂ i � r̂ j ) � N̂ ]r̂ i � (ŝi + 2 ŝj ) =
X

i

[r̂ i � N̂ � r̂ j � N̂ ][r̂ i � ŝi + 2 r̂ i � ŝj ]

=
X

i

[(r̂ i � N̂ )( r̂ i � ŝi ) + 2( r̂ i � N̂ )( r̂ i � ŝj ) � (r̂ j � N̂ )( r̂ i � ŝi ) � 2(r̂ j � N̂ )( r̂ i � ŝj )]
(2.10)

To obtain the vectors in equation (2.10) in terms of their x, y, and z components we

introduce a summation over an indexm which sums overx, y, and z. Subsequently, we

require a second indexn, which is not equal to m, that also sums overx, y, and z.

X

i

[(r̂ i � N̂ )( r̂ i � ŝi ) + 2( r̂ i � N̂ )( r̂ i � ŝj ) � (r̂ j � N̂ )( r̂ i � ŝi ) � 2(r̂ j � N̂ )( r̂ i � ŝj )]

=
X

i

X

m6= n

[r im Nm r in sin + 2 r im Nm r in sjn � r jm Nm r in sin � 2r jm Nm r in sjn ]

+
X

i

X

m

[r 2
im Nm sim + 2 r 2

im Nm sjm � r jm Nm r im sim � 2r jm Nm r im sjm ]

(2.11)

All terms containing
P

i r̂ ix or
P

i r̂ iy vanish due to the orbital symmetry and we use

the notation r im � r jm = r ijm together this simpli�es the equation (2.11).

X

i

[(r̂ i � r̂ j ) � N̂ ]r̂ i � (ŝi + 2 ŝj ) =

X

i

X

m

[r 2
im Nm sim + 2 r 2

im Nm sjm � r jm Nm r im sim � 2r jm Nm r im sjm ]

=
X

i

X

m

[r ijm r im Nm sim + 2 r ijm r im Nm sjm ]

=
X

i

[r ijx r̂ ix Nx ŝix + r ijy r̂ iy Ny ŝiy + r ijz r̂ iz Nzŝiz + 2 r ijx r̂ ix Nxsjx

+2 r ijy r̂ iy Nysjy + 2 r ijz r̂ iz Nzsjz ]

=
X

i

[r ijx r̂ ix Nx ŝix + r ijy r̂ iy Ny ŝiy + 2 r ijx r̂ ix Nxsjx + 2 r ijy r̂ iy Nysjy ]

(2.12)

We add and subtract the term 1
2(r ijx r̂ ix + r ijy r̂ iy )N̂ � (ŝi + 2 ŝj ) to get the equations into
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a more desirable form ofcN̂ � (ŝi + 2 ŝj )

X

i

[(r̂ i � r̂ j ) � N̂ ]r̂ i � (ŝi + 2 ŝj )

=
X

i

[r ijx r̂ ix Nx ŝix + r ijy r̂ iy Ny ŝiy + 2 r ijx r̂ ix Nxsjx + 2 r ijy r̂ iy Nysjy ]

+
1
2

(r ijx r̂ ix + r ijy r̂ iy )N̂ � (ŝi + 2 ŝj ) �
1
2

(r ijx r̂ ix + r ijy r̂ iy )N̂ � (ŝi + 2 ŝj )

=
X

i

(
1
2

(r ijx r̂ ix N̂x ŝix + r ijy r̂ iy N̂y ŝiy � r ijx r̂ ix N̂y ŝiy � r ijy r̂ iy N̂x ŝix )

+( r ijx r̂ ix N̂xsjx + r ijy r̂ iy N̂ysjy � r ijx r̂ ix N̂ysjy � r ijy r̂ iy N̂xsjx )

+
1
2

(r ijx r̂ ix + r ijy r̂ iy )N̂ � (ŝi + 2 ŝj )

=
X

i

(
1
2

(r ijx r̂ ix � r ijy r̂ iy )( N̂x ŝix � N̂y ŝiy ) + (( r ijx r̂ ix � r ijy r̂ iy )( N̂xsjx � N̂ysjy )

+
1
2

(r ijx r̂ ix + r ijy r̂ iy )N̂ � (ŝi + 2 ŝj )

(2.13)

The
P

i (r ijx r̂ ix � r ijy r̂ iy ) =
P

i (r̂
2
ix � r̂ 2

iy )+
P

i (r jx r̂ ix � r jy r̂ iy ) terms vanish as the electric

orbital is symmetric about the internuclear axis [54] thus equation (2.13) becomes

X

i

[(r̂ i � r̂ j ) � N̂ ]r̂ i � (ŝi + 2 ŝj ) =
X

i

1
2

(r ijx r̂ ix + r ijy r̂ iy )N̂ � (ŝi + 2 ŝj )

=
X

i

1
2

(r̂ ij � r̂ i � r ijz r̂ iz )N̂ � (ŝi + 2 ŝj )
(2.14)

Applying all our expansions, the Breit-Pauli Hamiltonian eq. (2.4) becomes

Hso =
e2~

mc2I

 �
N̂

X

k

X

i

Zk
(r̂ i � R̂k ) � ( 1

2 r̂ i � R̂k )

jr̂ i � R̂k j3

�
� ŝi

�
X

k

X

i

Zk

1
2(r 2

i � r̂ 2
iz )N̂ � ŝi

2jr̂ i � R̂k j3

�
�

N̂
X

i 6= j

(r̂ i � r̂ j ) � r̂ i

jr̂ i � r̂ j j3

�
� (ŝi + 2 ŝj ) +

X

i 6= j

1
2(r̂ ij � r̂ i � r ijz r̂ iz )N̂ � (ŝi + 2 ŝj )

jr̂ i � r̂ j j3

�

(2.15)

We have obtained the second and fourth terms of the Breit-Pauli Hamiltonian (2.4) in

the desired form whereH = N̂ �
P

i
P

k aij ŝi which looks much more like the standard

spin-rotation interaction ( 
 SRN̂ � Ŝ). However, we have not yet achieved this �nal form

and must continue our derivation by rearranging the �rst and third terms so they are
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also in the correct form. We simplify the �rst term of the Breit-Pauli Hamiltonian (2.4)

(r̂ i � R̂k ) � ( 1
2 r̂ i � R̂k )

jr̂ i � R̂k j3
=

1
2r 2

i � R̂k � r̂ i � 1
2 r̂ i � R̂k + R2

k

jr̂ i � R̂k j3

=
1
2(r 2

i � R̂k � r̂ i � r̂ i � R̂k + R2
k ) � 1

2R̂k � r̂ i + 1
2R2

k

jr̂ i � R̂k j3

=
1

2jr̂ i � R̂k j
+

� R̂k � r̂ i + R2
k

2jr̂ i � R̂k j3

=
1

2jr̂ i � R̂k j
�

(r̂ i � R̂k ) � R̂k

2jr̂ i � R̂k j3

(2.16)

Additionally, we simplify the third term of the Breit-Pauli Hamiltonian (2.4)

� (r̂ i � r̂ j ) � r̂ i + 1
2(r̂ ij � r̂ i � r ijz r̂ iz )

jr̂ i � r̂ j j3

=
� r̂ ij � r̂ i + 1

2(r̂ ij � r̂ i � r ijz r̂ iz )
jr̂ i � r̂ j j3

=
� 1

2(r̂ ij � r̂ i + r ijz r̂ iz )
jr̂ i � r̂ j j3

(2.17)

Using these simpli�cations the Breit-Pauli Hamiltonian (2.15) becomes

Hso =
e2~

2mc2I

 �
N̂

X

k

X

i

Zk (
1

jr̂ i � R̂k j
�

(r̂ i � R̂k ) � R̂k

jr̂ i � R̂k j3
�

r 2
i � r̂ 2

iz

2jr̂ i � R̂k j3
)
�

� ŝi

�
�

N̂
X

i 6= j

r̂ ij � r̂ i + r ijz r̂ iz

2jr̂ i � r̂ j j3

�
� (ŝi + 2 ŝj )

� (2.18)

We de�ne the terms � (i ) = e2~
2mc2 I

P
k

�
1

jr̂ i � R̂k j
� ( r̂ i � R̂k )�R̂k

j r̂ i � R̂k j3
� r 2

i � r̂ 2
iz

2jr̂ i � R̂k j3

�
and � (i; j ) =

e2~
4mc2 I

r̂ ij �r̂ i + r ijz r̂ iz
j r̂ i � r̂ j j3 . The spin-rotation Hamiltonian takes the form

Ĥsr = N̂
X

i

� (i ) � ŝi � N̂
X

i 6= j

� (i; j ) � (ŝi + 2 ŝj ) (2.19)

[54]. We have achieved what we set out to do the transformed Hamiltonian has the

derived form of H = N̂ �
P

i
P

k aij ŝi .

Now we wish to write Hamiltonian in terms of the total spin Ŝ =
P

ŝi rather than

the individual electron spins ŝi . To this end, we introduce a projection operator �̂ i [55].

ŝi = ^� i Ŝ (2.20)
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To determine the form of ^� i we apply a dot product with total spin to both sides of eq.

(2.20)

ŝi � Ŝ = �̂ i Ŝ � Ŝ

�̂ i =
ŝi � Ŝ

Ŝ � Ŝ

(2.21)

[55]. We can write ŝi = � i Ŝ as we are only concerned with matrix elements that are

diagonal with respect to spin S [56]. We �nd � i by taking the expectation value of �̂ i

with respect to the electronic wavefunction [56].

� i =
hSjŝi � ŜjSi
S(S + 1)

(2.22)

From this de�nition the Hamiltonian (2.19) becomes

Ĥsr = N̂
X

i

� (i ) � (� i Ŝ) � N̂
X

i 6= j

� (i; j ) � (� i Ŝ + 2� j Ŝ) (2.23)

[56]. Since� (i ), � (i; j ), and � i are scalar operators we can pull them out of the dot

product.

hq� NSjĤsr jq� NSi =

hq� NSj
X

i

� (i )� i N̂ � Ŝ �
X

i 6= j

� (i; j )(� i + 2� j )N̂ � Ŝjq� NSi

= hq� NSj
� X

i

� (i )� i �
X

i 6= j

� (i; j )(� i + 2� j )
�

N̂ � Ŝjq� NSi

= 
 hq� NSjN̂ � Ŝjq� NSi :

(2.24)

The term � i has allowed us to write the spin-rotation interaction in its standard form

where our spin rotation constant 
 is hq� N j
P

i � (i )� i �
P

i 6= j � (i; j )(� i + 2� j )jq� N i .

2.2 The electronic Zeeman e�ect

The next interaction we are going to examine is the electronic Zeeman e�ect, which arises

from the electron's intrinsic magnetic moment interacting with the external magnetic

�eld. To demonstrate how the angular momentum of the electron leads to an intrinsic
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magnetic moment, we start with the Dirac Hamiltonian [55],

Ĥ = c� � P + �mc 2 (2.25)

which describes the behavior of a free relativistic electron [55]. When the electron is in

an external electric �eld the Dirac equation becomes [55],

Ĥ = � e� + c� � (P + eA ) + �mc 2 (2.26)

whereA and � are the vector and scalar potentials of the external electromagnetic �eld,

and � and � i are 4x4 matrices [55]

� =

0

B
B
B
B
B
B
B
@

1 0 0 0

0 1 0 0

0 0 � 1 0

0 0 0 � 1

1

C
C
C
C
C
C
C
A

� x =

0

B
B
B
B
B
B
B
@

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

1

C
C
C
C
C
C
C
A

� y =

0

B
B
B
B
B
B
B
@

0 0 0 � i

0 0 i 0

0 � i 0 0

i 0 0 0

1

C
C
C
C
C
C
C
A

� z =

0

B
B
B
B
B
B
B
@

0 0 1 0

0 0 0 � 1

1 0 0 0

0 � 1 0 0

1

C
C
C
C
C
C
C
A

:

(2.27)

We rearrange the Dirac Hamiltonian as Ĥ + e�
c = � � (P + eA ) + �mc and square both

sides of the equation to obtain

�
Ĥ + e�

c

� 2

=
h
� � (P + eA )

i 2
+ � 2m2c2 (2.28)

[55]. It follows from Eq. (2.27) that � 2 = 1. In order to make use of a useful Dirac spin

matrix identity to simply the equation we must �rst write the � -matrices in terms of
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the Dirac spin matrices � = �� where

� =

2

6
6
6
6
6
6
6
4

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

3

7
7
7
7
7
7
7
5

� x =

2

6
6
6
6
6
6
6
4

0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

3

7
7
7
7
7
7
7
5

� y =

2

6
6
6
6
6
6
6
4

0 � i 0 0

i 0 0 0

0 0 0 � i

0 0 i 0

3

7
7
7
7
7
7
7
5

� z =

2

6
6
6
6
6
6
6
4

1 0 0 0

0 � 1 0 0

0 0 1 0

0 0 0 � 1

3

7
7
7
7
7
7
7
5

(2.29)

and since� 2 = 1 equation (2.28) becomes [55]

�
H + e�

c

� 2

=
h
� � (P + eA )

ih
� � (P + eA )

i
+ m2c2: (2.30)

Now we can use the identity (� � A)( � � B ) = ( A � B ) + i� (A ^ B ) which arises from the

commutation properties of the Dirac spin matrices, and^ stands for the wedge product.

�
H + e�

c

� 2

= ( P + eA ) � (P + eA ) + i� � ((P + eA ) ^ (P + eA )) + m2c2

= ( P + eA )2 + i� � (P ^ P + eA ^ P + P ^ eA + eA ^ eA ) + m2c2

= ( P + eA )2 + ie� � (A ^ P + P ^ A ) + m2c2

(2.31)

It should be noted that the quantum mechanical momentum operator can be written as

usual asP = � i~r .

�
H + e�

c

� 2

= ( P + eA )2 + ie� � (A ^ (� i~r ) + ( � i~r ) ^ A ) + m2c2

= ( P + eA )2 + e~� � (A ^ r + r ^ A ) + m2c2

= ( P + eA )2 + e~� � B + m2c2 (2.32)

The Hamiltonian can be written as H = mc2 + H1 if the electron has a low velocity and
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thus small momentum. It is considered to be moving slowly if the electron's energyH1

is small compared tomc2. Thus equation (2.32) becomes

�
H1 + mc2 + e�

c

� 2

= ( P + eA )2 + e~� � B + m2c2

(2.33)

The squared term is expanded to obtain

m2c2 + 2mcH1 + 2me� +
1
c2 (H 2

1 + 2H1e� + e2� 2) = ( P + eA )2 + e~� � B + m2c2:

(2.34)

We subtract m2c2 from both sides.

2mH 1 + 2me� +
1
c2 (H 2

1 + 2H1e� + e2� 2) = ( P + eA )2 + e~� � B (2.35)

[55]. The 1
c2 terms are negligibly small. Subsequently, we divide by 2m to obtain

H1 =
1

2m
(P + eA )2 +

~e
2m

� � B � e� (2.36)

[55]. The Hamiltonian we have derived is very similar to the Hamiltonian for a charged

particle in an electromagnetic �eld except for the middle term, which reveals that there

is a magnetic moment interacting with the external magnetic �eld [55].

To better understand this middle term we �rst want to �nd a constant of motion

of the Dirac Hamiltonian in free space. If an operator commutes with the Hamiltonian

then the operator is a constant of the motion and the observable corresponding to that

operator remains constant as a function of time. First, since the momentum commutes

with the classical Hamiltonian, we check to see if the quantum momentum operator

commutes with the quantum Hamiltonian H = c� � P + �mc 2 [55]. To accomplish this

we break down theL orbital angular momentum into its x; y, and z components. We
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start by checking if the L z component commutes with the Hamiltonian.

[H; L z] = HL z � L zH

= c[� � (PL z) � � � (L zP)] + �mc 2(L z � L z)

= c� � [P ; L z]

= c�� � [P ; L z]

= c� (� x [Px ; L z] + � y [Py ; L z] + � z[Pz; L z])

[H; L z] = c� (� x [Px ; (xPy � yPx )] + � y [Py ; (xPy � yPx )] + � z[Pz; (xPy � yPx )])

= c� (� x (PxxPy � PxyPx � xPyPx + yPxPx ) + � y(PyxPy � PyyPx � xPyPy + yPxPy)

+ � z(PzxPy � PzyPx � xPyPz + yPxPz))

= c� (� x (xPxPy � iPy � 0� yP2
x � xPyPx + yP2

x )+ � y(0+ xP 2
y + iPx � yPyPx � xP 2

y + yPxPy)

+ � z(0 + xPzPy � 0 � yPzPx � xPyPz + yPxPz))

= � ic� (� xPy � � yPx ) (2.37)

We �nd it does not commute. Similarly, we obtain L x and L y commutors with the

Hamiltonian

[H; L x ] = HL x � L xH = � ic� (� yPz � � zPy)

[H; L y ] = HL y � L yH = � ic� (� � xPz + � zPx ) (2.38)

Finally, we check whether � commutes with the Hamiltonian starting with � z

[H; � z] = H� z � � zH

= c[� � P ; � z] + �mc 2(� z � � z)

= c� [� � P ; � z]

= c� ([� xPx ; � z] + [ � yPy ; � z] + [ � zPz; � z])

= c� ([� x ; � z]Px + [ � y ; � z]Py + [ � z; � z]Pz)

(2.39)
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Using the Pauli matrix commutation identities [ � i ; � j ] = 2 i� ijk � k

[H; � z] = c� (� 2i� yPx + 2 i� xPy) = 2 ic� (� � yPx + � xPy) (2.40)

The Hamiltonian does not commute with � z. Similarly, we obtain for � x and � y

[H; � x ] = H� x � � xH = 2 ic� (� yPz � � zPy) (2.41)

and

[H; � y ] = H� y � � yH = 2 ic� (� zPx � � xPz) (2.42)

We found that neither � nor L commute with the Hamiltonian. However, if we add

the components of� and L together, we �nd

[H; L z] +
1
2

[H; � z] = � ic� (� xPy � � yPx ) +
2
2

ic� (� xPy � � yPx ) = 0

[H; L z +
1
2

� z] � ic� (� xPy � � yPx ) +
2
2

ic� (� xPy � � yPx ) = 0

[H; L y +
1
2

� y ] � ic� (� zPx � � xPz) +
2
2

ic� (� zPx � � xPz) = 0

[H; L x +
1
2

� x ] � ic� (� yPz � � zPy) +
2
2

ic� (� yPz � � zPy) = 0 (2.43)

[55]. Adding the last three equations, we get [H; L + 1
2 � ] = 0 thus L + 1

2 � is a constant

of the motion [55]. The electron thus has spin angular momentum~S = ~1
2 � [55]. Now

we are able to express the second term of the Hamiltonian in equation (2.36) in terms

of S
~e
2m

� � B =
~e
m

S � B : (2.44)

Using the de�nition of the Bohr magneton � B = ~e
2m we obtain the Zeeman e�ect in a

more familiar form 2� B S � B . If we assume the magnetic �eld is along the z-axis then

the Zeeman e�ect can be written as 2� B SzB [55].

2.3 The nuclear electric quadrupole interaction

The nuclear electric quadrupole (NEQ) interaction is due to the nuclei's quadrupole

momentum interacting with the gradient of the internal electric �eld. The quadrupole
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moment is due to a non-spherical charge distribution of the nuclei. We can derive this

interaction by starting with the electrostatic interaction between a nucleus, containing

positively charged protons, and the surrounding non-spherical charge distribution of

negatively charged electrons

Ĥ =
1

4�� 0

X

i;p

ei ep

jR̂i � R̂pj (2.45)

where i is the electron index, p is the proton index, R̂p is the position vector of proton

p, R̂i is the position vector of electroni , ep is the charge of protonp, and ei is the charge

of electron i [55]. We apply the Laplace expansion

1

jR̂i � R̂pj
=

X

l

r l
<

r l+1
>

Pl (cos(� ip )) (2.46)

wherePl (cos(� ip )) are Legendre polynomials,r< is the magnitude of shorter vector either

the magnitude of R̂i or R̂p, r> is the magnitude of longer vector, and� ip is the angle

between the vectorsR̂p and R̂i . Because the electron distribution in the molecule exists

outside the nucleus (i.e. R̂i > R̂p), our equation becomes

Ĥ =
1

4�� 0

X

i;p;l

ei ep
Rl

p

Rl+1
i

Pl (cos(� ip )) : (2.47)

The Legendre polynomials can be written in terms of spherical harmonics using the

spherical harmonics addition theorem [57]

Pl (cos(� ip )) =
4�

2l + 1

lX

q= � l

Ylq(� p; � p) � Ylq(� i ; � i ) (2.48)

where � p and � p are the polar coordinates of the proton in the space-�xed frame, and� i

and � i are the polar coordinates of the electron in the space-�xed frame [55]. Equation

(2.47) thus becomes

Ĥ =
1

4�� 0

X

i;p;l

ei ep
Rl

p

Rl+1
i

4�
2l + 1

lX

q= � l

Ylq(� p; � p) � Ylq(� i ; � i ) (2.49)
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To simplify this equation, we de�ne renormalized spherical harmonics

C(l )
q (�; � ) =

� 4�
2l + 1

� 1=2
Ylp(�; � ) (2.50)

where the following symmetry relationship is usefulC(l )
q (�; � ) � = ( � 1)qC(l )

� q(�; � ). The

Hamiltonian (2.49) simpli�es to

Ĥ =
1

4�� 0

X

i;p;l

ei ep
Rl

p

Rl+1
i

lX

q= � l

(� 1)qC(l )
� q(� p; � p)C(l )

q (� i ; � i ) (2.51)

The monopole term (l = 0) may be written as

Ĥ =
1

4�� 0

X

i;p

ei ep

Ri
(� 1)4�Y 00(� p; � p)Y00(� i ; � i )

=
� 1

4�� 0

X

i;p

ei ep

Ri

(2.52)

which is the Coulomb interaction between the protons and the electrons [57]. The next

highest-order term is the dipole term (l = 1). This term corresponds to an interaction

between a nucleus's electric dipole moment and an electric �eld that is generated by the

electrons inside the molecule [57]. This term vanishes because, in their ground state,

nuclei possess no permanent electric dipole moments [57]. Thel = 2 term corresponds

to the electric quadrupole moment of the nucleus interacting with the gradient of the

electric �eld, and it can be written as

Ĥ =
X

i;p;q

(� 1)q ei ep

4�� 0

R2
p

R3
i
C(2)

� q(� p; � p)C(2)
q (� i ; � i ) (2.53)

[57].

The l = 3 component is zero because nuclei without degenerate states exhibit only

even electric moments [57]. Lastly,l = 4 component is signi�cantly smaller than the

l = 2 one, and can therefore be neglected [57]. Thus our Hamiltonian for the quadrupole

interaction can be written as equation (2.53) which can also be written using tensor

notation as

Ĥ = � eT2(r E) � T2(Q̂) (2.54)
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where the Hamiltonian is the product of two second-rank tensorsQ̂, the quadrupole mo-

ment of the nucleus andr E, the electric �eld gradient at the nucleus. More speci�cally,

T2(r E ) = �
1

4�� 0

X

i

ei

R3
i
C2(� i ; � i );

T2(Q) =
X

p

R2
pC2(� p; � p):

(2.55)

The current form of the Hamiltonian requires a many-particle treatment of the nu-

cleus [55]. Fortunately, the Hamiltonian can be expressed in a spherical tensor form

which is the standard form

HQ =
X

i;p

(eqQ)

p
6

4I (2I � 1)
(� 1)pT2

p (C)T2
� p(I ; I ) (2.56)

where eQi is the nuclear electric quadrupole moment [55]. In this form, the gradient of

the electric �eld is written as

T2(r E) = �
1

4�� 0

X

i

ei

R3
i
C2(� i ; � i ) = � qT2(C) (2.57)

where q = 1
4�� 0

ei
R3

i
is the electric �eld gradient at nucleus i [57]. We also would like to

express the quadrupole moment in similar terms. To accomplish this, we �rst start by

considering the operator with angular dependence on nuclear orientation[55].

T(Î; Î ) =
X

jk

3
Î j Î k + Î k Î j

2
� � jk Î 2

(2.58)

The nuclear quadrupole moment tensorT2(Q) can be expressed in terms of nuclear spin

of the operator asT(Î; Î ) = CT2(Q) because they have the same angular dependance

on the nuclear state [55]. Thus, the nuclear quadrupole moment tensor components can

be expressed as

Qjk = C
1

p
6

�
3

Î j Î k + Î k Î j

2
� � jk Î 2

�
: (2.59)

[55]. They are related by a constantC. To �nd C, we �rst start by considering the
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matrix elements of the nuclear quadrupole tensor.

hI; M I = I jeT2(Q)j; M I = I i = hI; M I = I je
X

p

R2
pC2(� p; � p)jI; M I = I i

= e
X

p

R2
phI; I j

s
4�

2(2) + 1
Y 2

0 (� p; � p)jI; I i

= e
1
2

hI; I j
X

p

(3Z 2
p � R2

p)jI; I i

(2.60)

[55]. Because
P

p(3Z 2
p � R2

p) is the nuclear quadrupole momentQ then (2.60) can be

written as

hI; I jeT2(Q)jI; I i = e
1
2

Q (2.61)

Now we can relateC and the nuclear quadrupole momentQ

e
1
2

Q = hI; I jeQjk jI; I i = hI; I jC
1

p
6

�
3

Î j Î k + Î k Î j

2
� � jk Î 2

�
jI; I i (2.62)

[55]. We choose to examine the diagonalQzz term

e
1
2

Q = hI; I jC
1

p
6

�
3

2Î z Î z

2
� Î 2

�
jI; I i

C
1

p
6

hI; I j3I 2
z � Î 2jI; I i

= C
1

p
6

(3I 2 � I (I + 1))

= C
2I (2I � 1)

p
6

(2.63)

Thus, C = eQ
2I (2I � 1) and the quadrupole moment of the nucleus is written as

T2(Q) = e
X

p

R2
p

X

q

C2(� p; � p) = eQ

p
6

4I (2I � 1)
T2(I ; I ) (2.64)

Having derived some key interactions, we will now examine the structures of three

molecules.
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2.4 Molecular structure of CO

We start by examining the structure of CO molecules, as they are the simplest molecules

we will be considering. The asymptotic Hamiltonian of the diatomic CO molecule (which

is treated as a rigid rotor) is given by:

Ĥ = BeN̂ 2 + DN̂ 4 � gN � N N̂ � B̂ � gI � N Î � B̂ + CÎ � N̂ � Ĥdiam (2.65)

whereBe is the rotational constant, B̂ is the external magnetic �eld, N̂ is the rotational

angular momentum operator, Î is the nuclear spin operator, � N is the nuclear Bohr

magneton,C is the spin-rotation, gI is the nuclear g-factor,gN is the rotational g-factor,

D is the centrifugal distortion constant, and Ĥdiam is the diamagnetic susceptibility term

[58]. The �rst term represents the rotational structure, the second term represents the

centrifugal distortion, the third term is the rotational Zeeman e�ect, the fourth term

is the nuclear Zeeman e�ect, and the �fth term is the nuclear spin-rotation interaction.

We will discuss each of these interactions below, starting with the rotational structure.

The rotational energy can be conveniently expressed as a sum of rotational and cen-

trifugal distortion terms. The rotational spectrum arises from the quantized rotational

motion of molecules. The centrifugal distortion term represents a correction to the ro-

tational energy, which accounts for the deviation of the rotational spectrum from the

idealized rigid rotor behavior due to the molecule's non-rigidity. To �nd the energy

levels of the molecule, we diagonalize the Hamiltonian matrix, obtaining its eigenvalues.

To accomplish this, we must �rst �nd the matrix elements of the Hamiltonian. We start

by deriving the matrix elements of the rotational structure and the centrifugal distortion

in the uncoupled basisjIM I ij NM N i . The matrix elements are diagonal in the nuclear

spin quantum numbers [58].

hNM N jhIM I jBeN̂ 2 + DN̂ 4jI 0M 0
I ij N 0M 0

N i = � II 0� M I M 0
I
hNM N jBeN̂ 2 + DN̂ 4jN 0M 0

N i

= � II 0� M I M 0
I
� NN 0� M N M 0

N
(BeN (N + 1) + DN 2(N + 1) 2)

(2.66)

Next, we consider the nuclear Zeeman and rotational Zeeman e�ects. The rotational

Zeeman e�ect causes the energy levels of a molecule to split into sub-levels that cor-
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respond to a projection of the rotational angular momentum along the direction of an

externally applied magnetic �eld. This e�ect arises from the magnetic moment asso-

ciated with molecular rotation interacting with an external magnetic �eld. Similarly,

the nuclear Zeeman e�ect causes the energy levels of a molecule to split into sub-levels

that correspond to a projection of the nuclear spin along the magnetic �eld direction.

The nuclear Zeeman e�ect is caused by the interaction between the nuclear magnetic

moment and an external magnetic �eld. The matrix elements of the rotational Zeeman

e�ect and the nuclear Zeeman e�ect are given by the following expression:

hNM N jhIM I j � gN � N N̂ � B̂ � gI � N Î � B̂ jI 0M 0
I ij N 0M 0

N i

= � II 0� M I M 0
I
hNM N j � gN � N N̂ � B̂ jN 0M 0

N i + � NN 0� M N M 0
N

hIM I j � gI � N Î � B̂ jI 0M 0
I i

(2.67)

If the magnetic �eld is orientated along the z-axis, then the equation can be written as:

hNM N jhIM I j � gN � N N̂ � B̂ � gI � N Î � B̂ jI 0M 0
I ij N 0M 0

N i

= � II 0� M I M 0
I
hNM N j � gN � N NzB jN 0M 0

N i + � NN 0� M N M 0
N

hIM I j � gI � N I zB jI 0M 0
I i

= � gN � N B� II 0� M I M 0
I
hNM N jNz jN 0M 0

N i � gI � N B� NN 0� M N M 0
N

hIM I jI z jI 0M 0
I i

= � II 0� M I M 0
I
� NN 0� M N M 0

N
(� gN � N M N � gI � N M I )

(2.68)

The next interaction we will examine is the weak diamagnetic Zeeman term, which

arises due to the interaction of the external magnetic �eld with the molecule's dia-

magnetic susceptibility. The diamagnetic Zeeman term can be written asHdiam =

� 1
2T2(� ) � T2(B̂; B̂ ) where [55]

T2
p (B̂; B̂ ) = ( � 1)p

p
5

X

pi ;p2

0

B
@

1 1 2

p1 p2 � p

1

C
A T1

p1
(B̂ )T1

p2
(B̂ ) (2.69)

if the direction of the magnetic �eld in the space-�xed frame is along the z-axis, then
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p = p1 = p1 = 0. Therefore, we can reduce the above expression to:

T2
0 (B̂; B̂ ) = ( � 1)0

p
5

0

B
@

1 1 2

0 0 0

1

C
A T1

0 (B̂ )T1
0 (B̂ ) =

p
5
p

2=15B 2
Z = (

2
3

)
1
2 B 2

Z

(2.70)

[55]. The magnetic susceptibility tensor's components are de�ned in the body-�xed

frame, so we transform them to the space-�xed frame using the Wigner D-matrices,

T2
0 (� ) =

X

q

D (2) �
0q (! )T2

q (� ): (2.71)

where ! is the angular velocity of the molecule about the center of mass and� is the

total magnetic susceptibility [55]. Putting it all together, we obtain:

Hdiam = �
1

p
6

B 2
Z

X

q

D (2) �
0q (! )T2

q (� ) (2.72)

[55]. The matrix elements of the diamagnetic Zeeman term can be written as:

h�; �; J; M J jHdiam j�; � 0; J 0; M J i = �
1

p
6

B 2
Z

X

q

h�; �; J; M J jD (2) �
0q (! )T2

q (� )j�; � 0; J 0; M J i

= �
1

p
6

B 2
Z (� 1)J � M J

0

B
@

J 2 J 0

� M J 0 M J

1

C
A

X

q

h�; � ; J jjD (2) �
q (! )T2

q (� )jj �; � 0; J 0i

(2.73)

where J is the total angular momentum, M J is the projection of the total angular

momentum, � is the projection of L , and � represents are all other quantum numbers

not speci�ed [55]. Next, we expand to get:

= �
1

p
6

B 2
Z (� 1)J � M J

0

B
@

J 2 J 0

� M J 0 M J

1

C
A

X

q

X

� 00;J 00

h�; � ; J jjD (2) �
q (! )jj �; J 00; � 00ih� 00; J 00; � jjT2

q (� )jj �; � 0; J 0i

(2.74)

[55]. The magnetic susceptibility matrix elements are diagonal for diatomic molecules;

therefore, they require (� 00= � 0; J 00= J 0) in order to have non-vanishing matrix ele-

ments:
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= �
1

p
6

B 2
Z (� 1)J � M J

0

B
@

J 2 J 0

� M J 0 M J

1

C
A

X

q

h�; � ; J jjD (2) �
q (! )jj �; J 0; � 0ih� 0; J 0; � jjT2

q (X )jj �; � 0; J 0i

(2.75)

[55]. The reduced matrix elements of the Wigner D-matrix can be expressed as

hJ; 
 ; M J jjD (k)�
q (! )jjJ 0; 
 0; M 0

J i = ( � 1)J � 

p

(2J + 1)(2 J 0+ 1)

0

B
@

J k J 0

� 
 q 
 0

1

C
A (2.76)

where the projection of total angular momentum onto the z-axis, 
, is equal to � + �,

the sum of the projections of the orbital angular momentum and the spin [57]. In the

case of1� molecules such as CO whereS = 0, 
 = � + 0 = � thus the matrix elements

of the diamagnetic Zeeman term become

= �
1

p
6

B 2
Z (� 1)J � M J

0

B
@

J 2 J 0

� M J 0 M J

1

C
A

X

q

(� 1)J � �
p

(2J + 1)(2 J 0+ 1)

0

B
@

J 2 J 0

� � q � 0

1

C
A hT2

q (X )i

(2.77)

[57]. Next, we set � the projection of the orbital angular momentum to zero because

�=0 for 1� molecules. Additionally, we only care about the ground states thus q=0,

and we are only looking at the case whereJ = J 0:

h�; �; J; M J jHdiam j�; �; J; M J i =

�
1

p
6

B 2
Z (� 1)J � M J

0

B
@

J 2 J

� M J 0 M J

1

C
A (� 1)J (2J + 1)

0

B
@

J 2 J

0 0 0

1

C
A hT2

0 (� )i
(2.78)

The algebraic expressions for the above 3-j symbols are:

0

B
@

J 2 J

� M J 0 M J

1

C
A =

0

B
@

J J 2

M J � M J 0

1

C
A

= ( � 1)J � M 2
3M 2

J � J (J + 1)
((2J + 3)(2 J + 2)(2 J + 1)2J (2J � 1))1=2

(2.79)
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and 0

B
@

J 2 J

0 0 0

1

C
A =

0

B
@

J J 2

0 0 0

1

C
A

= ( � 1)J 2
� J (J + 1)

((2J + 3)(2 J + 2)(2 J + 1)2J (2J � 1))1=2

(2.80)

[57]. Replacing the 3-j symbols with these algebraic expressions gives us:

h�; �; J; M J jHdiam j�; �; J; M J i =

�
1

p
6

B 2
Z (� 1)� M J hT2

0 (X )i (2J + 1)

(� 1)J 2
3M J � J (J + 1)

((2J + 3)(2 J + 2)(2 J + 1)2J (2J � 1))

(� 1)J � M J 2J (J + 1)

(2.81)

Next, we gather like terms:

= �
1

p
6

B 2
Z hT2

0 (� )i (� 1)2(J � M J ) (2J + 1)2J 2(J + 1)

3M J � J (J + 1)
((2J + 3)(2 J + 2)(2 J + 1)2J (2J � 1))

(2.82)

and simplify the above expression to obtain:

= �
1

p
6

B 2
Z hT2

0 (chi)i (2J + 2)

3M J � J (J + 1)
((2J + 3)(2 J + 2)(2 J � 1))

= �
1

p
6

B 2
Z hT2

0 (� )i
3M J � J (J + 1)
(2J + 3)(2 J � 1)

(2.83)

In the case of1� molecules J = N + S + L and S = L = 0. Since we are interested in

these molecules, we can write J=N. Thus, the above equation can be written as:

h�; �; J; M J jHdiam j�; �; J; M J i =

�
1

p
6

B 2
Z hT2

0 (X )i
3M N � N (N + 1)
(2N + 3)(2 N � 1)

(2.84)
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[55]. The expectation value of the magnetic susceptibility is:

hT2
0 (� )i = �

e2

2mc2 h 0j
X

i

(r 2
i I � r i r i )j 0i

=
1

p
6

(2� zz � � xx � � yy ) =

r
2
3

(� para � � perp)

(2.85)

where� para and � perp are the parallel and perpendicular components of the diamagnetic

susceptibility tensor of CO, and r i is the vector from the center of mass of the molecule

to the position of the electron [55]. Plugging the above expression into our equation, we

obtain the diamagnetic Zeeman matrix elements:

h�; �; J; M J jHdiam j�; �; J; M J i = � B 2
Z

3M 2
N � N (N + 1)

3(2N � 1)(2N + 3)
(� para � � perp) (2.86)

[55].

The nuclear spin-rotation interaction is the coupling that occurs between the rotation

of the molecule and the nuclear spin angular momentum of the nuclei. Similarly to the

electron spin-rotation interaction, the magnetic moment, in this case, nuclear magnetic

moment, interacts with the e�ective magnetic �eld arising from the molecular rotation.

The matrix elements of the spin-rotation interaction are given by:

hNM N jhIM I jCI � N jIM 0
I ij N 0M 0

N i : (2.87)

We can expand the dot product as:

hNM N jhIM I jC
�
I zN z + I yN y + I xN x )

�
jI 0M 0

I ij N 0M 0
N i (2.88)

SinceI � = I x � i I y and N � = N x � iN y equation 2.88 becomes

hNM N jhIM I jC
�
I zN z +

1
2

(I + N � + I � N + )
�
jI 0M 0

I ij N 0M 0
N i : (2.89)
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Evaluating the nuclear spin operators gives us:

ChNM N j
�

hIM I jM 0
I jI 0M 0

I i N z +
1
2

(C+( I 0;M 0
I )hIM I jI 0

Na (M 0
I + 1) i N � + C� (I 0;M 0

I )

hIM I jI 0(M 0
I � 1)i N + )

�
jN 0M 0

N i

(2.90)

where, C� ( j;m ) =
p

j (j + 1) � m(m � 1). As a result, equation 2.90 simpli�es to

ChNM N j
� �

� M I ;M 0
I
M 0

I N z +
1
2

(C+( I 0;M 0
I ) � M I ;(M 0

I +1) N �

+ C� (I 0;M 0
I ) � M I ;(M 0

I � 1)N + )
�

jN 0M 0
N i :

(2.91)

which gives us the spin-rotation matrix elements:

hNM N jhIM I jCI � N jIM 0
I ij N 0M 0

N i : = C
� �

� M I ;M 0
I
� M N ;M 0

N
M 0

I M 0
N +

1
2

(C+( I 0;M 0
I )C� (N;M 0

N ) � M I ;(M 0
I +1) � M N ;(M 0

N � 1) + C� (I 0;M 0
I )

C+( N;M 0
N ) � M I ;(M 0

I � 1) � M N ;(M 0
N +1) )

� �
:

(2.92)

Diagonalizing the Hamiltonian matrix, which was found using the matrix elements

derived above, we obtain the energy levels of CO. These energy levels are plotted as

a function of magnetic �eld in �gure 2.2. The rotational structure causes the largest

splitting of the energy levels. The energy levels corresponding toN = 0 and N = 1

are separated by 3.6761 cm{1 . At high magnetic �elds, the second largest splitting of

the energy levels is caused by the nuclear Zeeman e�ect. The third largest splitting at

high �eld is due to the rotational Zeeman e�ect, which splits the energy levels based on

their projection of the rotational angular momentum M N . At high magnetic �elds, M N

and M I are good quantum numbers, and we can use them to label the energy levels.

However, at low magnetic �elds, they are no longer good quantum numbers. At such

�elds, jN � I j � J � N + I is conserved, andM J is always a good quantum number.

Thus, at low �eld, J and M J are good quantum numbers. At zero �eld, there are two

groups ofN = 1 states. The low group can be labeled withJ = 1
2 and the upper group

with J = 3
2 . As we increase magnetic �eld slightly, the states are split based on their

projection of the total angular momentum M J . At low �elds, the second largest splitting

occurs due to the spin-rotation interaction.
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Figure 2.2: Zeeman Levels of the13C16O molecule as a function of magnetic �eld. The
energy levels are labeled by their quantum numbers (jN; M N ; M I i ) in the high �eld
limit.

2.5 Molecular structure of KRb

The next molecule we will explore is KRb, which is a bi-alkali molecule, that is, a

molecule composed of two alkali metal atoms. The e�ective Hamiltonian of KRb is

H = BeN̂ 2 + gN � N N̂ � B̂ � gI 1 � N Î 1 � B̂ � gI 2 � N Î 2 � B̂ + c1N̂ � I 1 + c2N̂ � I 2

� e
X

i

T2(r E) � T2(Q̂i ) + c3
p

6T2(Ĉ) � T2(Î 1; Î 2) + c4Î 1 � Î 2 � � � Ê
(2.93)

where Be is the rotational constant, B̂ is the external magnetic �eld, Ê is the external

electric �eld, N̂ is the rotational angular momentum operator, Î 1 is the nuclear spin of
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potassium (K), Î 2 is the nuclear spin of rubidium (Rb), � N is the nuclear magneton,ci

are the hyper�ne constants, gI i are the nuclear g-factor, gN is the rotational g-factor,

Q̂i are the quadrupole moment of the nuclei,r E is the electric �eld gradient, and �

is the dipole moment. The Hamiltonian is composed of rotational structure, Zeeman

e�ects, hyper�ne interactions, the quadrupole interaction, and the Stark e�ect. We will

examine the terms, which were not previously covered, starting with the quadrupole

interaction.

The quadruple interaction arises from the electric quadrupole momenta the nuclei

interacting with the gradient of the electric �eld. The quadrupole momenta are due

to the charge distributions of the nuclei in the molecule. The matrix elements of the

quadrupole interaction interaction are given by the following expression [59]:

hNM N I 1M I 1 I 2M I 2 j
X

i;p

(eqi Qi )

p
6

4I i (2I i � 1)
(� 1)pT2

p (C)T2
� p(I i ; I i )

jN 0M 0
N I 0

1M 0
I 1

I 0
2M 0

I 2
i =

X

i;p

(eqi Qi )

p
6

4I i (2I i � 1)
(� 1)phNM N jT2

p (C)jNM N i

hI 1M I 1 I 2M I 2 jT2
� p(I i ; I i )jI 0

1M 0
I 1

I 0
2M 0

I 2
i

(2.94)

We examine the matrix elements of the tensors

hNM N jT2
p (C)jN 0M 0

N i =

hNM N j

r
4�
5

Y 2
p (�; � )jN 0M 0

N i =

(� 1)M N [(2N + 1)(2 N 0+ 1)] 1=2
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B
@

N 2 N 0

� M p M 0

1
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0
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@

N 2 N 0

0 0 0

1

C
A

(2.95)

[59]. To �nd hI i M I i jT
2
� p(I i ; I i )jI 0

i M
0
I i

i we use the identity

hJM J jT k
p (A )jJ 0M 0

J i = ( � 1)J � M

0

B
@

J k J 0

� M p M

1

C
A hJ jjT k (A )jjJ 0i (2.96)
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to get:

hI i M I i jT
2
� p(I i ; I i )jI 0

i M
0
I i
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(� 1)I i � M i
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I i k I i

� M i � p M 0
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A hI jjT2(I i ; I i )jj I 0i

(2.97)

[59]. Next, we use the identity

hJ jjT2(J; J)jjJ 0i = � J;J 0
J (2J � 1)
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to obtain:
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(2.99)

putting everything together, we obtain

hNM N I i M I i j � e
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(2.100)

[59]. Simplifying, we obtain the matrix elements of the nuclear quadruple moments
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interaction with the magnetic �eld

hNM N I i M I i j � e
2X

i =1

T2(r E i ) � T2(Q i )jN
0M 0

N I 0
i M

0
I i

i =

X
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4
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N 2 N 0

� M p M 0
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(2.101)

The Stark e�ect refers to the splitting of the energy levels in the presence of an

external electric �eld. The Stark e�ect arises from the interaction between an external

electric �eld and the electric dipole moment of an atom or molecule. The matrix elements

of the Stark e�ect are given by the following expression:

hNM N I i M I i j � d � EjN 0M 0
N I 0

i M
0
I i

i

= E0d0hNM N I i M I i j � d̂ � Ê jN 0M 0
N I 0

i M
0
I i

i
(2.102)

whered is the electric dipole moment operator andE is the electric �eld. The dc electric

�eld E = E0ẑ is along the space-�xed z-axis.

= � E0d0hNM N I i M I i jd̂ � ẑjN 0M 0
N I 0

i M
0
I i

i

� E0d0hNM N I i M I i j cos(� )jN 0M 0
N I 0

i M
0
I i

i
(2.103)

The operator cos(� ) is independent of the nuclear spin degree of freedom, so the equation

can be written as

= E0d0� M I i M 0
I i

� I i I i hNM N I i M I i j cos(� )jN 0M 0
N I 0

i M
0
I i

i (2.104)

Further, cos(� ) can be written in terms of spherical harmonics

= E0d0� M I i M 0
I i

� I i I i hNM N I i M I i jY
0

1 (r )jN 0M 0
N I 0

i M
0
I i

i (2.105)
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The matrix elements of the spherical harmonics can be evaluated using

hl1ml1 jY
m l 2
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(r )jl3ml3 i =
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m �
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@
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(2.106)

Using this identity the matrix elements of the Stark e�ect can be written as

hNM N I i M I i j � d � EjN 0M 0
N I 0

i M
0
I i

i =

� E0d0� I i I i � M I i M 0
I i

3(2N + 1)(2 N 0+ 1)
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@

N 1 N 0

0 0 0

1
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B
@

N 1 N 0

� M N 0 M 0
N

1

C
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(2.107)

Applying all the matrix elements we have derived, we obtain the full Hamiltonian for

KRb, which we diagonalize to determine the energy levels. Rubidium-87 has a nuclear

spin of 3
2 , leading to four possible projections of nuclear spin (� 3

2 , � 1
2 , 1

2 , and 3
2), while

potassium has a nuclear spin of 4, leading to thirty-six possible projections of nuclear

spin. For the rotational ground state (N = 0) of KRb, this leads to 36 Zeeman sub-levels,

which can be represented at large magnetic �eld asjM N ; M I K ; M I Rb i .

Working with such a large number of states can be challenging. Fortunately, when

the magnetic and electric �elds are parallel, the projection of the total angular momen-

tum on the �eld axis is conserved. Thus, the N = 0 bare states jM N ; M I K ; M I Rb i

can only be coupled if they have the same projection of total angular momentum

M F = M N + M I K + M I Rb . This allows us to look at a smaller subset of levels. Figure

2.3 shows the energy levels, which haveM F = 7=2.

The largest splitting of the energy levels is due to the rotational structure, which

splits the energy levels enough to warrant plotting them in two separate panels. In panel

(b), the ground rotational state energy levels are displayed as a function of magnetic �eld

at zero E-�eld. Here, we observe that the dominant interaction is the nuclear Zeeman

e�ect caused by the rubidium's nuclear spin. In panel (a) the �rst excited rotational

states are shown. At low �elds, the nuclear electric quadrupole interaction dominates.

This interaction splits the energy levels by their FRb = I Rb+ N quantum numbers. Since
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I Rb = 3=2 and N = 1 then 1=2 � F2 � 5=2 which leads to F2 = 1=2; 3=2; 5=2. Thus,

at low �elds, we expect to see three energy level groups, which we observe in panel (a).

At high �elds, the dominant e�ects are the nuclear Zeeman interactions of rubidium,

potassium, and the rotational Zeeman e�ect, listed in the order of strength.

Figure 2.3: Energy levels of a KRb molecule corresponding toM F = 7=2 as a function of
magnetic �eld. The energy levels in the rotational ground manifold (N = 0) are shown
in panel (a), and the energy levels in the �rst excited rotational manifold ( N = 1) are
shown in panel (b). The energy levels are labeled by the quantum numbersM N , M I K ,
and M I Rb , respectively.

2.6 Molecular structure of NaLi

The last molecule we will explore is NaLi in the metastable triplet electronic state created

in recent experiments [60]. A molecule in a triplet state has two unpaired electrons and

an electronic spin of 1 (̂S = 1). It is called a triplet state as there are three possible

projections (M S = 1 ; 0; � 1) of the electronic spin. The asymptotic Hamiltonian of the
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NaLi molecule is:

Ĥ = BeN̂ 2 + 2 � 0B ŜZ + aNa Î Na � Ŝ + aLi Î Li � Ŝ

� g2
s � 2

0

�
24�
5

� 1
2 � 2

R3

X

q

(� 1)qY2� q(r )[ŜNa 
 ŜLi ](2)
q

(2.108)

where Be is the rotational constant, N̂ is the rotational angular momentum operator,

Ŝ is the electron spin operator,� 0 is the Bohr magneton, aNa and aLi are the hyper�ne

constants, and gs is the electron spin g-factor [5]. The e�ective Hamiltonian contains

contributions from molecular rotation, the Zeeman e�ect, hyper�ne structure, and �ne

structure. We will derive the matrix elements of the interactions that we have not yet

considered beginning with the Zeeman e�ect.

The electronic Zeeman e�ect causes the splitting of atomic and/or molecular energy

levels associated with di�erent projections of the electron spin in an external magnetic

�eld. To calculate the matrix elements of this interaction, we choose our basis to be

the fully uncoupled basis jNM N SMSI Li M I Li I NaM I Na i where jI Li M I Li i and jI NaM I Na i

are eigenstates of the projection of nuclear spin angular momentum and the squared

nuclear spin angular momentum (I 2
Li ; I Li z and I 2

Na; I Naz ). The matrix elements of the

Zeeman e�ect are diagonal in the nuclear spin quantum numbers

hNM N jhSMS jhI Li M I Li jhI NaM I Na j2� 0B ŜZ jI 0
NaM 0

I Na
ij I 0

Li M
0
I Li

ij S0M 0
S ij N 0M 0

N i

= � M I Na M 0
I Na

� M I Li M 0
I Li

� NN 0� M N M 0
N

� M S M 0
S
hSMS j2� 0B ŜZ jS0M 0

S i

= � M I Na M 0
I Na

� M I Li M 0
I Li

� M S M 0
S
� NN 0� M N M 0

N
2�BM S (2.109)

The isotropic hyper�ne interaction between the electron and nuclear spins can be

written as

Ĥ mol
hf = aNa Î Na � Ŝ + aLi Î Li � Ŝ (2.110)

[61]. The interaction is diagonal in the rotational angular momentum N and its projec-

tion M N . Expanding the dot products in Eq. (2.110) in ladder operators asaNa Î Na � Ŝ =
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aNa
�
Î Naz Ŝz + 1

2(Î Na+ Ŝ� + Î Na� Ŝ+ )), we obtain
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NaM 0
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= � N;N 0� M N ;M 0
N

hSMS jhI Li M I Li jhI NaM I Na jaNa
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1
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(Î Li + Ŝ� + Î Li � Ŝ+ )
�
jI 0

NaM 0
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Li M
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I Li
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S i : (2.111)

Evaluating the matrix elements of the nuclear spin operators gives
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S i + C� (I 0

Na ;M 0
I Na

) � M I Na ;(M 0
I Na

� 1)hSMS jŜ+ jS0M 0
S i )

�

+ � M I Na ;M 0
I Na

aLi

�
� M I Li ;M 0

I Li
M 0

I Li
hSMS jŜz jS0M 0

S i

+
1
2

(C+( I 0
Li M 0

I Li
)C� (S;M 0

S ) � M I Li ;(M 0
I Li

+1) hSMS jŜ� jS0M 0
S i

+ C� (I 0
Li M 0

I Li
) � M I Li ;(M 0

I Li
� 1)hSMS jŜ+ jS0M 0

S i )
� �

; (2.112)

where C� ( j;m ) =
p

j (j + 1) � m(m � 1). Evaluating the matrix elements of the elec-

tronic spin operators gives the matrix elements of the isotropic hyper�ne Hamiltonian

� N;N 0� M N ;M 0
N

�
� M I Li ;M 0

I Li
aNa

�
� M I Na ;M 0

I Na
� M S ;M 0

S
M 0

I Na
M 0

S +
1
2

(C+( I 0
Na ;M 0

I Na
)C� (S;M 0

S )

� � M I Na ;(M 0
I Na

+1) � M S ;(M 0
S � 1) + C� (I 0

Na ;M 0
I Na

)C+( S;M 0
S ) � M I Na ;(M 0

I Na
� 1) � M S ;(M 0

S +1) )
�

+ � M I Na ;M 0
I Na

aLi

�
� M I Li ;M 0

I Li
� M S ;M 0

S
M 0

I Li
M 0

S

+
1
2

(C+( I 0
Li M 0

I Li
)C� (S;M 0

S ) � M I Li ;(M 0
I Li

+1) � M S ;(M 0
S � 1)

+ C� (I 0
Li M 0

I Li
)C+( S;M 0

S ) � M I Li ;(M 0
I Li

� 1) � M S ;(M 0
S +1) )

� �
: (2.113)

The intermolecular spin-spin interaction arises from the magnetic dipolar coupling

of the electronic spins inside the molecule. The spin-spin interaction makes by far the

largest contribution to the molecular �ne-structure Hamiltonian compared to the spin-
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rotation Hamiltonian. The interaction can be written as

Ĥ mol
SS = � g2

s � 2
0

�
24�
5

� 1
2 � 2

R3

X

q

(� 1)qY2� q(r )[ŜNa 
 ŜLi ](2)
q (2.114)

[61]. This interaction does not depend on the nuclear spin degrees of freedom, and we

can thus rewrite its matrix elements as

hNM N jhSMS jhI Li M I Li jhI NaM I Na jĤ mol
SS jj I 0

NaM 0
I Na

ij I 0
Li M

0
I Li

ij S0M 0
S ij N 0M 0

N i

= � g2
s � 2

0

�
24�
5

� 1
2

�
� 2

R3 � M I Na ;M 0
I Na

� M I Li ;M 0
I Li

X

q

(� 1)q

hNM N jY2� q(r )jN 0M 0
N ihSMS j[ŜNa 
 ŜLi ](2)

q jS0M 0
S i : (2.115)

Using the Wigner-Eckart theorem we obtain

hSMS j[ŜNa 
 ŜLi ](2)
q jS0M 0

S i = ( � 1)S� M S

0

B
@

S 2 S

� M S q M 0
S

1

C
A

�h (SNaSLi )Sjj [ŜNa 
 ŜLi ](2) jj (S0
NaS0

Li )Si :

(2.116)

The double-bar matrix element of the tensor product of two spherical tensor operators

may be written as

h(SNaSLi )Sjj [ŜNa 
 ŜLi ](2) jj (S0
NaS0

Li )Si = [(2 S + 1)(2 S + 1)(5)]
1
2

�

8
>>>><

>>>>:

SNa S0
Na 1

SLi S0
Li 1

S S 2

9
>>>>=

>>>>;

hSNa jjSNa jjS0
Na ihSLi jjSLi jjS0

Li i ;
(2.117)

where hSNa jjSNa jjS0
Na i = [(2 SNa + 1) SNa(SNa + 1)]

1
2 � SNa S0

Na
= f 3(SNa)� SNa S0

Na
and the

term in �gure brackets is a 9-j symbol. Combining this expression with the standard

matrix elements of the spherical harmonics,hNM N jY2� qjN 0M 0
N i , and taking q = M 0

N �
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M N = M S � M 0
S, we obtain the matrix elements of the spin-spin Hamiltonian

hNM N jhSMS jhI Li M I Li jhI NaM I Na jĤ mol
SS jI 0

NaM 0
I Na

ij I 0
Li M

0
I Li

ij S0M 0
S ij N 0M 0

N i

= � g2
s � 2

0

p
30

� 2

R3 � M I Na ;M 0
I Na

� M I Li ;M 0
I Li

(� 1)M N + S� M 0
S (2S + 1)[(2 N + 1)(2 N 0+ 1)]

1
2

f 3(SNa)f 3(SLi )

0

B
@

N 2 N 0

0 0 0

1

C
A

0

B
@

N 2 N 0

� M N M N � M 0
N M 0

N

1

C
A

0

B
@

S 2 S

� M S M S � M 0
S M 0

S

1

C
A

8
>>>><

>>>>:

SNa SNa 1

SLi SLi 1

S S 2

9
>>>>=

>>>>;

: (2.118)

We diagonalize the Hamiltonian to obtain the energy levels of the NaLi (3�). These

energy levels are shown in �gure 2.4. As usual, the rotational structure causes the largest

splitting of the energy levels, separating the energy levels that correspond toN = 0 from

the energy levels that correspond toN = 1.

In Fig. 2.4, the largest splitting between the N = 0 states in the high B-�eld limit is

due to the Zeeman e�ect, which splits the energy levels by their corresponding projection

of electronic spin M S. The next largest splitting is due to the nuclear Zeeman e�ect

caused by the nuclear spin of sodium (Na). The smallest splitting is due to the Zeeman

e�ect of lithium. At such high �elds, we can label state energy levels with M N , M I Li , and

M I Na . At low �elds, the total angular momentum and its projection are good quantum

numbers.

For N = 0 the possible values of total angular momentum can be found using

jS � I t � J � S + I t where jI Na � I Li j � I t � I Na + I Li . The nuclear spin of sodium is

3
2 and the nuclear spin of lithium is 1 thus 1

2 � I t � 5
2 . We useI t and S = 1 to obtain

J 1=2 � J � 3=2, 1
2 � J � 5

2 , 3
2 � J � 7

2 so J = 1
2 ; :::; 7

2 . From this, we predict there

should be 8 groups of states at zero magnetic �eld, each corresponding to a di�erentJ ,

which is what we see in Fig. 2.4.

We can validate our results by comparing them with experimental data. The tran-

sition frequencies of NaLi(a3� + ) in the ground rovibrational state at zero magnetic

�eld were measured by [62]. The hyper�ne transition frequencies can be obtained from

our calculated NaLi hyper�ne energy levels by taking the di�erence between the two
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Figure 2.4: N = 0 Zeeman levels of NaLi (3�) as a function of magnetic �eld. The
energy levels are labeled by the quantum numbersM S and M I Na in the high magnetic
�eld limit. The quantum number M I Li is not shown because the splitting between the
di�erent M I Li levels is too small to label them.

Table 2.1: Experimentally measured [62] and calculated [5] hyper�ne transition frequen-
cies of NaLi(a3� + )

Energy Levels Experiment (MHz) Theory (MHz)
jF = 1=2; M F = 1=2i $ j F = 3=2; M F = 1=2i 561 561.4
jF = 3=2; M F = 5=2i $ j F = 5=2; M F = 7=2i 1132 1132.3
jF = 5=2; M F = 5=2i $ j F = 5=2; M F = 7=2i 100 99.9

desired energy levels. To convert this energy di�erence to transition frequencies, we

use � = c
� =

2:99792458� 1010 cm
s

1cm � 1 = 2 :99792458� 1010 Hz, where c is the speed of light.

Table 2.1 compares our calculated hyper�ne transition frequencies of NaLi(a3� + ) in

the ground rovibrational state at zero magnetic �eld and the experimentally measured

frequencies. We observe good agreement, con�rming the accuracy of our results.
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Chapter 3

Collisional Theory

3.1 Single-channel scattering

We start with elastic collisions, which are de�ned those, which conserve the internal

states of the colliding particles [63]. To simplify our analysis, we choose to work in

the center-of-mass frame [63]. The Schr•odinger equation, which describes the relative

motion of the particles, takes the form

�
�

~2

2m
r 2 + V(r̂ )

�
 (r̂ ) = E (r̂ ) (3.1)

where m = m1m2
m1+ m2

is the reduced mass of the two particles,V (r̂ ) is the interaction

potential, � ~2

2m r 2 is the kinetic energy, andr 2 is the Laplace operator. [64].We de�ne

k =
p

2mE
~ and the scaled interaction potential U(r̂ ) = 2mV (r̂ )

~2 and are thus able to

rewrite equation (3.1) as

(r 2 + k2) (r̂ ) = 2 mU(r̂ ) (r̂ ) (3.2)

[64]. The two particle system can be described by a wavefunction [65]. The incoming

particle can be represented as a plane wave [65]. If we choose its incoming direction

to be along the positive z-axis the wavefunction takes the form in = eikz [64]. Far

from the scattering center, the outgoing wave function can be expressed as a spherical

wave multiplied by the scattering amplitude,  out = f (� ) eikr

r where � is the scattering

angle and f (� ) is the scattering amplitude [63]. The scattering angle is de�ned as the
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angle between the z-axis and the direction in which the scattered particle moves after

the collision [63]. The scattering amplitude is naturally zero in the absence of collisions

[65]. Putting the outgoing and incoming waves together, we obtain the asymptotic form

of the solution to the Schrodinger equation (3.1) at r ! 1

 (~r ) = eikz + f (� )
eikr

r
(3.3)

[65]. This solution is valid only if the potential decreases faster than1
r [64]. We introduce

the current density vector [64]

~j =
~

2im
( � r  �  r  � ); (3.4)

which describes the 
ow of probability associated with the wavefunction  and is some-

times referred to as the probability 
ux vector. If we apply equation (3.4) to the

plane wave � = eikz we obtain the magnitude of the incident 
ux j inc = ~2ik
2im =

~k
m indicating that the plane wave corresponds to a particle with velocity ~k

m moving

along the z-axis [64]. Additionally, if we apply equation (3.4) to f (� ) eikr

r the result is

j sc
~f (� )2

2imr ( ikr � 1
r 2 � � ikr � 1

r 2 ) = ~f (� )2

2imr ( 2ik
r ) = ~2ikf (� )2

2imr 2 = ~kf (� )2

mr 2 , which represents the magni-

tude of the scattering 
ux along r [64]. This quantity represents the number of particles

that pass through a unit surface area per unit time at a distancer [64]. To convert

the scattering 
ux to outgoing 
ux we multiply by j out = j scr 2 [64]. The ratio of the

outgoing 
ux to the incident 
ux gives the di�erential cross section [64].

j out

j inc
=

j j

j i
=

d� ij

d

=

~kf (� )2

m
~k
m

= jf (� )2j (3.5)

The di�erential cross section can be thought of as the probability density for �nding the

scattered projectile at a given angle that the scattered particle will be located at a speci�c

angle. A cross-section quanti�es the e�ective area \seen" by incoming particles. The

integral cross section� ij gives the total probability of the transition i ! j occurring (for

elastic collisionsi = j ) [65]. To calculate the integral cross section we need to integrate
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over the solid angle

� ij =
Z

d� ij

d

d


=
Z

jf (� )2jd


=
Z 2�

0

Z �

0
jf (� )2jsin (� )d�d�

(3.6)

[64]. The second integral can be equated to 2� as the di�erential cross section is inde-

pendent of � [64]. The rate coe�cients are related to the integral cross sectionkij = v! ij

[65]. If one has a velocity distribution v which can be represented by a functionf (v)

the averaged rate coe�cients can be represented as

hkij i =
Z 1

0
vf (v)� ij dv (3.7)

[65]. Thermal gases generally have a distribution functionf (v) =
�

m
2�k B T

� 3
2

4�v 2e
mv 2

2k B T

which is the Maxwell distribution, where m is the mass of the particle,kB is the Boltz-

mann constant, T is the temperature, and v is the velocity [65].

In a central �eld, the Schrodinger equation can be solved using the method of separa-

tion of variables  (r; �; � ) = R(r )Y m
l (�; � ) where R(r ) are radial functions and Y m

l (�; � )

are spherical harmonics [63]. The radial part of the Schrodinger equation is

1
r 2

d
dr

(r 2 dRl

dr
) +

�
k2 �

l (l + 1)
r 2 �

2m
~2 U(r )

�
Rl = 0 (3.8)

[63]. We substitute u l (r )
r = Rl (r ) in Eq. (3.8) which gives a more convenient form of the

Schrodinger equation

d2ul

dr2 +
�

k2 �
l (l + 1)

r 2 �
2m
~2 U(r )

�
ul = 0 (3.9)

For U(r ) = 0 the solutions can be expressed as a linear combination of spherical Bessel

functions

ul (r ) = kr [A l j l (kr ) + B l nl (kr )] (3.10)

where A l and B l are constants, andj l (kr ) =
P 1

0
(� 1)m

m!�( m+ l+1) ( kr
2 )2m+ l and nl (kr ) are

regular and irregular Bessel functions respectively [64]. The asymptotic behavior of the
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Bessel functions can be written as

j l (kr ) =
1

2ikr
(ei (kr � l�= 2) � e� i (kr � l�= 2)) =

sin (kr � l�= 2)
kr

nl (kr ) = �
cos(kr � l�= 2)

kr

(3.11)

[64]. We can see thatj l (kr ) can be thought of as being composed of two spherical waves

one outgoing and one incoming [65]. Subsequently, at larger , the radial solution can be

written as

ul (r ) = A l sin(kr � l�= 2) � B l cos(kr � l�= 2)

= Cl sin(kr � l�= 2 + � l )
(3.12)

where nl = tan � 1(� B l =Al ) is the phase shift andCl = ( A2
l + B 2

l )1=2 is a constant [64].

The wavefunction  and its derivative must be �nite for all r , � , and � , and we require

that ul (r ) must go to zero at the origin (r = 0) [64].

When scattering o� a central potential, which is a potential that only depends on

the distance from the origin r , the direction of the incident wave vector (k̂) is an axis of

symmetry [65]. We choose the incident vector to be along the polar axis. We can now

use the partial wave analysis to expand in terms of Legendre polynomials.

 (r; � ) =
X

l

Rl (r )Pl (cos(� )) =
X

l

ul (r )
r

Pl (cos(� ))

f (� ) =
X

l

f l Pl (cos(� ))
(3.13)

[65].

This expansion is possible because our choice of the wave vector's direction allows the

wavefunction  and f scattering amplitude to be independent of� [65]. The asymptotic

form of the wavefunction can be found by �rst applying the plane wave expansion to

the incoming wave

eikz = eikr cos(� ) =
X

l

(2l + 1) i l j l (kr )Pl (cos(� )) (3.14)

[64].

Next, we obtain the asymptotic form of the wavefunction by combining equation
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(3.14) with the outgoing wave expansion, which can be found using equation (3.13)

 = eikz + f (� )
eikr

r
=

X

l

[(2l + 1) i l j l (kr ) + f l
eikr

r
]Pl (cos(� )) (3.15)

[64]. Since we know at larger the solutions to the radial Schrodinger equation take the

form shown in Eq. (3.12), they must be equivalent to the r times radial part of the

equation (3.16)

Cl sin(kr � l�= 2 + � l ) = [(2 l + 1) i l sin(kr � l�= 2)
k

+ f l eikr ] (3.16)

[64]. We apply a rearrangement of Euler's formula sin(x) = eix + e� ix

2i to rewrite equation

(3.16) in the form

Cl
ei (kr � l�= 2+ � l ) + e� i (kr � l�= 2+ � l )

2i
= [(2 l + 1) i l e

i (kr � l�= 2) + e� i (kr � l�= 2)

2ik
+ f l eikr ] (3.17)

Since both sides of the equation must be equal, we can set the terms withe� ikr on the

left equal to the terms with the same exponential on the right. We can do the same for

the eikr terms thus splitting the equation into two equations based on their exponential

terms. We start with the equation involving the negative exponential.

Cl
e� i (kr � l�= 2+ � l )

2i
= (2 l + 1) i l e

� i (kr � l�= 2)

2ik

Cl e� i (kr � l�= 2+ � l ) =
(2l + 1)

k
i l e� i (kr � l�= 2)

Cl =
(2l + 1)

k
i l ei� l

(3.18)

Having solved for Cl , we can now determinef l by using the equation involving the

positive exponential and substituting the value of Cl .

(2l + 1)
k

i l ei� l
ei (kr � l�= 2+ � l )

2i
= [(2 l + 1) i l e

i (kr � l�= 2)

2ik
+ f l eikr ]

(2l + 1)
k

ei (2� l )

2i
= [(2 l + 1)

1
2ik

+ f l ]

(2l + 1)
k

(ei (2� l ) � 1)
2i

= f l

f l =
2l + 1

k
sin(� l )ei� l :

(3.19)
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Thus we have found that Cl = (2l+1) i l

k ei� l and f l = 2l+1
k sin(� l )ei� l . We can now express

the scattering amplitude in terms of the phase shift and Legendre polynomials

f (� ) =
X

l

2l + 1
k

ei� l sin(� l )Pl (cos(� )) (3.20)

[64]. Subsequently, we apply the same process to determine the wave function [64].

 (r; � ) =
X

l

2l + 1
kr

i l ul (r )Pl (cos(� )) (3.21)

Since we know the equation for the scattering amplitude, we can use equation (3.5)

to �nd the di�erential cross section.

d�
d


=
X

ll 0

(2l + 1)(2 l0+ 1)
k2 ei ( � l � � l 0) sin(� l ) sin(� l0)Pl (cos(� ))Pl0(cos(� )) (3.22)

[64]. To �nd the total cross-section, we integrate over the solid angle.

� =
Z X

ll 0

(2l + 1)(2 l0+ 1)
k2 ei ( � l � � l 0) sin(� l ) sin(� l0)Pl (cos(� ))Pl0(cos(� ))d


= 2 �
X

ll 0

(2l + 1)(2 l0+ 1)
k2 ei ( � l � � l 0) sin(� l ) sin(� l0)

Z �

0
Pl (cos(� ))Pl0(cos(� ))d�

(3.23)

[64]. We can simplify this using the orthogonality of the Legendre polynomials.

� = 2 �
X

ll 0

(2l + 1)(2 l0+ 1)
k2 ei ( � l � � l 0) sin(� l ) sin(� l0)

2
2l + 1

� ll 0

= 2 �
X

l

(2l + 1) 2

k2 e0 sin2(� l )
2

2l + 1

=
X

l

4� (2l + 1)
k2 sin2(� l )

(3.24)

where � ll 0 is a delta function [64]. Additionally, the partial cross-section can be written

as

� l =
4� (2l + 1)

k2 sin2(� l ) (3.25)

[64].

We introduce the S-matrix via its relation to the phase shift Sl = e2i� l [63]. This

will be used later when discussing examine the low-energy scattering. With this new
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relationship, the wave function becomes

 (r; � ) =
X

l

(2l + 1)
2ikr

[eikr e2i� l � e� i (kr � l� ) ]Pl (cos(� ))

=
X

l

(2l + 1)
2ikr

i l [e� i (kr � l�= 2) � Sl ei (kr � l�= 2) ]Pl (cos(� ))
(3.26)

and the scattering amplitude can be written as

f (� ) =
X

l

2l + 1
2ik

[Sl � 1]Pl (cos(� )) (3.27)

[63]. Thus we can conclude

f l =
1

2ik
(Sl � 1) =

1
2ik

(e2i� l � 1) (3.28)

[63]. For elastic scattering jSl j = 1 [63]. By examining (3.26) this indicates that the

magnitudes of the incoming and outgoing 
uxes are the same [63, 65].

3.2 Low-Energy scattering

We will examine the case when the collisional energy is low, speci�cally whenka << 1

[63]. This means that the energy is much less than the potential �eld within a rangea

(V (r ) � a at r > a ) [63]. It also implies that the wavelength ka = 2�a
� << 1, which

translates to 2�a << � , indicating that the wavelength is large compared to the rangea

of the potential. Within this range, the wave function does not oscillate much at r < a ,

and the Schrodinger equation becomes

R00
l + 2R0

l
1
r

=
2mU(r )

~2 Rl (3.29)

because we can neglectk2 since we assume that the collision energy is low [63]. If we

look at the region outside of the range of the potentiala << r << 1
k we are able to

neglect the potential term and the Schrodinger equation takes the form

R00
l + 2R0

l
1
r

�
l (l + 1)

r 2 Rl = 0 (3.30)
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which has a solution of

Rl = A l r l +
B l

r l+1
(3.31)

[63]. To get the exact solution we need to determine the constantsA l and B l by solving

the equation for a speci�c potential U(r ) [63]. The region de�ned by r > 1
k where is

where the particles move freely. In this region, the Schr•odinger equation for free motion

includes the term proportional to k2 [unlike Eq. 3.30]

R00
l + 2R0

l
1
r

[k2 �
l (l + 1)

r 2 ]Rl = 0 (3.32)

which has a solution that takes the form

Rl =
c1(� 1)l (2l + 1)!!

k2l+1 r l (
d
dr

) l sin (kr )
r

+
c2(� 1)l

(2l � 1)!!
r l (

d
dr

) l cos(kr )
r

(3.33)

[63]. If we apply the derivatives in equation we obtain

Rl =
c1(2l + 1)!!

rk l+1 sin
�
kr �

1
2

l�
�

+
c2k l

r (2l � 1)!!
cos

�
kr �

1
2

l�
�

(3.34)

We have chosen the constants so there is a smooth transition at the boundaryr = 1
k

between solutions (3.31) and (3.34) [63]. We want our solution (3.34) to take the form:

a sin(� ) + bcos(� ) = R sin(� + � ) (3.35)

We solve for R and � by expanding equation (3.35).

a sin(� ) + bcos(� ) = R
�

cos(� ) sin(� ) + sin( � ) cos(� )
�

(3.36)

Therefore, a and b can be expressed in terms ofR and �

R sin(� ) = b

R cos(� ) = a
(3.37)
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which are squared and added to obtain

a2 + b2 = R2(cos2(� ) + sin 2(� )) = R2 ! R =
p

a2 + b2 (3.38)

Substituting the new R into equation (3.37) to obtain

sin(� ) =
b

p
a2 + b2

cos(� ) =
a

p
a2 + b2

(3.39)

We divide these equations to get:

tan( � ) =
b
a

(3.40)

Now that we have found R and � equation (3.34) can be rewritten as

Rl �
sin

�
kr � 1

2 l� + � l
�

r
(3.41)

where

tan � l
�= � l =

c2k2l+1

c1(2l + 1)!!(2 l � 1)!!
(3.42)

First, we can utilize equations (3.28) to determine the low-energy limit of the partial

scattering amplitudes [63]. Employing this equation and the Taylor expansion, we can

�nd

f l =
1

2ik
(e2i� l � 1) �

1
2ik

((1 + 2 i� l ) � 1)

=
1

2ik
2i� l =

� l

k

(3.43)

[63]. We substitute (3.42) for the phase shift to obtainf l = k2l [63]. From this expression,

we observe that the only signi�cant scattering amplitude and hence cross sections at low

energy must havel = 0[63]. Therefore, we neglect the higher values ofl . Next, we use

equation (3.42) to �nd the phase shift � for s-wave scattering (l = 0)

� 0 =
c2

c1
k = � �k (3.44)
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where � = � �
k is the s-wave scattering length[63]. Using the Taylor expansion, we can

then obtain the s-wave S-matrix elements as

S0 = e2i� 0 � 1 + 2i� 0 = 1 � 2ik� (3.45)

The total cross-section for elastic collisions is then

� 0 =
�
k2 (j1 � S0j2) = 4 �� 2 (3.46)

[63]. This is the Wigner threshold law for elastic scattering. The equation informs us

that at low energies, the elastic cross section is independent of the particle's energy.

Additionally, the cross-section represents the e�ective surface area that the incoming

particle encounters [63]. The surface area of a sphere is 4�r 2, which implies that in the

limit of low energy, the scattering is analogous to that from a hard sphere with a radius

of � (scattering length).

Inelastic collisions involve a change in energy, which leads to a loss of 
ux of incoming

particles in a given internal state [63]. We use equation (3.26) to calculate the incoming

and outgoing 
ux. The incoming wave is  inc � i
2kr e� ikr which gives a 
ux of I in =

R
area j in r 2d
 = ~k

m
4�

(2k)2 . The 
ux of the outgoing wave is I out = ~k
m jSl j2 4�

(2k)2 [63]. Then

the loss of 
ux is I in � I out = ~k
m

4�
(2k)2 (1 � j Sl j2). We normalize to the incident beam 
ux

(we calculated the incident 
ux in equation (3.5)) to get the inelastic cross section. The

cross section for inelastic collisions becomes

� l =
I in � I out

I inc
=

~k
m

4�
(2k)2 (1 � j Sj2)

k~
m

=
�
k2 (1 � j Sl j2) (3.47)

It should be noted that jSl j2 relates the intensity of the outgoing and incoming waves

[63]. If Sl = 1 then this indicates a lack of inelastic scattering occurring, while Sl = 0

indicates a total absorption of the particles.

In the case of elastic collisions, the scattering length is real. However, for inelastic

collisions, � is complex because the asymptotic radial functionRl is no longer a standing

wave (composed of incoming and outgoing waves of the same magnitude) [63]. For

inelastic scattering, the incoming wave must have a larger amplitude than the outgoing
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wave [63]. Thus, the asymptotic form of the wavefunction is complex, and the scattering

length � = � c2
c1

is

� = � 0+ i� 00 (3.48)

[63]. Inputting the complex alpha into equation (3.45) we obtain

S0 = 1 � 2ik (� 0+ i� 00) (3.49)

[63]. To �nd the reaction cross section, we need the modulus squared of the S-matrix,

which can be written as

jS0j2 = 1 + 4 j� 00jk + 4k2(j� 0j2 + j� 00j2) (3.50)

Using equations (3.47) and (3.50) we obtain the cross section

� 0 =
�
k2 (1 � j S0j2) =

4� j� 00j
k

+ 4 � (j� 0j2 + j� 00j2) (3.51)

Since we know the relationship between energy andk, we can �nd the cross section in

terms of the energy

� 0 =
4� j� 00j
p

2mE
+ 4 � (j� 0j2 + j� 00j2) (3.52)

Therefore,

� 0 � E � 1
2 (3.53)

that is, the total s-wave inelastic cross section is energy dependent. This is the Wigner

threshold law for inelastic scattering. As energy decreases, the inelastic cross section

becomes larger, while the elastic cross section remains constant [63].

3.3 Many-channel scattering

Now, let's delve into multi-channel collisions. Thus far we have only discussed particles

that have one internal state [65]. However, in atom-molecule collisions, molecules possess

many internal rovibrational and hyper�ne states, which must be accounted for [65].

Multichannel collisions are e�ectively described by coupled-channel (CC) equations. To
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derive these equations we begin with the time-independent Schr•odinger equations for

the interaction between two particles, similar to the single-channel mode.

H rc 	( R ; r ) = E 	( R ; r ) (3.54)

whereH rc is the Hamiltonian that describes the interaction of two colliding particles, R

is the standard Jacobi vector representing the distance between the colliding particles,

and r is the Jacobi vector representing the distance between the two nuclei within the

molecule [65]. We are using a space-�xed coordinate system. The total Hamiltonian of

the atom-molecule reaction complex in an external electromagnetic �eld can be expressed

as (in atomic units ~=1)

H rc = �
1

2�R
d2

dR2 R +
L̂ 2

2�R 2 + V (r; R; � ) + H mol (3.55)

where R is the distance between the atom and the molecule,r is the distance between

the nuclei and the diatomic molecule, � R and � R are the orientations of the atom-

molecule separation vector,� r and � r are the coordinates of the inner nuclear vector

of the diatomic molecule, � is the Jacobi angle of the atom-molecule complex,� is the

reduced mass,L is the orbital angular momentum operator of the atom-diatom system,

H mol is the asymptotic Hamiltonian of the molecule andV (r; �; � ) is the atom-diatom

interaction potential [7]. The wavefunction for such a system can be written as

	( R ; r ) =
1
R

X

�

F� (R)� � (R̂; r ) (3.56)

where � � (R̂; r ) are the channel functions [65]. The diabatic channel functions �� (R̂; r )

form a basis set in the state space of the reaction complex Hamiltonian and are inde-

pendent of the distanceR [65]. Now, we expand the total wavefunction of the system

in the uncoupled basis [58].

j	 i =
1
R

X

N;M N

X

I;M I

X

L;M L

X

S;M S

F M
NM N IM I SM S LM L

(R)jNM N ij IM I ij LM L ij SMS i (3.57)



54

where jNM N ij IM I ij LM L ij SMS i are the eigenstates of the di�erent angular momenta

which characterize the atom molecule complex.L is orbital angular momentum, S is

electronic spin, N is rotational angular momentum, and I is nuclear spin. In Eq. (3.57)

M = M N + M I + M S + M L denotes the projection of total angular momentum of

the atom-molecule complex, which is conserved for collisions in a magnetic �eld [58].

We substitute our expanded wave function into equation (3.54) to obtain a system of

coupled-channel equations

�
�

1
2�R

d2

dR2 +
L̂ 2

2�R 3 +
1
R

V (r; R; � ) +
1
R

H mol

� X

�

F M
� (R)j� i

= E
1
R

X

�

F M
� (R)j� i

(3.58)

where � = N; M N ; I; M I ; S; MS; L; M L [58]. To simplify, we multiply the equation by

2�R .

�
�

d2

dR2 +
L̂ 2

R2 + 2 � V (r; R; � ) + 2 � H mol

� X

�

F M
� (R)j� i = 2 �E

X

�

F M
� (R)j� i (3.59)

Next, we apply hN 0M 0
N jhI 0M 0

I jhS0M 0
S jhL 0M 0

L j = h� 0j to both sides

�
� 0

�
�
�
�

�
�

d2

dR2 +
L̂ 2

R2 + 2 � V (r; R; � ) + 2 � H mol

� X

�

F M
� (R)

�
�
�
� �

�

= h� 0j2�E
X

�

F M
� (R)j� i

(3.60)

BecausehL 0M 0
L jL̂ 2jLM L i = L (L + 1) � L;L � M L ;M 0

L
, equation (3.60) becomes

�
�

d2

dR2 +
L(L + 1)

R2

� X

�

� �� 0F M
� (R) +

�
� 0

�
�
�
�

�
2� V (r; R; � ) + 2 � H mol

� X

�

F M
� (R)

�
�
�
� �

�

= 2 �E
X

�

� �� 0F M
� (R)

(3.61)

Rearranging equation (3.61) and applying the Kronecker delta symbols, we obtain

�
d

dR2 + 2 �E �
L (L + 1)

R2

�
F M

� 0 (R) = 2 �
X

�

h� 0j(V̂ + Ĥmol )j� i F M
� (R) (3.62)
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where the sum is taken over all channels present in the basis set [58]. The coupled-

channel equations (3.62) are expressed in terms of the matrix elements of the molecular

Hamiltonian and the interaction potential [58]. We have detailed the evaluation of the

matrix elements of the molecular Hamiltonian in the previous chapter.

Now that we have coupled-channel equations, we must consider the boundary condi-

tions their solutions are subject to [61]. The short-range boundary conditions imposed

on wavefunction is that it must be regular at the origin, thus 	( R ; r ) ! 0 as R ! 0.

This leads to the boundary condition

F M
NM N IM I SM S LM L

(R ! 0) ! 0 (3.63)

for the expansion coe�cients F M
NM N IM I SM S LM L

(R). At long range the boundary condi-

tion for the expansion coe�cients is

F M
NM N IM I SM S LM L

(R ! 1 ) =

� NN 0� M N M N 0� II 0� M I M I 0� SS0� M S M S 0� LL 0� M L M L 0e
� i (kNM N IM I SM S R� �L= 2)

�
�

kNM N IM I SM S

kN 0M 0
N I 0M 0

I S0M 0
S

� 1=2

SN 0M 0
N I 0M 0

I S0M 0
S L 0M 0

L :NM N IM I SM S LM L
e

i (kN 0M 0
N I 0M 0

I S 0M 0
S

R� �L 0=2)

(3.64)

[61]. These coupled-channel equations are typically solved using numerical methods such

as the log-derivative method [66, 67].
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Chapter 4

Quantum spin state selectivity

and magnetic tuning of ultracold

chemical reactions of triplet

alkali-metal dimers with

alkali-metal atoms

4.1 Introduction

Recent experimental advances in molecular cooling and trapping have opened up new

avenues of research into controlling chemical reactivity with external electromagnetic

�elds [10, 68, 69], the idea that fascinated scientists for decades, and led to the develop-

ment of new research frontiers at the interface of chemistry and physics, such as mode-

selective chemistry [70, 71], quantum coherent control [72], and attochemistry [73]. In

particular, the production and trapping of ground-state molecular radicals NaLi(a3� + ),

Li 2(a3� + ), Rb2(a3� + ), SrF(2� + ), CaF(2� + ), YO( 2� + ), YbF( 2� + ) [74{80] and studies

of their collisional properties at � K temperatures [81{84] suggested the possibility of us-

ing the reactants's electron spin degrees of freedom to tune ultracold reaction dynamics

by magnetic �elds.
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The prospect of using magnetic �elds as a tool to control chemical reactivity is central

to ultracold chemistry [10, 68] and a very important one in chemical kinetics [85] and

biological magnetoreception [86], where radical pair reactions in cryptochrome proteins

are thought to play a key role in magnetic-�eld-guided orientation of birds and insects

[87, 88]. However, despite the long-standing signi�cance of this question and the recent

experimental observations of inelastic collisions in an ultracold Na-NaLi(a3� + ) mixture

[84], no theoretical studies have been reported on ultracold reaction dynamics involving

ground-state alkali-metal dimers and atoms in the presence of external magnetic �elds

and hyper�ne interactions. This is because such reactions occur through the formation

of a deeply bound reaction complex [43, 89, 90], whose numerous strongly coupled bound

and resonance states defy rigorous quantum scattering calculations [89{91].

Here, we explore the dynamics of the ultracold chemical reaction Na + NaLi(a3� + )

! Na2(1� +
g ) + Li in the presence of magnetic �elds and hyper�ne interactions using

the extended coupled-channel statistical (CCS) model [92] parametrized byab initio

calculations. The model assumes the existence of a long-lived reaction complex at short

range, whose properties can be modeled statistically (i.e. using classical probabilities)

[93{95]. Statistical (or universal) models [93{107] have been successfully applied to

calculate the rate of ultracold chemical reactions of alkali-metal dimers [97, 99{101, 104]

and the density of states of the (KRb)2 reaction complex [108]. However, the previous

calculations have been limited to the case of zero magnetic �eld and did not account

for electron spins, hyper�ne interactions, and non-adiabatic e�ects, all of which we will

consider in the present work.

Our calculations show that the fully spin-polarized spin states of NaLi and Na are

� 10-100 times less chemically reactive than unpolarized spin states, demonstrating ex-

tensive quantum spin state control of chemical reactions of triplet-state alkali-metal

dimers with alkali-metal atoms. We also �nd that the magnetic �eld dependence of the

reaction rate displays several magnetic Feshbach resonances (MFRs), providing the �rst

theoretical prediction of MFRs in an ultracold chemical reaction. MFRs in non-reactive

scattering of NaK with K were observed experimentally and thoroughly analysed in

Refs. [109{111]. Our �ndings open up several new avenues of research in ultracold

molecular physics and chemistry. The reactive MFRs will enable experimentalists to
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e�ciently suppress unwanted chemical reactivity in trapped atom-molecule mixtures,

enabling, e.g., e�cient sympathetic cooling [84, 112{117]. They could also be used to

assemble chemically reactive atom-molecule trimers via magnetoassociation, to engineer

entangled many-body states in trapped atom-molecule mixtures, and to probe and con-

trol the quantum dynamics of chaotic scattering and reaction complex formation [89].

4.2 Theory: Ab initio calculations and extended CCS

model

To describe ultracold reactive collisions between Na atoms and NaLi molecules in the

metastable a3� + electronic state, we performedab initio calculations of the electronic

potential energy surfaces (PESs) of the long-lived intermediate Na2Li reaction complex.

The complex is characterized by two 2A0 and one 4A0 trimer electronic states. The

potential landscape of these barrierless PESs is shown in Fig. 4.1. The PESs are ex-

pressed in the Jacobi coordinatesR |the atom-molecule separation vector and r |the

vector joining the nuclei of the diatomic molecule. For our purposes it is su�cient

to determine the PESs, which are only functions ofR and � (the angle betweenR

and r ) in the two-dimensional plane with the internuclear distance of NaLi �xed at its

equilibrium value (r = re) [118]. Our ab initio calculations of the two-state 2A0 PESs

reveal a conical intersection (CI) between the two doublet states which is located at

R ' 8:5a0 and � = 70o. The relevant multi-dimensional PESs have been determined us-

ing the internally-contracted multi-reference con�guration interaction (MRCI) method

[119] with single and double excitations and Davidson correction [120] as further de-

scribed in the Supplemental Material [SM ].

From the energetics of the relevant molecular states in the entrance and exit re-

action channels we determine that the production of the Na2(a3� +
u ) molecule in the

Na(2S) + NaLi(a 3� + ) reaction is endothermic by 41.7 cm� 1 including the zero-point

vibrational energy correction. This suggests that the vibrational excitation of the reac-

tant NaLi(a 3� + ) molecule to the v � 2 vibrational states will allow for production of

triplet-state Na 2 products. However, the CI allows for an e�cient transfer of the reac-

tant NaLi(a 3� + ) molecules into either NaLi (X1� + ) or Na2(X 1� +
g ) states of the ground
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Figure 4.1: (a) Schematic of the Na + NaLi(a3� + ) reactive scattering through a CI be-
tween the 2A0PESs leading to either ground state NaLi(X1� + ) or Na2(X 1� +

g ) molecules.
The CI is indicated by the red/blue cone. (b) Ab initio adiabatic PESs for Na-NaLi as
functions of the Na-to-NaLi separation R and of the bending angle� with r = 9 :1a0,
close to the equilibrium distance of the NaLi(a3� + ) potential. The blue (12A0) and red
(22A0) PESs have a CI, where two PESs of the same electronic symmetry touch. The
green surface is the spin-polarized, nonreactive PES of the 14A0 symmetry.
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electronic con�guration. A schematic depiction of reactive scattering between Na atoms

and NaLi(a3� + ) molecules through a CI is demonstrated in Fig. 4.1(a). The reactants

start out on the asymptotically degenerate 22A0 and 14A0 excited PESs. The reaction


ux on the 2 2A0 PESs can reach the CI and make a transition to the ground 12A0 PES

leading to ground-state reaction products. Only the 22A0 and 14A0 PESs are included in

our CCS calculations, which is justi�ed by the fact that the CI is located deeply inside

the reaction complex region not explicitly included in the calculations [SM ].

The extended CCS model of barrierless chemical reactions [118] assumes the exis-

tence of a long-lived reaction complex, whose formation from the reactants or decay

to products can be treated as independent events [93, 94]. The state-to-state reaction

probability between the reactant and product states r and p Pr ! p(E ) = pp (E )pr (E )P
c pc (E ) ;

where pr (E ) and pp(E ) are the energy-dependent capture probabilities of the reac-

tants and products into the reaction complex obtained by solving the time-independent

Schr•odinger equation in the entrance reaction channel subject to a short-range capture

boundary condition for the reactive 22A0 PES and a regular boundary condition for the

nonreactive 4A0 PES [SM , 118].

4.3 Ultracold reaction dynamics in a magnetic �eld

We begin by describing the hyper�ne energy level structure of the reactants in a magnetic

�eld. Figures 4.2(b) and (c) show the Zeeman levels of Na and NaLi(a3� + ; v = 0 ; N = 0)

obtained by diagonalization of the atomic and molecular Hamiltonians [SM ]. There are

a total of 36 molecular energy levels in theN = 0 manifold of NaLi(a 3� + ), which can

be classi�ed in the weak-�eld limit by the values of the total angular momentum of the

moleculeF and its projection on the �eld axis M F [121, 122]. The calculated zero-�eld

hyper�ne splittings are in good agreement with the measured values [SM , 74].

To explore the in
uence of reactant spin polarization on chemical reactivity, we

consider reactive collisions of NaLi molecules in the highest-energy levelj36i of the

N = 0 manifold with Na atoms in the hyper�ne states j7i and j8i [see Figs. 4.2(b)

and (c)]. Note that state j36i is a triply spin-polarized state of NaLi, where all of the

spins in the molecule are aligned along the magnetic �eld. Similarly, statej8i of Na is
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doubly spin-polarized (jF = 2 ; mF = 2 i ), in contrast to state j7i . In the absence of the

hyper�ne structure, the Zeeman states of NaLi and Na shown in Fig. 4.2 reduce to 3

molecular statesjSA M SA i (M SA = 0 ; � 1), and 2 atomic statesjSB M SB i (M SB = � 1=2).

The fully spin-polarized initial states of Na and NaLi are labeled asj2i and j3i .

In Fig. 4.2(a) we plot the magnetic �eld dependence of the reaction rates for the

(8,36) and (7,36) initial states of Na + NaLi(a 3�) at T = 2 � K. The rates are nearly

temperature independent, as expected for a two-body inelastic process near ans-wave

threshold [123].

More signi�cantly, we observe that the chemical reactivity of fully spin-polarized

reactants Na(8) + NaLi(36) is suppressed by a factor of' 10-100 compared to that of

non-fully spin-polarized reactants Na(7) + NaLi(36). Remarkably, 
ipping the electron

spin of one of the reactants leads to a dramatic change in chemical reactivity. While the

strong dependence on the initial spin state has been observed previously for Penning

ionization in cold atom-atom collisions [124], the atom-molecule reaction studied here is

essentially di�erent due to the large number of participating rovibrational states coupled

by strongly anisotropic atom-molecule interactions.

The rate of the Na(7) + NaLi(36) reaction displays the opposite trend, beginning

to decrease atB � 0:05 T. This trend is similar to that observed in [118] and can be

explained by referring to Eq. (4.1): the weight c2(B ) of the \reactive" electron spin

state j 1
2 ; � 1

2 i in the hyper�ne state j7i of Na

j7i = c1(B )j 1
2

1
2 ij 3

2
1
2 i + c2(B )j 1

2 ; � 1
2 ij 3

2
3
2 i (4.1)

decreases with increasing magnetic �eld, as the state tends to the unreactive spin-

polarized state j 1
2

1
2 ij 3

2
1
2 i in the large-�eld limit (where j 1

2
1
2 ij 3

2
1
2 i denotes the Zeeman

state with SB = M SB = 1
2 , I B = 3

2 , and M I B = 1
2). The hyper�ne state j7i of Na

becomes less and less reactive towards NaLi with increasing �eld because the reactive

weight c2(B ) ' B � 1 [118]. We note that the spin-polarized reaction rates calculated with

and without the hyper�ne structure of Na and NaLi taken into account [see Fig. 4.2(a)]

are similar in magnitude and �eld dependence. The fully spin-stretched hyper�ne states

j36i of NaLi and j8i of Na are direct products of the electron and nuclear spin states, so
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the nuclear spin degree of freedom only causes a slight shift in threshold energies, but

otherwise plays the role of a spectator.

The suppression of chemical reactivity of spin-polarized molecules is due to a general

mechanism [125{127] based on approximate conservation of the total spin of the reaction

complex. Speci�cally, if the electron spins of the reactants are completely polarized, the

reaction complex is initialized in the nonreactive state of total spin S = 3=2 described

by the 4A0 PES (see Fig. 4.1). Thus, in the absence ofS-nonconserving interactions,

such as the intramolecular spin-spin or intermolecular magnetic dipole interactions, the

value of S must be the same for the reactants and products (the Wigner spin rule [125]).

The energetically allowed products of the Na + NaLi reaction|molecular Na 2(1� +
g )

and atomic Li( 2S1=2)|correspond to S = 1=2. As a result, the spin-polarized chemical

reaction Na + NaLi( a3� + ) ! Na2(1� +
g ) + Li requires spin-changing intersystem crossing

transition S = 3=2 ! 1=2 [128{132] in order to proceed. We veri�ed that omitting the

spin-spin and magnetic dipolar interactions from CCS calculations leads to a complete

suppression of the reaction Na(8) + NaLi(36) ! Na2 + Li, while having little e�ect on

the reactivity of the initial state (7,36).

To gain further insight into the mechanism of the spin-polarized chemical reaction

Na + NaLi( a3� + ) we plot in Fig. 4.3(a) the adiabatic eigenvalues� i (R) of the atom-

molecule Hamiltonian [96, 98, 133{135]. Consider, e.g., theS = 3=2 diabatic potential

obtained by following the corresponding adiabatic curves through a series of avoided

crossings shown in Fig. 4.3. The potential is repulsive at short range with a well depth

of ' 200 cm� 1, and correlates with the fully spin-polarized initial state of Na(2)-NaLi(3).

The repulsive state experiences several crossings with theS = 1=2 diabatic states, which

are attractive at short range and correlate asymptotically with unpolarized rotationally

excited states of NaLi. The crossings are induced byS-nonconserving interactions,

predominantly by the intramolecular spin-spin interaction of NaLi( a3�), which cause

the chemical reaction. We note that a simple two-channel model involving the pair of

diabatic states near the largest avoided crossing shown in Fig. 4.3(b) underestimates the

reaction rate by several orders of magnitude (as does Landau-Zener theory), suggesting

the importance of multichannel e�ects.

The resonance variation of the spin-polarized reaction rate nearB = 0 :4 T shown
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Figure 4.2: (a) Magnetic-�eld dependence of the reaction rate coe�cient for the fully
spin-polarized Na(8) + NaLi(36) [red curve with label (8,36)] and non-fully spin po-
larized Na(7) + NaLi(36) collisions [blue curve]. Also shown are results [black curve
labeled by SPNo� HF ] for calculations where the hyper�ne contact interactions are
turned o�. Here, the initial state is the spin-polarized Na( jSB ; M SB = 1=2; 1=2i ) +
NaLi( jSA ; M SA = 1 ; 1i ) state. The collision energy isE=k = 2 � K for all data. Here,
k is the Boltzmann constant. Panel (b) shows the hyper�ne and Zeeman energy levels
of the ground-state Na atom. Panel (c) shows the rotational, hyper�ne, and Zeeman
energy levels of theN = 0 and 1 rotational states of NaLi(a3� + ; v = 0). In panels (b)
and (c) relevant hyper�ne states (blue and red colored curves) are indexed as 1; 2; 3; : : :
in the order of increasing energy.
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in Fig. 4.2(a) is caused by MFRs, which occur due to the coupling of the incident spin-

polarized channeljNA = 0 ; M SA = 1 i with closed-channel bound statesjN 0
A = 2 ; M 0

SA
i

(M 0
SA

6= M SA ) mediated by anisotropic interactions, which include the intramolecu-

lar spin-spin interaction of NaLi(a 3� + ) [136] and the anisotropic part of the Na-NaLi

interaction. The near-threshold bound state responsible for the MFR at 0.42 T is sup-

ported by the adiabatic potential that correlates to the jN 0
A = 2 ; M 0

SA
= 0 ij M 0

SB
= � 1

2 i

closed-channel threshold, as shown in Fig. 4.3(c).

Figure 4.3(e) illustrates that MFRs can also occur in the spin-unpolarized incident

channel (1,3). The low-�eld resonance is mainly due to the atom-molecule interaction

anisotropy, which couples the N = 0 incident channel with N > 0 closed channels.

Indeed, as shown in Fig. 4.3(e) the MFR disappears when the anisotropic part of the

Na-NaLi interaction is omitted.

Our calculated Na-NaLi reaction rates deviate substantially from the universal value

ku
0 = 1 :84� 10� 10 cm3/s [137, 138] calculated using the accurateab initio Na-NaLi(a3� + )

long-range dispersion coe�cient C6 = 4026 a.u. [SM ]. This indicates a substantial

degree of non-universality due to the inherently multichannel nature of the reaction

dynamics caused by anisotropic interactions (see above). As shown in Fig. 4.3(a) a

large fraction of adiabatic channels, through which the reaction occurs, is repulsive at

short range, leading to a signi�cant re
ection of the incident 
ux even for unpolarized

initial reactant states. This re
ection manifests in the appearance of MFRs and other

non-universal e�ects [137]. Test calculations show that in the absence of anisotropic

interactions, the unpolarized reaction rate remains close to the universal limit over the

entire range of magnetic �elds [see Fig. 4.3(e)].

In summary, we have presented a theoretical study of the ultracold chemical reaction

of Na atoms with triplet NaLi(a 3� + ) molecules in their ground rovibrational states

in the presence of external magnetic �elds and hyper�ne interactions. This reaction

is representative of a wide class of ultracold chemical reactions of triplet alkali-dimer

molecules currently studied by several experimental groups [81, 82, 84]. Our calculations

reveal a substantial degree of quantum state selectivity in the dependence of the reaction

rate on the initial states of the reactants (fully spin-polarized vs. unpolarized). Our

results also suggest that it is possible to control ultracold chemical reactions of alkali-
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metal dimers with alkali-metal atoms via magnetic Feshbach resonances.

The generality of the spin-based control mechanisms explored here implies their

potential utility as a tool to control other, potentially more complex chemical reactions,

such as those of heavier bialkali molecules [e.g., K + KRb(a3�)] and those involving 2�

molecules, such as Li + CaH(2�) [113, 118], Li + SrOH( 2�) [114], and Li + CaF( 2�)

[116]. We thus expect our results to be tested in near-future experiments with ultracold

atom-molecule mixtures.
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Figure 4.3: (a) Adiabatic potentials (thin black curves) of the Na-NaLi reaction complex
in the absence of the hyper�ne contact interactions at B = 0 :01 T and M = 3=2.
Diabatized potentials for S = 1=2 and 3=2 are shown as cyan and red curves, respectively.
(b) A blowup of the avoided crossing near 18:1a0; (c) Open-channel (cyan curve) and
closed-channel (black and red dashed curves) diabatic potentials near theN = 0 and
2 NaLi rotational thresholds at B = 0 :42 T. The closed-channel bound state is shown
by the horizontal bar. (d) Threshold energies (grey curves) of Na+NaLi as functions of
magnetic �eld. Our incident thresholds labeled M S = 1=2 and M S = 3=2 are colored
as green and black curves, respectively (M S = M SA + M SB ). The jNA = 2 ; M NA =
� 1; M SA = 0 ij M SB = � 1

2 i closed-channel threshold is the dashed red curve; (e) Na +
NaLi reaction rate coe�cients for the spin-polarized M S = 3=2 (circles) and unpolarized
M S = 1=2 (diamonds) initial states as functions of magnetic �eld. Solid and dashed lines
correspond to calculations including and excluding the anisotropic part of the Na-NaLi
PESs. The universal limit is indicated by the brown horizontal line. Locations of MFRs
in this panel and thus of zero-energy closed-channel bound states, are shown as colored
circles in panel (d).
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Chapter 5

Magnetically tunable electric

dipolar interactions of ultracold

polar molecules in the quantum

ergodic regime

The nearly limitless availability of quantum levels with long lifetimes, favorable coher-

ence properties, and strong, tunable electric dipolar (ED) interactions make ultracold

polar molecules a highly attractive platform for quantum science [69, 139{153], ultracold

chemistry [10, 68], and precision searches of new physics beyond the Standard model [69,

154]. Attaining robust quantum control over molecular electric dipole moments (EDMs)

and their ED interactions is key to achieving high-�delity quantum gates [140, 155] and

dynamical generation of entangled states [152, 153], which can be used for a wide range

of applications ranging from quantum metrology [156{159] to quantum simulation [141,

160{164].

Thus far, quantum control of EDMs and ED interactions of polar molecules has

only been explored for internal molecular states in the high magnetic (B ) �eld limit,

where the nuclear spins are nearly completely polarized and decoupled from molec-

ular rotation, leading to magnetic �eld-insensitive molecular eigenstates of the form

jNM N i j I 1M I 1 i j I 2M I 2 i , where N̂ is the rotational angular momentum of the molecule
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with eigenvalue
p

N (N + 1), Î m are the spin operators for them-th nucleus (m = 1 ; 2),

and M N , and M I m are the projections of N̂ and Î m on the B -�eld axis. As a result,

in this limit, B �elds cannot be used to tune the EDMs of closed-shell polar molecules

(such as KRb, NaK, and NaCs), precluding magnetic control over their ED interactions.

While these interactions can still be tuned using external dc and ac electric (E ) �elds,

this type of control imposes a number of signi�cant limitations. For example, it is im-

possible to turn the ED interaction o� on demand using a dc E �eld alone when working

with superpositions of rotational states with non-zero ED coupling, such asN = 0 and

N = 1 states. Thus far, this challenge has been addressed by transferring the molecules

to (or from) the states coupled (decoupled) by the ED interaction [141, 155], requiring

additional microwave or Raman pulses.

Here, we propose a general mechanism for smoothly tuning the ED interactions

between polar molecules via an external dc magnetic �eld. By leveraging the hyper�ne

interactions between the nuclear spin and rotational degrees of freedom in polar alkali-

dimers, we demonstrate magnetic control over their EDMs over a wide dynamic range

enabled by the ergodic behavior of molecular eigenstates at lowB �elds. Unlike previous

work [158, 163], our proposal does not require strong magnetic �elds and/or microwave

dressing, and can be realized with molecules remaining in a single quantum state, thus

obviating the need for coherent state transfer to switch the ED interaction on and o�

[140, 155]. Our results thus demonstrate the possibility of on-demand generation and

tuning of long-range ED interactions in ultracold molecular gases using dc magnetic

�elds alone.

We start by considering the energy level spectrum of an alkali dimer molecule (e.g.,

KRb) in its ground electronic and vibrational states described by the Hamiltonian [165]

Ĥmol = Ĥ rot + Ĥhf + ĤZ + ĤS; (5.1)

where Ĥ rot = BeN̂
2

is the rotational Hamiltonian, N̂ is the rotational angular momen-

tum operator and Be is the rotational constant. The Stark Hamiltonian ĤS = � d̂ � Ê de-

scribes the interaction of the EDM d with a dc electric �eld E directed along a space-�xed

(SF) z axis. The interaction of the molecule with an external magnetic �eld B = jB j,
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parallel to the E �eld, is given by ĤZ = � gN � N N̂zB �
P

m=1 ;2 gI m � N Î mz B (1 � � m ),

where gN is the rotational g-factor, gI m is the g-factor for the m-th nucleus, � N is the

nuclear Bohr magneton, and� m are the shielding factors. The hyper�ne Hamiltonian

Ĥhf

c3Î 1 � Î 2 +
X

m;p

(� 1)pC2
p(�; � )

p
6(eqQ)m

4I m (2I m � 1)
T2

� p(Î m ; Î m ); (5.2)

is dominated by the scalar spin-spin interactionc3Î 1�Î 2 and the nuclear electric quadrupole

(NEQ) interaction [121, 165]. The latter arises from the non-spherical shape of theI � 1

nuclei in KRb leading to nonzero NEQ moments, which interact with the (non-spherical)

electron charge distribution inside the molecule. The interaction energy depends on the

orientation of the NEQ ellipsoid (whose axis of symmetry coincides with the direction

of I m ) with respect to the molecular axis r [166]. Transforming this electrostatic inter-

action to the SF frame, one obtains the second term in Eq. (5.2), whereCk
p (�; � ) is a

renormalized spherical harmonic,� and � specify the orientation of r in the SF frame

[167], (eQq)m are the NEQ interaction constants, and T2(Î m ; Î m ) is the second-rank

tensor product of Î m with itself [121]. The NEQ interaction couples the bare states

jNM N ; M I 1 M I 2 i with jN � N 0j � 2 and jM N � M 0
N j � 2 [163] but vanishes in theN = 0

manifold. As a result, in the previously underexplored low B �eld regime of interest

here, the eigenstates in theN = 1 manifold contain contributions from many bare states

with di�erent M N , M I 1 , and M I 2 .

Figure 5.1 shows the energy levels and transition EDMs of KRb as a function of

magnetic �eld at E = 0 obtained by exact diagonalization of the Hamiltonian (5.1)

[158, 163]. We label the levels in the order of increasing energy (withj1i being the

ground state). The nuclear spins of K and Rb areI 1 = 4 and I 2 = 3=2, giving rise

to (2I 1 + 1)(2 I 2 + 1)(2 N + 1) or 36 (108) Zeeman sublevels in theN = 0 ( N = 1)

rotational manifolds [165]. The total angular momentum projection along the applied

electromagnetic �elds, M F = M N + M I 1 + M I 2 , where F̂ = N̂ + Î (Î = Î 1 + Î 2) is

conserved in parallelE and B �elds, so only a smaller subset of levels (3 forN = 0 and

9 for N = 1) occurs in the M F = 7=2 symmetry sector [165, 168]. In theN = 0 manifold

at B � 20 G, the scalar spin-spin interaction splits the energy levels into four manifolds

F = f 11=2; 9=2; 7=2; 5=2g according to the value of the total angular momentum F ,
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Figure 5.1: Representative transition EDMs d3;10 and d3;11 of 40K87Rb plotted as a
function of magnetic �eld at zero electric �eld for M F = 7=2 (a) and M F = � 3=2 (d).
The corresponding N = 0 and N = 1 hyper�ne-Zeeman energy levels are shown in
panel (c) and (b) respectively. The color of the energy levels corresponds to the IPR
ergodicity measureP� (i ji ) of the corresponding energy eigenstates. Encircled are the
avoided crossings between theN = 1 states j10i and j11i [panel (b)] and j12i and j13i
[panel (e)] responsible for the switching behavior of the EDMs in panels (a) and (d).
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which ranges fromjI � N j to jI + N j. In the N � 1 manifolds the dominant e�ect at

low B �elds is the NEQ interaction, which splits the energy levels by their F̂2 = N̂ + Î 2

angular momenta values,F2 = 5=2; 3=2; 1=2, where F2 = jI 2 � N j � F2 � I 2 + N . In

the high B �eld limit, the Zeeman interaction takes over and groups the eigenstates by

the values of good quantum numbersM N ; M I 1 ; and M I 2 .

Remarkably, as shown in Fig. 5.1(a), the absolute magnitude of the matrix element

d3;11 = jh3jd̂0j11ij increases sharply from zero to a nearly constant value, whiled3;10

decreases to zero at highB �elds. To explain these variations, we notice that there is an

avoided crossing between the energy eigenstatesj10i and j11i at the same �eld (140 G),

where d3;10 and d3;11 swap values. The crossing causes the eigenstatesj10i and j11i to

switch their dominant bare states, only one of which has nonzero transition EDM with

the ground state j3i = j00; 4� 1
2 i , which explains the switching. Indeed, to the left of the

avoided crossing encircled in Fig. 5.1(b),j10i ' j 10; 4� 1
2 i and j11i ' j 11; 3� 1

2 i and thus

d3;10 ! const and d3;11 ! 0. To the right of the crossing, the bare states are swapped,

and henced3;10 ! const and d3;11 ! 0 at large B . This tunability is ubiquitous at low

B �elds as illustrated in Fig. 5.1(d) (see also the Supplemental Material [SM ]).

At a more quantitative level, the B �eld dependence of the EDM matrix elements can

be described by expanding molecular eigenstatesji i in bare statesj� i = jNM N ; M I 1 M I 2 i

as

ji i =
X

�

c�;i (B ) j� i : (5.3)

Because the EDM operatord̂0 = d̂z is diagonal in M I 1 and M I 2 , its matrix elements in

the eigenstate basis are (� MM 0 = � M I 1 M I 0
1
� M I 2 M I 0

2
)

hi jd̂0jj i =
X

�;� 0

c�;i (B )c� 0;j (B )� MM 0hNM N jd̂0jN 0M 0
N i : (5.4)

Signi�cantly, because the matrix elements on the right-hand side are independent of

B , the magnetic tunability of the EDM arises entirely from the expansion coe�cients

c�;i (B ), which depend on the extent of ergodicity of molecular eigenstates (see below).

Using the conservation of M F to narrow down the range of states, which contribute

to Eq. (5.4) [SM ], and noting that j3i ! j 00; 4 � 1
2 i above 30 G, we obtaind3;11 =

jb1(B )h00jd̂0j10ij , where b1 = c104� 1
2 ;11(B ). The B �eld dependence of the transition
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Figure 5.2: (a) Transition EDMs d3;10 and d3;11 plotted as a function of B �eld at
E = 0 and M F = 7=2. Full lines: exact result, symbols: single-state model. (b) The
dependenceb1(B )2. Full lines: exact result, symbols: model results including 3, 5, and
6 bare states. (c) ac Stark shifts for the states shown in Fig. 1(b) as a function ofB
�eld ( E = 0). The green circle marks the magicB �eld for state j10i .

EDM shown in Fig. 1(a) is then completely determined by that of b1, as can be seen by

comparing Figs. 2(a) and 2(b). Figure 2(a) shows that the prediction of the single-term

model is in excellent agreement with the numerically exact transition EDM.

As the B �eld decreases below 200 G, the amplitudeb1(B ) declines monotonically

from 1 [see Fig. 2(b)] as the NEQ interaction begins to admix other bare states into

eigenstatej11i such asj11; 3� 1
2 i , j1� 1; 33

2 i , and j10; 31
2 i . These bare states \dilute" the

eigenstate, causing the transition EDM d3;11 to decline to zero. As shown in Fig. 2(b)

it is necessary to retain as many as 6 bare states in Eq. (5.3) to reproduce the �eld

dependence ofb1(B ). The single-term model also explains the behavior of the transition

EDM d3;10 ' j b2(B )h00jd̂0j10ij , where b2(B ) = c104� 1
2 ;10(B ) ! 0 at large B , as shown

in Fig. 2(b) due to the eigenstate j10i approaching the bare statej10; 31
2 i .

To further elucidate the B �eld dependence of the EDMs, we invoke the concept
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of quantum ergodicity [169, 170], which plays a central role in theoretical studies of

intermolecular vibrational energy redistribution [171{174]. Very recently, ergodicity-

breaking transitions have been observed in C60 molecules as a function of rotational

angular momentum [175]. An eigenstateji i is said to be ergodic with respect to a bare

(or zeroth-order) basis setfj � ig if it is delocalized in the Hilbert space spanned byfj � ig .

The degree of ergodicity of a given molecular eigenstate can be quanti�ed [170] by the

inverse population ratio (IPR) P� (i ji ) =
P

� jc�;i j4, where c�;i are de�ned by Eq. (5.3).

A small value of P� (i ji ) indicates that ji i is highly mixed with respect to the bare state

basis j� i = jNM N ; M I 1 M I 2 i , which gives a physically meaningful representation of the

EDM operator.

Figures 5.1(b)-(f) show the IPR for the lowest eigenstates of KRb as a function of

magnetic �eld. In the high B -�eld limit the eigenstates consist primarily of a single bare

state, and thusP� (i ji ) ' 1. As we reach lowerB �elds, the NEQ coupling causes di�erent

bare state contributions to the individual eigenstates to mix, increasing their ergodicity

and lowering P� (i ji ). In addition, we observe larger ergodicity near avoided crossings of

the N = 1 levels, which re
ects additional NEQ mixing of the nearly degenerate bare

states.

To test whether the exquisite tunability of the EDMs in the quantum ergodic regime

extends to other observables, we consider tensor ac Stark shifts �E ac
i of the hyper�ne

sublevelsji i induced by the optical �elds used in trapping experiments [176{181]. Min-

imizing these shifts is crucial for achieving long coherence times of ultracold molecules

trapped in optical lattices and tweezers [69, 141, 144{153]. Assuming that the op-

tical trapping �eld is o�-resonant and su�ciently weak, one can show that � E ac
i '

hi jP2(cos� )ji i , where P2(cos� ) is a second-order Legendre polynomial, which represents

the anisotropic (N -dependent) part of molecular polarizability [163, 176]. Figure 5.2(c)

shows that the tensor ac Stark shifts of theN = 1 hyper�ne sublevels of KRb can be

e�ciently controlled by applying a moderate B �eld. The shifts follow the same trends

as those displayed by transition EDMs, showing rapid variations near avoided crossings

and at low B �elds. In particular, the ac Stark shifts of the states j10i and j11i show the

same behavior as transition EDMs in Fig. 5.2(a), which can be explained as described

above. Importantly, we observe that tensor ac Stark shifts vanish at certain \magic"
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Figure 5.3: Representative transition EDMs h12jd̂0j1i and h12jd̂0j2i of KRb plotted as
a function of magnetic �eld for M F = � 3=2 at E = 0 :2 kV/cm (a) and E = 0 :3 kV/cm
(d). The corresponding N = 0 and N = 1 Zeeman energy levels are shown in panel
(c) and (b) respectively. The color of the energy levels corresponds to the ergodicity
of molecular eigenstates. Encircled are the avoided crossings between theN = 1 levels
responsible for the tunable behavior of the EDMs in panels (a) and (d).



75

B -�elds [see Fig. 5.2(c)]. This shows that, similarly to E �elds [176, 177], B �elds can

be used to prolong the coherence lifetimes of trapped alkali-dimer molecules.

Figures 3(a) and (d) show the magnetic �eld dependence of transition EDMsd1;11

and d2;12 in the presence of a small dcE �eld. In contrast to the zero E-�eld case, the

EDMs display narrow peaks due to the additional avoided crossings seen in Figs. 3 (b)

and (e). We also observe a decrease in the ergodicity of the eigenstates compared to the

�eld-free case. This is caused by the Stark splitting between theM N = 0 and M N = � 1

levels, which weakens the ergodicity-inducing NEQ coupling between these levels. As

the E �eld is further increased above a few kV/cm, we observe an increase in ergodicity

due to the Stark coupling between theN = 0 and N = 1 states [SM ]. In regions of

low ergodicity, the eigenstates consist mainly of a single bare-state component. Thus,

when an avoided crossing causes the eigenstates to switch their dominant bare-state

components, the change in the eigenstate composition is signi�cantly more dramatic

than in the zero E-�eld case, causing rapid variations in the EDMs, as shown in Figs. 3(a)

and (d).

We now explore magnetic control of ED interactions between two polar alkali-dimer

molecules trapped in an optical lattice or a tweezer as recently demonstrated experi-

mentally [144{153]. We encode an e�ective spin-12 system with eigenstatesj"i and j#i

into molecular states chosen from the hyper�ne-Zeeman levels in theN = 1 and N = 0

manifolds [see, e.g., Fig. 2(a)]. The ED interaction between the moleculesi and j treated

as e�ective spin-1
2 systems may be written as [182]

Ĥ ij =
1 � 3 cos2 � ij

jR ij j3

�
J?

2
(Ŝi

+ Ŝj
� + Ŝj

+ Ŝi
� ) + JzŜi

zŜj
z

�
; (5.5)

where Ŝi
� and Ŝi

z are the e�ective spin-1/2 operators, � ij is the angle betweenE and

the vector joining the molecules R ij , and Jz = ( d" � d#)2 and J? = 2d2
"# are the

Ising and spin-exchange coupling constants [163, 182]. The tunability of these constants

is key to generating metrologically useful many-body entangled states [158, 183] and

exploring new regimes of far-from-equilibrium quantum magnetism [141, 164] using the

XXZ Hamiltonian (5.5).

Figure 4 shows the magnetic �eld dependence of the spin-exchange couplingJ? for
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Figure 5.4: Spin exchange coupling constantsJ? plotted as a function of magnetic �eld
at E = 0 for M F = 7=2 (a) and M F = � 3=2 (b). Bottom panels show J? vs. B for
M F = � 3=2 at E = 0 :2 kV/cm (c) and 0.3 kV/cm (d).

several representative encodings of the e�ective spin-1/2 into molecular hyper�ne states,

such asj"i = j3i , j#i = j10i . Remarkably, we observe a strong variation ofJ? over a

wide dynamic range (0� 250 Hz) as theB -�eld is tuned from 10 to 600 G. The variations

of J? observed in Fig. 4 match those in the transition EDMs shown in Figs. 1 and 3. In

particular, the avoided crossing between the eigenstatesj10i and j11i causes the spin-

exchange couplingsJ 3;10
? and J 3;11

? to switch at B = 140 G. Similar sensitivity of J? to

the B �eld is observed for the eigenstates in theM F = � 3=2 symmetry sector, as shown

in Fig. 4(b), and in the presence of anE �eld [see Figs. 4(c) and (d)].

The strong dependence and fast change ofJ? with magnetic �eld opens a unique

opportunity to use molecules for d.c. magnetometry. This can be achieved by taking

advantage of the so called density shift or dipolar induced precession of the collective

Bloch vector of the system in the presence of ED interactions [144, 184]. The latter

can be measured in a standard Ramsey spectroscopy sequence, whereN molecules

prepared in the lowest rotational state are illuminated by a microwave drive to generate

a coherent superposition with a targeted excited rotational state (denoted asj "i state)
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i.e. j (0)i = (cos(�) j #i +sin(�) j "i )N . In this case thej "i state is the one that features

the sharp resonance as a function ofB . After the pulse, the system is let to evolve

under the presence of dipolar exchange interactions for timet, accumulating a density

shift, which manifests by the accumulated phase� (t) = ( Jz � J? )�t cos(�) and � =
P

j (1 � 3 cos2 � 0j )=jR 0j j3. The phase is measured via a second�= 2 pulse that converts

it into a population di�erence. As any standard Ramsey sequence, the sensitivity of

this protocol for an array of N independent molecules is given by the so called standard

quantum limit � � (t) = 1 =
p

N . The fact that � is a very sensitive function of B

nevertheless opens a path for very precise magnetic �eld sensing with a sensitivity given

by � B =
� p

N d�
dB

� � 1
with d�

dB = �t dJ?
dB . For unit �lled molecular arrays in 2D geometries

with the electric �eld perpendicular to the molecule plane, the optimal sensitivity scales

as � B = 1
cos(�) t�

p
N

dB
dJ?

which can be as large as �B = 1=(2� cos �
p

N ) � T at one

second close to the point of maximum slope (aroundB = 152:2 G, dB
dJ?

� 200G/Hz).

This translates into a sensitivity at the level of a few hundred pT /
p

Hz for an array

of pinned 105 molecules assuming� � 1. Even though this value is at least three

orders of magnitude less sensitive than that achievable with state of the art cold atom

magnetometers [185], it potentially o�ers unique opportunities for improvement given

the many-body nature of the shift. For example, by enhancing the range of the exchange

interactions via the use of microwave cavities or by operating with itinerant arrays

instead of pinned particles, � could be made to scale linearly with N , signi�cantly

increasing the achievable sensitivity.

Finally, our results suggest novel possibilities for high-dimensional quantum informa-

tion processing [186, 187] and quantum simulation [188] with ultracold polar molecules.

As shown in Figs. 1 and 3, the splitting between theN = 1 levels near an avoided

crossing can be made smaller than' 50 Hz, the strength of the ED interaction at a

typical lattice spacing. As a result, molecules near such crossings can no longer be

described as e�ective two-level systems, and the explicit inclusion of the third level

becomes necessary. To this end, we describe each molecule by an e�ective three-level

system (qutrit) comprising the ground ( j0i ) and two excited (j� 1i ) and j1i ) energy levels

in the V-con�guration. The e�ective ED interaction between the three-level systems at

the avoided crossing, where the transition EDMs are both equal tod [see Fig. 1(a)],
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takes the form [SM ]

Ĥ ij =
d2(1 � 3 cos2 � ij )

R3
ij

h
Ŝi

x Ŝj
x + Q̂i

yzQ̂j
yz

i
; (5.6)

where Ŝi
� are the e�ective dipole (or spin-1) operators, and Q̂i

�� (�; � = x; y; z) are

the quadrupole operators, which form an orthogonal basis of thesu(3) Lie algebra [189,

190], whose elements are in�nitesimal generators of the SU(3) Lie group of unitary

single-qutrit gates [191]. The Hamiltonian (5.6) contains similar processes to the ones

engineered with e�ective all-to-all couplings in spinor quantum gases of ultracold atoms

(such as four-wave mixing) [190], where spin-nematic squeezed vacuum has been exper-

imentally realized thanks to the SU(2)-like character of the f Ŝx ; Q̂yz ; Q̂xz g quadratures

[159]. The implementation of this Hamiltonian in dipolar molecules can open unique

opportunities of realizing such states with even richer properties.

In summary, we have shown that transition EDMs of polar molecules can be mag-

netically tuned over a wide dynamic range, and can even be made to vanish as shown

in Fig. 1(a) and (d), e�ectively turning a polar molecule like KRb into a non-polar one!

The underlying mechanism relies on narrow avoided crossings and the quantum ergodic

behavior of molecular eigenstates mediated by the NEQ interaction. This enables con-

tinuous magnetic tuning of exchange ED interactions between zero and a maximum

value without the need to transfer the molecules from one quantum state to another.

Our approach requires neither strong magnetic �elds nor microwave dressing, and only

relies on the interplay between the hyper�ne and Zeeman interactions. As a result, it

can be applied to laser-coolable2� molecules [75{77, 79, 192, 193] and even polyatomic

molecules [78, 175, 194{198] providing a versatile tool for controlling intermolecular

interactions in the quantum regime.
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Chapter 6

Nuclear spin relaxation in cold

atom-molecule collisions

6.1 Introduction

Cold and ultracold molecular gases prepared in single rovibrational and spin quan-

tum states can be e�ciently controlled with external electromagnetic �elds [162, 199],

thereby forming a unique platform for exploring fundamental concepts of gas-phase reac-

tion dynamics, such as long-lived complex formation, universal dynamics, external �eld

control, and the role of quantum chaos in chemical reactivity [10, 68, 69]. Ultracold po-

lar molecules also hold promise for quantum information science, precision spectroscopy,

and searches for new physics beyond the Standard Model [69, 162, 200]. Experimental

realization of these proposals demands dense, cold, and long-lived molecular ensembles.

As such, understanding low-temperature collisions within these ensembles, which limit

both the maximum achievable density and lifetime, has long been a major thrust in the

�eld [10, 68, 69].

Atom-molecule and molecule-molecule collisions can have bene�cial as well as detri-

mental e�ects on the stability of cold molecular gases. While elastic collisions are a

main driving force behind sympathetic and evaporative cooling [112, 113, 162] inelastic

collisions lead to heating and/or trap loss. In particular, inelastic collisions can 
ip the

orientation of molecular electron spins, leading to spin relaxation (also known as spin

depolarization) [113, 136, 201]. As collisional spin relaxation is a primary loss mecha-
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nism for magnetically trapped molecules, it has been the subject of much experimental

and theoretical work (see, e.g., Refs. [84, 91, 113, 115, 117, 136, 201{207] and references

therein). Volpi and Bohn [201] and Krems and Dalgarno [136] performed the �rst rig-

orous coupled-channel calculations of cold collisions between open-shell molecules and

atoms in the presence of an external magnetic �eld. This work has since been extended

to a variety of ultracold atom-molecule and molecule-molecule systems, and generated

theoretical predictions of their low-temperature collisional properties [91, 113, 115, 207,

208].

By comparison, collisional relaxation ofnuclear spins has drawn much less attention.

Nuclear spin-
ipping collisions are responsible for the stability of nuclear spin states of

molecules immersed in cold inert bu�er gases (such as He or Ne). These systems can

be realized experimentally using cryogenic bu�er-gas cooling [192, 202, 209{220], and

they are interesting for a variety of reasons. First, preparing molecules in a single nu-

clear spin (or hyper�ne) state enhances the sensitivity of spectroscopic measurements

[192, 212{220] and is essential for the initialization steps of molecule-based quantum

information processing protocols. One example is hyperpolarized nuclear magnetic res-

onance (NMR), which relies on driving populations of nuclear spin states out of thermal

equilibrium as a means to enhance the sensitivity of conventional (thermal) NMR [221{

224]. Because nuclear spins interact weakly with their environment, they could be an

ideal platform for long-term quantum information storage [143, 180]. Our ability to use

bu�er gas-cooled molecules for these applications is currently hindered by the lack of

knowledge of collisional nuclear spin relaxation rates. Indeed, if these rates turn out to

be large, collisional thermalization would lead to rapid decoherence of the nuclear spin

superposition states, making them unsuitable for quantum information processing.

Nuclear spins can a�ect molecular collisions and chemical reactions through several

mechanisms. First, nuclear spin statistics restricts the number of available reactants

and/or product states. As a prime example, only odd partial waves are allowed for

collisions of identical fermions in the same internal states, leading to a suppression of

the ultracold chemical reaction KRb + KRb ! K2 + Rb 2 [225, 226]. Homonuclear

diatomic molecules can exist in the form of di�erent nuclear spin isomers, such as ortho

and para-H2, which can exhibit dramatically di�erent chemical reactivity at ultralow
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temperatures, as seen in theoretical calculations [68, 227]. Nuclear spin isomers of

polyatomic molecules such as methylene (CH2) have been predicted to have markedly

di�erent spin relaxation rates in cold collisions with He atoms [228] and ortho- and

para-water molecules have di�erent reactivity towards trapped diazenylium ions [229].

Second, because nuclear spins are weakly coupled to the other degrees of freedom, it is

expected that the total nuclear spin of the collision complex should be conserved, which

leads to nuclear spin selection rules [230]. These selection rules have recently been ob-

served experimentally for the ultracold chemical reaction KRb + KRb ! K2 + Rb 2,

which populates only even (odd) rotational states of K2 (Rb2) [231] when the reactants

are prepared in single, well-de�ned nuclear spin states. Finally, hyper�ne interactions

between the nuclear spins and the other degrees of freedom (such as the electron spins

in open-shell atoms and molecules) play a crucial role in low-temperature atomic and

molecular collisions [118, 232{235] being largely responsible for, e.g., the occurrence of

magnetic Feshbach resonances in ultracold atom-atom collisions [236]. However, rigor-

ous theoretical studies of nuclear spin e�ects in ultracold molecular collisions have been

largely limited to hyper�ne interactions in open-shell molecule-atom collisions [112, 233,

234]. Quem�en�er et al. recently proposed a simple state decomposition model [237]

to describe the e�ects of nuclear spin conservation and external magnetic �elds on the

product state distributions of the ultracold chemical reaction KRb + KRb ! K2 + Rb 2.

While the model describes these e�ects remarkably well, it makes a number of assump-

tions, such as neglecting the rotational structure of the reactants and products. Model

calculations on ultracold RbCs + RbCs [238], Li + CaH [118], and Na + NaLi collisions

[235] used severely limited basis sets, which did not produce converged results when

hyper�ne degrees of freedom were included.

Here, we develop a rigorous quantum mechanical theory of nuclear spin relaxation

in collisions of 1� molecules with structureless atoms in the presence of an external

magnetic �eld. We apply the theory to calculate numerically converged cross sections

and rate coe�cients for transitions between the di�erent rotational and nuclear spin

sublevels of13CO molecules in low-temperature collisions with4He atoms, and to ex-

plore their dependence on collision energy and magnetic �eld. Our calculations show

that such transitions follow distinct selection rules. For example, nuclear spin-
ipping
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transitions occur very slowly in the ground rotational state manifold, leading to nuclear

spin relaxation (T1) times on the order of 0.5 s at the bu�er-gas density of 10� 14 cm3/s

and T = 1 K. The long relaxation times of the nuclear spin sublevels of the ground

rotational state implies their potential utility for precision spectroscopy and quantum

information storage. The long T1 times are maintained as long as the bu�er gas temper-

ature is much lower than the spacing between the ground and the �rst excited rotational

levels.

The rest of this paper is structured as follows. In Sec. II we present the quantum

scattering methodology for atom-molecule collisions in a magnetic �eld, which explicitly

includes the nuclear spin degrees of freedom of1� molecules. We then apply the method-

ology to obtain converged cross sections for nuclear spin transitions in cold He + CO

collisions. The relevant computational details are given at the end of Sec. II. In Sec. III,

we present and analyze the cross sections and rate constants for nuclear spin relaxation

in cold He + CO collisions. In Sec. IIID we consider the dynamics of nuclear spin

sublevels of CO molecules immersed in a cold bu�er gas of He. Section IV summarizes

the main results of this work.

6.2 Theory

In this section, we will develop the quantum theory of collisions between1� molecules

bearing a single nuclear spin (such as13C16O) and structureless S-state atoms in an

external magnetic �eld. We will next apply the theory to calculate the cross sections

and rates for nuclear spin-changing transitions in cold4He + 13C16O(1� + ) collisions.

The Hamiltonian of the atom-molecule collision complex may be written as

Ĥ = �
1

2�R
@2

@R2
R +

L̂ 2

2�R 2 + V̂ (R; r; � ) + Ĥmol ; (6.1)

where the orbital angular momentum operator L̂ describes the orbital motion of the

colliding particles, � = M at M mol=(M at + M mol ) is the reduced mass of the complex, and

V̂ represents the atom-molecule interaction potential in Jacobi coordinates (R; r; � ),

where r = jr j is the internuclear distance in the diatomic molecule, R = jR j is the

separation vector from the atom to the center of mass of the molecule, and� is the angle
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between R and r . Here, we consider collisions of13C16O molecules with structureless

atoms (such as4He), and hence the atomic Hamiltonian can be omitted from Eq. (6.1).

The interaction potential V (R; r; � ) approaches zero asR ! 1 .

The e�ective Hamiltonian of the 1� + molecule in its ground electronic and vibra-

tional states [121, 239],

Ĥmol = Ĥ rot + Ĥhf + ĤZ (6.2)

can be decomposed into the rotational, hyper�ne, and Zeeman terms

Ĥ rot = BeN̂ 2 � DvN̂ 4;

Ĥhf = AÎ � N̂ ;

ĤZ = � gN � N N̂zB � gI � N Î zB �
1

p
6

B 2
X

q

D 2�
0q(! )T̂2

q (� );

(6.3)

where Be is the rotational constant, Dv is the centrifugal distortion constant, N̂ is the

rotational angular momentum operator, Î is the nuclear spin operator,A is the nuclear

spin-rotation interaction constant, gN is the rotational g-factor, gI is the nuclear g-factor,

� N is the nuclear magneton,B is the magnetic �eld, D 2
0q(! ) is a Wigner D-function of

the Euler angles! , which determine the position of the molecular axis in the space-�xed

frame, and T̂2
q (� ) is the magnetic susceptibility tensor [239].

The hyper�ne structure of 13CO arises from the nuclear spin of13C (I = 1=2) and

includes the nuclear spin-rotation interaction de�ned by Ĥhf in Eq. (6.3). The Zeeman

term ĤZ accounts for the interaction of the external magnetic �eld with molecular rota-

tional angular momentum, nuclear spin, and diamagnetic susceptibility [121] represented

by the �rst, second, and third terms in the third line of Eq. (6.3).

We assume that the external magnetic �eld B is directed along the space-�xed (SF)

quantization axis z. The Hamiltonian in Eq. (6.3) employs the rigid rotor approximation

with a correction for centrifugal distortion. This e�ectively neglects the vibrational

motion of the molecule, which is known to be a good approximation for collisions with

weakly perturbing bu�er gas atoms (such as4He) at low temperatures [68, 240].

To solve the quantum scattering problem for the atom-molecule collision system,

we expand the total wavefunction of the system in a complete set of uncoupled basis
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functions in the SF frame

j	 i =
1
R

X

N;M N

X

M I

X

L;M L

F M
NM N IM I LM L

(R)jNM N ij IM I ij LM L i ; (6.4)

where M N , M I and M L indicate the projections of N̂ , Î and L̂ onto the SF z axis. The

basis set used in Eq. (6.4) is similar to the one used in the previous work of Volpi and

Bohn [201] and Krems and Dalgarno [136] for open-shell2� and 3� molecules colliding

with structureless atoms. The only di�erence is that our basis functions jIM I i describe

the nuclear spin degrees of freedom in1� molecules rather than the electron spins of 2�

and 3� molecules.

The projection of the total angular momentum M = M N + M I + M L , unlike the total

angular momentum itself, is conserved for collisions in a magnetic �eld. Substituting

Eq. (6.4) into the time-independent Schr•odinger equation, Ĥ j	 i = E j	 i , whereE is the

total energy, we obtain a system of coupled-channel (CC) equations for the expansion

coe�cients F M
NM N IM I LM L

(omitting the initial quantum numbers N i , M N i , I i , M I i , L i ,

M L i for simplicity)

�
d2

dR2 + 2 �E �
L (L + 1)

R2

�
F M

NM N IM I LM L
(R) =

2�
X

N 0;M 0
N ;M 0

I

X

L 0M 0
L

hNM N IM I LM L jV̂ + Ĥmol jN 0M 0
N I 0M 0

I L 0M 0
L i F M

N 0M 0
N IM 0

I L 0M 0
L
(R)

(6.5)

where the summation is carried out over all the channels included in the basis set. The

CC equations (6.5) are parametrized by the matrix elements of the molecular Hamilto-

nian and of the interaction potential in the direct-product basis (6.4). Below we describe

the evaluation of these matrix elements.

We begin with the matrix elements of the Hamiltonian of an isolated 1� molecule

(6.3). Because the rotational Hamiltonian is independent of the nuclear spin and orbital

degrees of freedom, it is diagonal inM I , L , and M L :

hNM N IM I LM L jĤ rot jN 0M 0
N IM 0

I L 0M 0
L i = � N;N 0� M N ;M 0

N

� � M I ;M 0
I
� L;L 0� M L ;M 0

L
[BeN (N + 1) � DvN 2(N + 1) 2]

(6.6)
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The matrix elements of the hyper�ne Hamiltonian Ĥhf are obtained by expanding the

spin-rotation interaction AÎ � N̂ in terms of the raising and lowering operatorsÎ � and

N̂ � [167]

hNM N IM I LM L jĤhf jN 0M 0
N I 0M 0

I L 0M 0
L i = � L;L 0� M L ;M 0

L
A[� M N ;M 0

N
� M I ;M 0

I
M 0

N M 0
I

+
1
2

(C
I;M 0

I
+ C

N;M 0
N

� � M I ;M 0
I +1 � M N ;M 0

N +1 + C
I;M 0

I
� C

N;M 0
N

+ � M I ;M 0
I � 1� M N ;M 0

N +1 )];
(6.7)

where C j;m
� =

p
j (j + 1) � m(m � 1). The matrix elements of the Zeeman interaction

are diagonal in the uncoupled basis since the basis statesjIM I i are eigenstates ofÎ 2

and Î z

hNM N IM I LM L jĤZ jN 0M 0
N IM 0

I L 0M 0
L i =

� N;N 0� M N ;M 0
N

� L;L 0� M L ;M 0
L
� M I ;M 0

I
(� gN � N M N B � gI � N M I B )

� � N;N 0� M N ;M 0
N

� L;L 0� M L ;M 0
L
� M I ;M 0

I
B 2 3M 2

N � N (N + 1)
3(2N � 1)(2N + 3)

(� k � � ? )

(6.8)

where the matrix elements of the diamagnetic Zeeman interaction are proportional to

the di�erence between � k and � ? , the parallel and perpendicular components of the

diamagnetic susceptibility tensor of CO (see Eq. (8.140) of Ref. Brown:03). Test calcu-

lations show that the diamagnetic Zeeman interaction becomes noticeable only at high

magnetic �elds (B > 1 T).

The atom-molecule interaction potential is rotationally invariant and independent of

the nuclear spin. Hence, its matrix elements are diagonal in the total angular momentum

projection M and in the nuclear spin projection M I [136]

hNM N IM I LM L jV� (R; r; � )jN 0M 0
N I 0M 0

I L 0M 0
L i = � M I ;M 0

I
(� 1)M 0

L � M N

�
�
(2L + 1)(2 L 0+ 1)

� 1
2
�
(2N + 1)(2 N 0+ 1)

� 1
2

X

�

V� (R)

0

B
@

L � L 0

0 0 0

1

C
A

�

0

B
@

L � L 0

� M L M L � M 0
L M 0

L

1

C
A

0

B
@

N � N 0

0 0 0

1

C
A

0

B
@

N � N 0

� M N M N � M N 0 M N 0

1

C
A ;

(6.9)

where the Legendre coe�cientsV� (R) are obtained by expanding the interaction poten-

tial energy surface (PES) in Legendre polynomialsV (R; � ) =
P

� V� (R)P� (cos� ) (see
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Section III A for details).

To obtain the full state-to-state reactance (K ) and scattering (S) matrices, we match

the asymptotic solutions of CC equations (6.5) to the standard asymptotic form given

by linear combinations of the Riccati-Bessel and Neumann functions at largeR [241].

The state-to-state scattering cross sections are related to theS matrix elements at

a given collision energyE

� 
 ! 
 0(E ) =
�
k2




X

M

X

LM L

X

L 0M 0
L

j� LM L ;L 0M 0
L
� 

 0 � SM


LM L ;
 0L 0M 0
L
j2; (6.10)

where 
 and 
 0 refer to the eigenstates of the isolated molecule's Hamiltonian (6.3) in

the presence of a magnetic �eld,j
 i =
P

NM N M I
C
;NM N M I (B )jNM N ij IM I i , and k
 =

p
2�E is the collision wavevector. The matrix of solutions of CC equations is transformed

to the eigenstate basis before the application of scattering boundary conditions [136].

The thermal state-to-state rate coe�cients at temperature T are obtained by aver-

aging the cross sections over the Maxwell-Boltzmann velocity distribution [242]

K 
 ! 
 0(T) =
�

8
��k 3

B T3

� 1
2

Z 1

0
� 
 ! 
 0(E )Eexp

�
�

E
kB T

�
dE; (6.11)

where kB is the Boltzmann constant and T is the temperature.

Computational details

We use the following spectroscopic constants of13C16O to parametrize the Hamiltonian

in Eq. (6.3) Be = 55:101 GHz [243],Dv = 1 :676� 10� 4 GHz [243], A = 3 :27 � 10� 5

GHz [239], gN = � 0:2595[239],gI = 1 :40482 [244], and the diamagnetic susceptibility

anisotropy (� k � � ? ) = � 6:85829� 10� 14 cm� 1=T2 [239].

We use the log-derivative approach [241, 245] to numerically integrate the CC equa-

tions (6.5) for He + 13C16O collisions on a radial grid fromRmin = 3 :0 a0 to Rmax = 110:0

a0 with a constant grid step 0.02 a0. While here we are only interested in transitions

between the Zeeman states in the �rst two rotational manifolds (N = 0 and 1), the CC

basis must include closed channels to ensure numerical convergence of the calculated

cross sections. In order to ensure the convergence, we found that it is necessary to in-

clude 11 lowest rotational states of CO in our calculations. For collision energies below



87

(above) 2 K we include all partial waves with L � 10 (L � 13), which results in a total

of 288 (450) coupled channels.

To calculate collision rates, we averaged the calculated cross sections according to

Eq. (6.11) on a grid of collision energies from 1:44� 10� 6 to 14.4 K with 102 grid points

�tted with cubic splines. In doing so, we found that calculating the upward excitation

rates (e.g., for the j2i ! j 3i transition) is challenging because excitation transitions are

energetically forbidden at collision energies below theN = 1 threshold (5.3 K), and

their cross sections increase sharply from zero to a �nite value above the threshold. As

this behavior is very hard to �t, we use the principle of detailed balance

kf ! i (T)
ki ! f (T)

= e
E f � E i

k B T (6.12)

to obtain the desired excitation rates, whereE i and E f are the energies of the initial

and �nal molecular states involved in the transition.

We use an accurateab initio PES for He-CO developed by Heijmenet al. [246] using

a symmetry-adapted perturbation theory approach [247]. This PES was used in several

quantum scattering calculations by Balakrishnan et al. [240] and by Wanget al. [242],

which focused on rovibrational transitions in 12C16O induced by ultracold collisions with

He atoms. Low-energy scattering resonances in He + CO collisions were observed in a

merged beam experiment and compared to theoretical calculations using several PESs

[248]. We compare our results against the previous calculations [240, 242] in Appendix B

to test our He + CO scattering code. The He-CO PES is weakly anisotropic, with a single

minimum of depth -23.734 cm� 1 located at R = 6 :53 a0, � = 48.4� , and r = 2 :132a0

(the equilibrium bond length of CO). We expand the � dependence of the PES in 12

Legendre polynomials.

The previous calculations did not account for the nuclear spin of the13C16O iso-

topologue, which is the subject of interest here. Because the original He-CO PES was

de�ned in the Jacobi coordinate system with the origin at the center of mass of12C16O,

we need to rescale the PES to account for the shift of the center of mass. The rescaling

procedure is described in Appendix C.
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Figure 6.1: Zeeman energy levels of13C16O as a function of magnetic �eld. Each level
is labeled by the quantum numbersj (in the low-�eld limit) and N; M N ; M I (in the
high-�eld limit) and by its state index (SI). 1 K = 0.695 cm � 1.
Top and bottom panels show the levels in the rotational manifoldsN = 1 and N = 0,
respectively.

6.3 Results and discussion

In this section, we apply the theory developed above to study the nuclear spin dynamics

in cold collisions of 13C16O molecules with 4He atoms. We will present state-to-state

scattering cross sections and collision rates for all initial Zeeman levels of13C16O (N =

0; 1) in collisions with 4He atoms. We also calculate the magnetic �eld dependence of

inelastic collision rates and explain it using a simple model. Finally, we use the computed

collision rates to explore the thermalization dynamics of a single nuclear spin state of

13C16O immersed in a cold bu�er gas of 4He, and estimate the nuclear spin relaxation

times.

6.3.1 Energy levels of 13C16O

Figure 6.1 displays the Zeeman levels of13C16O as a function of magnetic �eld. The

electronic spin of13C16O is zero and the energy splittings are determined by an interplay
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