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Ho0iioon

Warm Dense Matter (WDM) has emerged as a focal point of scientific intrigue, owed
to its substantial implications across a diverse array of physical systems, spanning from
the interiors of exoplanets and the pursuit of sustainable energy via inertial confinement
fusion to the atmospheric conditions of neutron stars. WDM refers to ionized fluids at the
intersection of condensed matter physics, plasma physics, and dense liquids. This nexus
position in thermodynamic parameter space makes it incredibly difficult and complex to
model because the electrons exhibit quantum behavior, and the ions are strongly coupled.
Most methods used to model WDM employ the Born-Oppenheimer approximation, also
known as the adiabatic approximation, which assumes that the electrons and ions do
not exchange energy. The validity of the adiabatic approximation in WDM is ultimately
unknown, though people have tried to investigate this with varying degrees of success.
This thesis constitutes an exploration, encapsulating three distinctive studies based on
three published manuscripts, investigating the intricate behaviors of non-adiabatic effects
on ion dynamics in WDM. Each study is rooted in the paradigm of wave packet molecu-
lar dynamics (WPMD). The WPMD method, known for its computational efficiency in
exploring dynamic processes beyond the Born-Oppenheimer (BO) approximation, relies

on implementing simplified approximations for computational expediency.

The first study concentrates on elucidating the behavior of aluminum through non-
adiabatic simulations, utilizing the electron-force field (eFF) variant of wave-packet molec-
ular dynamics. Validation efforts centered on comparing the ion-ion structure factor with
density functional theory (DFT) across diverse temperatures and densities within the

WDM regime, specifically targeting conditions of 3.5 eV and 5.2 g/cm®. The comprehensive



analysis of the dynamic structure factor and dispersion relation, employing both adia-
batic and non-adiabatic techniques, revealed a notable alignment between the dispersion

relation obtained through eFF and the robust Kohn-Sham DFT.

The second study rigorously examined three prevalent approximations within WPMD-
restricted basis sets, exchange approximations, and correlation omissions-focusing on
their impact on atomic and molecular hydrogen and dense hydrogen plasma. Integrating
a two-Gaussian basis with a semi-empirical correction derived from the valence-bond
wave function demonstrated a significant improvement, enabling precise scaling of this
correction to align with experimental pressures. These findings underscore the pivotal
role of semi-empirical scaling parameters in rectifying primary WPMD approximations,

emphasizing their role in enhancing accuracy and unveiling underlying physics insights.

The third study investigates a novel model-independent method introduced to assess
the impact of non-adiabatic electron-ion interactions on transport properties in WDM. The
primary focus of this inquiry is how non-adiabatic electron-ion interactions influence equi-
librium ion dynamics in warm, dense hydrogen. This unique method overcame previous
difficulties of comparing adiabatic and non-adiabatic simulation, which generally suf-
fered from the underlying approximations made by each model, by using a non-adiabatic
simulation of electrons and ions to obtain a forced matched ion potential with the same
level of approximations. The forced matched potential was implemented through classical
molecular dynamics to serve as the adiabatic simulation method, as the system did not
directly include electron-ion interactions. This method, applied across diverse conditions
in warm, dense hydrogen, concluded that non-adiabatic effects exert minimal influence

on the ion self-diffusion coefficient.

This comprehensive approach to evaluating the necessity of non-adiabatic simulations

offers critical insights in a research landscape marked by limited experimental data on



WDM. These findings substantially validate the adiabatic approximation for simulations of

extreme states of matter, significantly advancing our understanding of WDM phenomena.
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DBOCFTJNVMBUFE CVUUIFHBJOPGQIZTJDBM EFUBJM BMMP X’
QBSUJDMFJOUFSBDUJPOT

TQFDJ JDBMMZ IZESPEZOBNJD TINVMBUJPOT JT SFRVJSFE L
DPOUJOVVNBOEBUPNJTUJD BQQSPBDIFT

JZESPEZOBNJD

J)ZESPEZOBNJDT P|FO DBMMFE MVJE EZOBNJDT FODPNQB
UJPO<*UJTBDPSOFSTUPOF PG QIZTIJDT FOHJOFFSJOH B



FYQMPSIJOHUIFCFIBWIJPS PG MJRVJET HBTFT BOE QMBTN
FOFSHZ )ZESPEZOBNJD NFUIPET GBDJMJUBUF UIF TUVEZ F
GFSJOH JOTJHIUT JOUP MPOH UJNF EZOBNJDT BOE UIF FWEF
XJUIJOBTZTURN XZESPEZOBNJD TINVMBUJPOT QMBZ B DSJ
EPNBJO CSJEHJOH UIFPSFUJDBM QSFEJDUJPOT BOE PCTF
TIFEEJOH MJHIUPO QIFOPNFOB JODPOUSPMMFE GVTJPO Si
IJHI FOFSHZ EFOTJUZ )&% EYR FASIINWVNBUIIOH FYUSFNF )&Y
QSPWJEFT WBMVBCMFJOTJHIUT JOUP QMBTNB CFIBWJPS B
QSFEJDUJOHTIPDL XBWF QSPQBHBUJPO NBUFSJBM NJYJOF
UIFGVOEBNFOUBMQIZTIJDT HPWFSOJOHDFMFTUJBM CPEJFT

*O)&%1 IZESPEZOBNJDBQQSPBDIFTJOUFHSBUFEJWFSTF «
QIZTJDT SBEJBUJPOUSBOTQPSU BOEUIFSNPEZOBNJD QSPQ
UIJDQFSTQFDUJWF PG BPNIGVMFBQRBPBOMTKT FODBQTVMBUF NI
BOEFOFSHZDPOTFSWBUJPO QSJODJQMFT GPSNJOH UIF CBT

UJPOT
%t+r (u)=0
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@ u u u u !
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SIFTFUISFFFRVBUJPOT SFQSFTFOU UIF HFQRSEBMJIPI@IHFMF M
NBTTDPOUJOVIUZ FRVBURRBKXITEFOTIUZ PGITIB ITFZTTAUTRN-BIRHE
WFMPDJUZ &RIVBIFIHPEOOFSBM NPNFOUVN USBOTQPSU FRVBUJF
MINJU pAFBOFF TZTUFNRT NFD R JDBNRGFISDV EFOTIJUZ EVF U
DIBSHFTJOUFSBDUJOH XJUILFNFDUSWNBERPVUJDBHIMBIFOTP



SFQSFTFOUTUIFTVN PG BMM PIUIBSFAPRDEM HRAVEHLZIPRV B U
pr JT UIF SBEJBUHRAQ OQOBFH $B8&B8B U JWF FIOWFIFHLO MSHZ MVY G
UIFSNBMIFBUDPOEYVBRTEP®SIBOEUIF WPMVNFUSJDIIFBUJOH
CZUIJNF WBSZIJOHEF##FDUSJID JFMET

8IJMF XFIBWFFTUBCMJUOPFBEBEBNUUHR GPVOEBUJPO PG IZES
TINVMBUJPOT UIFTF FRVBUIJPOTBSFOPUDMPTFE BOE SFRVJ
BTFRVBUJPO PG TUBUF &04 NPEFMT UIFSNBMDPOEVDUJWJ
QBSBNFUFST SFRVISFBOFYUFSOBM NFUIPE TVDIBTBUBC
FRVBUJPO PS TPNF PUIFS UIFPSPRUJ{PBNMSBBAWVDMQ2 JBVU R84 NPE
NBUIFNBUJDBM SFMBUJPOTIJQPSFRVBUJPOUIBUEFTDSJCFT
UIFSNPEZOBNJD WBSJBCMFT QSPEVDFTBTQFDJ JDTZTUFNR
GPSVTBHF BT TINVMBUJBIFQE B BINDAFRUUFHESIDUJWJUZ BOE WJTDF
PG USBOTQPSU QSPQFSUJFT BPBOBBOOQFBRU ISP QFSUIF
VOJRVF NPEFMT BOE FRVBUJPOT JNQMFNFOUFE UP PCUBJ!
TINVMBUJPODBK 404 NPEFMT BOE USBOTQPSUQSPQFSUJFT
TINVMBUJPOTUP TUVEZDPMMFDUJWF CFIBWJPST BOE MVJE
JOUP NBUFSJBM QSPQFSUJFTVOEFS FYUSFNFDPOEJUJPOT

JPXFWFS IZESPEZOBNJD TINVMBUJPOT BMTP IBWF MJNJ
FRVIMIJCSJVNBOEDPOUJOVPVT QSPQFSUJFT SFTUSJDUJO
TVDIDPOEJUJPOT QSFWBJM "T NFOUJPOFE QSFWJPVTMZ
RVBOUVNNFDIBOJDBM FnFDUTBOENJDSPTDBMFJOUFSBDUJF
MFBEUPUIFEJTBHSFFNFOUPG NPTUTUBOEBSE UIFPSFUJDB!
QSPQFSUHYJIBMF<EIJTTIEFODF CFUXFFO WBSJPVT NPEFMT EJSFD
JOIZESPEZOBNJD TINVMBUJPOT GPS 8%.BOE )&%1 TZTUFNT
XBZUPPCUBJOBDDVSBUF SFTVMUTJT UIFJNQMFNFOUBUJP
BOEUSBOTQPSUQSPQFSUJFT SFMFWBOU UP UIF8%. SFHINF



SSBOTQPSUQSPQFSUJFT

11ZTIDBM USBOTQPSU QSPQFSUJFT SFGFSUP UIFDIBSBDUI
NFOUVN PSQBSUJDMFT NPWF UISPVHIBNFEJVNPS NBUFSJ
BSBOHFPGQIFOPNFOB JODMVEJOHEJNVTIJPO WJTDPTJU.
UiIwibBZ%JInVTIJPO GPSJOTUBODF SF MFDUT UIF NPWENFOL
DPODFOUSBUJPOUP MPXDPODFOUSBUJPO XIJMFDPOEVD
FOFSHZPS QBSUJDMFT NPWF UISPVHIBTVCTUBODF 7JTDPT.
UuPp MPX BOE UIFSNBM PS FMFDUSJDBM DPOEVDUJWJUZ TJI
IFBUPS FMFDUSJDJUZ 60OEFSTUBOEJOHUSBOTQPSU QSPQ
BT NBUFSJBMT TDJFODF MVJE EZOBNJDT BOE TPMJE TUB
JOUPUIFCFIBWIJPS PG TVCTUBODFT VOEFSEJNFSFOUDPOEJ
GPSTQFDJ JDBQOMIMBPIBO NFOUJPOFE JO UIF QSFWJPVT
QSPQFSUJFTBSFDSJUJDBMUPIZESPEZOBNJD TINVMBUJPO

'ES—"&YQMBOBUJPOPG5IFSNBM $POEVDUJPO *OJUJBMM.
EJNnFSFOUUFNQFSBUVSFT UIF SFECMPDL SFQSFTFOUTUIFIJHIF
CMVFCMPDL SFQSFTFOUTUIF MPXFSUFNQFSBUVSF NBUFSJBM
UIFN JFBUTUBSUTUSBOTGFSSJOH GSPNUIFIPUUPUIFDPME |
IFBUUSBOTGFSFODFDPOUJOVFTVOUJM CPUICMPDLT SFBDI U
CPUI CMPDLT IBWF UIF TBNF UFNQFSBUVSF 5I1JT JHVSF XBT ¢
"MMFORT EJTPFSUBUJPO <

SIFSNBMIFBUDPOEVDUJPOJTBQFSGFDUFYBNQMFPGUIFJ
JOIZESPEZOBNJD TINVMBSPWOHFTIBIYISMMVTUSBUJIJWF FYBNC



DPOEVDUJPO XIFSFPOF IJHI UFNQFSBUVSF CMPDL BOE P
cspvHIiUJODPOUBDUUPBMMPX IFBU FYDIBOHF UP PDDVS \
SFBDIFE 'PSUIFTZTUFN EJTQMBZFEDNOTIRGIFFSNBM IFBU
DBOCFNPEFMFEVTJOH 'PVSIJFSRTMBXPGUIFSNBMDPOEVD

Q= il T;

XIFQFRITUIFIFBU MVY JOUSPEVDFEWICG &RMBESRBAVYIHFBOE

UIFSNBM DPOEBVEPNWIRNVBUIPBO CFTFFOUIBUUIFWSIBOTQPSI
SFRVIJSFE QPXIQDBJOBO FTTFOUJBMJOQVU QBSBNFUFS GPS I
S5IFSFBSFNBOZEJNFSFOUNPEFMT PG UIFSNBM DPOEVDUJ\
GPSNVMBUWFQPQVMBS -FF >P 8O K RBROW #MB UF B SHFTITRVEMIhFSFO U
NPEFMTTFFNUP QSFEJDUWBMVFTPGUIFSNBMDPOEVDUJWJI
JOUIF8%. SFHIMNMFSIFPUIFSUSBOTQPSUQSPQFSUJFTBMTP TI
CFUXFFOUIFJS NPEFMAXFWFS BUPNJTUJD NPEFMT IBWF IBE
JOTINVMBUJOH8%. TUBUFT BOE TVDITINVMBUJPOT DBO QS
TVDIBTWJTDPTJUZBOE UIFSNBM EJnVTIWJUZ BDPVTUJD C
UIFSNPEZOBNJD WBSJBCMFT JODMVYE3OH UIF FRVBUJPO PG

"UPNJTUJD .PMFDVMBS

"UPNJTUJD TINVMBUJPOT SFGFSUPDPNQVUBUJPOBM NFUIP
SIBMTBUUIFBUPNJDPS NPMFDVMBS TDBMF DPOTJEFSJOH
GVOEBNFOUBMVOJUT PG BIFTTETUNWMBUJIJPOT XIJDIJODMYV
MJLF NPMFDVMBS EZOBNJDT .% BOE .POUF $BSMP TINVMBUJ
NFDIBOJDBM QSJODIJQMFTUPEFTDSJCFUIFJOUFSBDUJPOT C



SIFTF TINVMBUJPOT DBQUVSF NBUFSJBMTR EZOBNJDT TUS
TFBSDIFSTUPFYQMPSFQIFOPNFOBTVDIBTQIBTFUSBOTJUJF
QSPQFSUJFT BOENBUFSJIJBM CFIBWJPS VOEFS EJNnFSFOU FC
MJ[FE BDSPTT WBSJPVT TDJFOUJ JD EJTDIJQMJIOFT GSPN N
TINVMBUJPOT QSPWJEF DSVDJBM JOTJHIUT JOUP UIF BUPT
CFIBWIJPSBOEQSPQFSUJFTPGDPNQMFY TZTUFNT

% XIMMCFUIFQSINBSZBUPNJTUJD TINVMBUJPO VTFE JO |
FMJOHUIFJOUSJDBUF DPOOFDUJPOT CFUXFFO NPMFDVMBS
UIF MBSHFS TDBMF QSPQFYUIBTWEMVIB/AEF YPPM GPS FYQBO
DBMDVMBUJPOTJOUPBSFBT XIFSFTQBUJBMBOEUFNQPSBMYV
GSFFQBUIBOEUIFEVSBUJPOCFUOXVBO FPBWWIIT JROAORDPNFT .
upBDDPVOUGPSUIFMPDBM TUSVDUVSFPGUIF MVJE JODPS
PSEFSJOH BOE UIF OVBODFE EZOBNJDT BTTPDJBUFE XJUI |
BUJPO #Z GVTJOHIZESPEZOBNJD FRVBUJPOT BOE . % NPEF|
USBEJUJPOBM UIFSNPEZOBNJD EFSIWBUJWFT BOE BOBMZL
$POTFRVFOUMZ JUZJFMETBIZCSJEEFQJDUJPOPG MVIJEEZC
BDSPTTWBSJPVTEFOTJUJFTBOEUFNQFSBUVSFT 60EFSTULI
QBSUJDMF CFIBWJPSUP DPMMFDUJWF FNFDUT BOE MVJE MJ
SIFGPMMPXJOHUISFFTFDUJPOTFYQMPSFUIFTIJIOHMF QBSU
IZESPEZOBNJD MJNJU

4JOHMF QBSUJDMF SFHJINF

SIFTIOHMF QBSUJDMF SFHINFJONPMFDVMBS EZOBNJDT SFG
PG QBSUJDMFTJT NBJOMZ HPWFSOFE CZJOEJWJEVBM QBS!
NPUJPOBNPOHNVMUJOMFQBSUIOMHEIINE UIFJOUFSBDUJPOT
BSFJODPOTFRVFOUJBM DPNQBSFE UP UIF QBSUJDMFTR LJ



BVUPOPNPVTMZ JO MVFODFE QSIJNBSIJIMZ CZJUTJIJNNFEJBUF
GSPNJOUFSBDUJPOT XJUIOFJHICPSJOH QBSUJDMFT

$PMMFDUJWF SFHINF

$POWFSTFMZ UIFDPMMFDUJWF SFHINFBSJTFT XIFONVMUJ
51 JTJOUFSBDUJPO MFBET UP UIF FNFSHFODF PG OFX QSPQ
JOEJWIJEVBM FMFNPFPO WBTBIMP@FPQFSUJFT DBO UBLF NBOZ C
TZODISPOJ[FENPWFNFOUT DPIFSFOUTUSVDUVSBMDIBOH|I
JNQPSUBOU UP OPUF UIBU UIF JOUFSBDUJPOT BOE JO MVF!
USBOTDFOE UIF BDUJPOT PG JOEJWJEVBM DPOTUJUVFOUT
HSPVQBTB XIPMFDBOOPUCFQSFEJDUFECZBOBMZ[JOH FBD
OFDFTTBSZUP VOEFSTUBOE UIFDPNQMFY EZOBNJDT BSJTJC

JZESPEZOBNJD MJNJU

SIFIZESPEZOBNJD MJNJUJO BUPNJTUJD TINVMBUJPOT SFGF
PGBTZTUFNUSBOTJUJPOT GSPNBNJDSPTDPQJD QBSUJDI
DPOUJOVVN CBTFE EFTDSJQUJPO SFNJOJID%IQU PBNBIYVAE
PDDVST XIFOUIF TZTUFNRT TQBUJBM BOE UFNQPSBM TDBN
DPMMFDUJWF CFIBWJPSTPGBUPNTPS NPMFDVMFT EPNJOB!
UlJT QPJOU UIFTZTUFNRT EZOBNJDTDBO CF FNnFDUJWFMZ
NPEFMT TVDIBTIZESPEZOBNJDT BMMPXJOHNBDSPTDPQJD R
QSFTTVSFUPTUVEZUIFTZTUFNRT CFIBWJPS SBUIFS UIBO U
6OEFSTUBOEJOHUIFIZESPEZOBNJD MJNJUJT DSVDJBM JO BL
UIFUSBOTJUJPO GSPNB QBSUJDMF MFWFMEFTDSJQUJPO UF
JOUFSQSFUJOHTZTUFNT FYIJCJUJOH MVJE MJLFCFIBWJPS



SIFEJTUJODUJPO CFUXFFO UIFIZESPEZOBNJD BOE DPMMF
GPDVT BOEUIFOBUVSFPGUIF QIFOPNFOBUIFZEFTDSJCF
FBUFTBUSBOTJUJPOJOTDBMF GSPNB NJDSPTDPQJD QBSU.
DPOUJOVVN CBTFE SFQSFTFOUBUJPO SFTFNCMJOH MVJE EZ
TQBUJBM BOE UFNQPSBM TDBMFT SFBDI B QPJOU XIFSFDPM
MFBEJOHUP MVJE MIJLFQSPQFSUJFTEFTDSJCBCMFCZDPO
DPMMFDUJWF MIJNJU SFGFSTUPB TUBUF XIFSFBTZTUFNRT CF
JOUFSBDUJPOTBOE FNFSHFOUDPMMFDUJWF NPUJPOT BNP
JOEJWJEVBM QBSUJDMF CFIBWJPST 8IJMFUIFIZESPEZOBNW
TDBMFTBOE UIFBEPQUJPO PG DPOUJOVVN CBTFEEFTDSJQL
UIFFNFSHFODFPGDPMMFDUJWF QIFOPNFOB SFTVMUJOH G-
QBSUJDMFT JSSFTQFDUJWF PG UIF TDBMF USBOTJUJPO #
TDFOBSJPT XIFSFUIFFNFSHFODFPGDPMMFDUJWF CFIBWJ
NBDSPTDPQJD EFTDSJQUJPOT

"EJBCBUJD . % TINVMBUJPOT

*OUIJT XPSL UIF#PSO O0QQFOIFIJNFS #0 BQQSPYJNBUJPO
BQQSPYJIJNBUJPO XIJDIJTUIFDPSOFSTUPOF PG NPEFSO BL
QIZTIJDTBOEDIENITAUSEBEIBCBUIJD BQQSPYIJNBUJPO EJDUB!
BEKVTUJOTUBOUBOFPVTMZ UP UIFJPO JFMET BOE JT KVT
TDBMFT PG UIF FMFDUSPO BIG-BMBLOL €PREBUBPOBNJIJD FMFDUSPO
QSFWFOUTUIFUXPTQFDJFT GSPNFYDIBOHJOH FOFSHZ



$MBTTJDBM .%

$MBTTJDBM .% JT B DPNQVUBUJPOBM NFUIPE VTFE UP TIJNV
NPMFDVMFT CZOVNFSIDBMMZ TPMWIOHDMBTTJIJDBM FRVBL
BTZTUPRN $1JTBQQSPBDIUSFBUT QBSUJDMFT BT DMBTTJDE
NFDIBOJDBM FnFDUT BOE SFQSFTFOUJOH BUPNJD JOUFSBDU
QPUFOUJBM FOFSHZ GVODUJPOT #Z USBDLJOHUIFQPTJUJP(
VTJOH/FXUPORTFRVBUJPOT PG NPUJPO $MBTTJDBM .% QS
FWPMVUJPOPGTZTUFNT PnFSJOH WBMVBCMF JOGPSNBUJP(
USBOTJUJPOT BOEUIFSNPEZOBNJD QSPQFSUX BBERME BUP
FNQMPZFE BDSPTT EJWFSTF TDJFOUJ JD JFMET TVDI BT NE
QIzTJDT $MBTTJDBM .% SFNBJOTB GPVOEBUJPOBM UFDIOJ
BOEVOEFSTUBOEJOHUIFJS CFIBWIJPS VOEFS WBSJPVT DPOE

"MMPGDMBTTIJDBM NFDIBOJDTIJNQMFNFOUT )BNJMUPORI

XIFSFJIT UIF )BNIJMUARQUIECHFOFSBMJ[FE DIPT IR BFEFOFBB M J[F
NPNFOUVN 5IF)BNJMUPB3BG \EF JDBEFRTUOFUJD FOFSHZ UF
VJITUIFQPUFOUJBM FOFSHZUFSN JTVTVBMMZEF JOFEBT L

%'5 . %

%'5 . % JTBOBEJBCBUJD DPNQVUBUJPOBM GSBNFXPSL UIBU
GVODUJPOBMUIFPSZ %'5 XJUINPMFDVMBS EZOBNJDT TJN)
BUPNT BOENPMFDVMFTJO EZOBNJD FOWJSPONFOUT %'5 .%
EFOTJUZ FNQMPZJOH GVODUJPOBMT UIBU EFTDSJCF UIF F



XJUIJOBTZTUFN *OUFHSBUJOHNPMFDVMBSEZOBNJDTUFDIC
PWFS UJNF XJUI UIF RVBOUVN NFDIBOJDBM JOTJHIUT QSPYV
DPNQMFY QSPDFTTFT TVDI BT DIFNJDBM SFBDUJPOT QIBTF U
BUUIFBUPNJD BOE NPMFDVMBS MFWFMT %'5 . % TFSWFT B
TDJFOUJ JDEJTDIJQMJIOFT FYQMPSJOHUIF EZOBNJDT BOE
GSPNCJPNPMFDVMBS JOUFSBDUJPOT UP NBUFSJBMT VOEFS
JOTIJHIUTJOUP UIFJS CFIBWIPSBOE QSPQFSUJFT

SIFVTFPG %'5 .% SFRVIJSFTUIFFMFDUSPOJD XBWF GVODU
TZTUFNJO RVFTUJPO 4JODFUIFFMFDUSPOTBSF GFSNJPOT
PGOFMFDUSPOTDBOCFGPSNFEBTBA4AMBUFS EFUFSNJOBOL

1(r1) 2(r1) i a(ra)

1 a(r2)  ar2) i oa(r2)
p:| ;

1(rn)  2(nn) it n(ra)

XIFSRITUIFUPUBM FMFDUSP Q(rX)BW RGN ®RBW FRO/VBOEBE JPO PG
FMFDUSPO BU<QPT3IBBEQUJPOBMMZ UIF HSPVOE TUBUF XB
PCUBJOFE VTJOHUIF)BSUSFF 'PDLBQQSPYJNBUJPO CVU UI
UlJT NFUIPE TVDI BT OPU PCUBJOJOH DPSSFDU DPSSFMBL
DPNQVUBUJPOBM FRXOQFFWOHAE 9'5 PWFSDPNFTUIFTFJTTVFT
EVFUPUIFHSPVOECSFBLJOH XPSL BG*® UAB U KPS BOHFZIBDRW F
UXP NBJOUIFPSFNTUIBUGPSNUIFGPVOEBUJPO PG RVBOUYV
UIBUUIFDPNQMFUF NBOZ CPEZHSPVOE TTyBUFSFBWIGIJRVF
FMFDUSPO EFOTJUZ BOEUIFGVODUJPOBM DBO CFDBTU JO |

Fuk [ ol = h of 0]jHé}l ol oli



EF JBbk T BT B HFOFSBM GVODUJPOBM PG UIF HEPXOIBDTUBUF F
FOUJSFMZ JOEFQFOEFOUPG UIF TZTUFNJEVIS BPWPIEJOH UIF
XIFSF]JT UIF FMFDUSPO LJOFUJD/EQBEBHZIFRPQPSBOB $BBVOIEO
CFUXFFOUIFFMFDUSPOT S5IFTFDPOE UIFPSFNEFWFMPQF
UIBUUIFFOFSHZ GVODUJPOBM EF JOFEBT

Z
E[1=Fuk [ 1+  Vex(r) (r;RM)dr;

JT BNJOINVNEXHFRIFSRTUIFBDUVBM HSPVOE TUBUHEFOTJU
FOFSHZ GVEID UJIPEBQMF OEFOU P ORJd B®ECPIDUU FFOBYWMU FSOB M
Vex GSPNUIFOVDMFBS OVDMFBS BOE FMFDUSPO OVDMFBS J

%'5 . % IBT UXP QSIJNBSZ MBWPST O0SCJUBM GSFF %'5 .%
41BN %'5 . % ,4 %'5 % ,4 %'5JTBQIJWPUBMGSBNFXPSL XJUI.
UPBOBMZ[FUIFFMFDUSPOJD TUSVDUVSFPGBUPNT NPMFDV
PQFECZ8BMUFS ,PIO BOEXNTAEBWEMPQFE UPDBMRYWMBUF UII
,PIOBOE 4IBNRTBQQSPBDITIJNQMJ JFTUIFNBOZ CPEZQSPCI
JOUSPEVDJOHB TFUPGOPO JOUFSBDUJOH JDUJUJPVT FM|
BDUVBMQIZTIJDBM JOUFSBRIVUITAHRZIITMUFNEIOEFQFOEFOU Ol
FMFDUSPOTIBTBHSPVOE TUBUFEFOTJUZEF JOFEBT

X
ks()= %

i=1

XIFSFITUIFJUI TIOHMF QBSUJDMF ,PIO 4IBNPSCJUBM *O ,
FMFDUSPO JOUFSBDUJPOTBSFTVCTUJUVUFE XJUIBO FnFD
FWPMWF BT OPO JOUFSBDUJOH QBSUJDMFT XJUIJO BO FnF



FRVBUJPO
2

2 _
Zmer + Vs =

XIFSF UIF JSTUUFSN PO UIF MF| IBOE TJEF JT UIF LIJOFUJELC
JOUFSBDUJQBTATRUFNFDUIJWF TIOHMF QBSUJDMF QPUFOUJI

Z

_ O(r(b 0 Exc
Vo= Vet mmg

XIJIWh SFQSFTFOUJOHUIFFYUFSOBM QPUFOUJBM FOFSHZ FY

Z
Vo = X E O(r) dr + W1 ZZeZ
T a2 0 R

=1 92141 IRT R

BOEPO UIF SJHIU IBOETJEFJT UIFJUDP,8 4 \5B M IFAQAPIHAKF O F
BGvODUJPOBM PG UIFHSPVOE TUBUF FMFDUSPO DIBSHF EF

Z
Eks[ ol = Ts[ o]+  Vext(r) o(r)dr + Ec + Ex[ ol;

XIFSF
T = ~2X\Ih_. 2 .
s = %Wii:]_ LA
Ec = % —Oj(rrcb roér) drdr;

BOE[ o JTUIFFYDIBOHFBOEDPSSFMBUJPO FOFSHZ UIBU NV
NFUIPET 4 > 'JOBMMZ UIFUPUBMFOFSHZPGUIFTZTUFN DE

X ‘ Ex
-1 (r)

60MJILF ,4 %'5 0' %'S EJSFDUMZ PQFSBUFT PO UIF FMFDUSF



UPDPOTJEFS FMFDUSPOJD PSCJUBMT FYQMJDJUMZ *OTUFBI
POUIFFMFDUSPO EFOTJUZ NBLJOHJUDPNQVUBUJPOBMMZ
GPSNPGO'" %'5JTCBTFEPO UIF5IPNBTXIBBNHRHEFRFAU<IODM
BOE: UFSNT CVUBUUFNQUTUPBQQSPYJNBUF UK LBOGFUJD F1
BEWBODFE WFSTJPOTPGO' %'5S CVIMEPO UIFERdJRNBNTFSNJ |

/PO "EJBCBUJD . % TINVMBUJPOT

*OUIJT XPSL OPO BEJBCBUJD TINVMBUJPOTHP CFZPOE UI|
MPXJOHUIFFMFDUSPOT BOEJPOTUPFYDIBOHF FOFSHZ EZO

2-.%

~VBOUVN -BOHFWJO .PMFDVMBS %ZO0OBNJDT 2-.% JT BDPNQV
CIJOFT RVBOUVN NFDIBOJDT XJUI -BOHFWJO EZOBNJDT UP T
BOE NPMFDVMFT JO TZTUFENT TVCKFDU UP CPUI RVBOUVN B
2-. % JOUFHSBUFTUIFQSJODJQMFT PG RVBOUVN NFDIBOJD"
UIFPSZ %'5 UPEFTDSJCFUIFFMFDUSPOJD TUSVDUVSFBOE.
SFQSFTFOUBUJPO PG RVBOUVN FnFDUT 5I1JT NFUIPEJODPS
EVDJOHTUPDIBTUJD GPSDFT UIBU NJNJD UIF FNnFDUT PG UFI
POUIFRVBOUVNTZTUFN 5IFFMFDUSPOTFYJTUBT B UIFSN
UIFJPOTDBOFYDIBOHF FOFSHZ #Z DPOTJEFSJOH CPUI UIF E
BOETUPDIBTUJD UIFSNBM FnFDUT 2-.% FOBCMFT UIF TUVEZ
XJUIBOFOWJSPONFOUBU JOJUFUFNQFSBUVSFT QSPWJEJ
DIFNJDBM SFBDUJPOT RVBOUVN USBOTQPSU BOE QSPDFT
CSJEHIOHUIFHBQCFUXFFO RVBOUVN NFDIBOJDT BOE DMBT



#PINJBO NFDIBOJDT

#PINJBO .FDIBOJDT .PMFDVMBS %ZOBNJDT #.% JT BDPNQVL
HSBUFT #PINJBO .FDIBOJDT XJUINPMFDVMBS EZOBNJDT TJI
CFIBWIJPSPGBUPNTBOENPMFDVMFT XJUIJO UIF GSBNFXPS
JDTx #. % FYUFOETUIFQSJODJQMFT PG #PINJBO .FDIBOJDT
FWPMVUJPO PG RVBOUVNTZTUFNT DPOTJEFSJOH EFUFSNJO
CZUIF RVBOUVN QPUFOUJBM BOE UIF XBWF GVODUJPO #Z
JOUP NPMFDVMBS EZOBNJDT TINVMBUJPOT #.% PnFST B VC
TDBMFEZOBNJDT PG RVBOUVN TZTUFNT BMMPXJOH SFTFBS
NPMFDVMBS TZTUFNT XIJMF NBJOUBJOJOHB EFUFSNJOJTUJ
SIJTBQQSPBDI QSPWJEFTJOTJHIUT JOUP UIF CFIBWJPS PG
UJHBUJPOT JOUP RVBOUVN USBOTQPSU DIFNJDBM SFBDU:
GSPN B #PINJBO QFSTQFDUJWF XJUIJO UIF SFBMN PG NPMF|
BNPSFJO EFQUIUIFPSFUJDBM CBDLHSPVOE PG #.% BO JOU
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TUBUFPGBTJOHMFFMFDUSPO XJUIUIFUPUBMNBOZ CPEZ XI
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BSFVTFE XJUI SFNBSLBCMF TVDDFTT UP DPSSFDU GPS EF J
FYDIBOHF BOE MBDLJOH DPSSFMBUJPOT 5P EBUF F'""IBTUC
QSPQFSUJFTIJO FYUSFNF FOWJS PORNNHDORSIBUVSF SFMBYBUJ
XBSNEFOTF IZESPHWPNO@E TQFFE JO XBSN EFOBIGFBBEMMNIQRPR JC
XBSNEFOTFIZESPHFO <
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+POFT QPUFOUJBM

UIJNFTDBMFT BOE USBOTOQ®P SUOEIFOPNEFOBIOH UIF EZOBNJI
GBDUPSJTFTTFOUJBMJO VOSBWFMJOH UIFJOUSJDBUF EZO
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MJHIUPOUIFJS CFIBWJPS VOEFS EJNFSFOUDPOEJUJPOT BOE
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UPDPNQBSFUIFPSZBOEFYQFSJNFOU
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BUUFOVBUJPO DR TDJFBEHIJBOBUJD TQFFEPG TPVOE 5IF QI
UIJTFRVBUJPOJT EJSFDUMAHAWS®ISPEMIE FIHB/ SFOEFSGVM SFQ
PGUIFJPO %4'"JOUIFIZESPEZOBNJD MJINJW TSUFMDFEOANSHBINH O |
QFBLEVFUPFMBTU3IDSNIBEXUBBSPGHI«F 3SBZMFJHI QFBL DBO CF
UP UIF UIFSNBMDEJBWEIWIBYSFDUMZ SFMBUFE UP UIF USBO
UIFSNBMDPOE¥DUWIVWIPZLZIEF QFBLT BGFIHNFSHSIMMPVJIO QFB
UP JOFMBTUJD IDBIFXKRHEIAOH & UIF #SIMMPVJO QFBLT JT EJ
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TIFBSWJTDPTJUZ 'JOBMMZ UIF MPDBUJPO PG UIF#SJMMPV
TPVOE TcQ EPE

&YBNJOBUJPO PG OPO BEJBCBUJD FpuF

SIFWBMIJEJUZPGUIF#0BQQSPYJNBUJPO FNQMPZFE JO %'5 . %
RVFTUJPO < 51JTDBTUT EPVCUPOUIFTVIJUBCIJMIJUZ PG DBM|
TVDI BT TPVOE TQFFE BOE USBOTQPSU DPF JDJFOUT 'VSU
QSPIJCIJUTEJSFDUFOFSHZUSBOTGFSCFUXFFOFMFDUSPOT B
OPO FRVIMJCSJVN NBUUFS 3FDFOUMZ TFWFSBM UIFPSFU
CFZPOE UIF #0 BQQSPYJNBUJPO>T¥#Dd BT>2-F% < > UP

EJSFDUMZBOBMZ[FUIFJNQBDUPG OPO BEJBCBUJD FnFDUT P
DPO MJDUJOHQSFEJDUJPOTPGUIFTFOTJUJWJIUZ P JPO EZ

/PO BEJBCBUJD FnFDUT BSF PSEJOBSJMZ BTTPDJBUFE X
X1 JDI'TJHOJ JDBOU FOFSHZ FYDIBOHF PDDVST CFUXFFO UIF
FYBNQMFJO8%.JTUFNQFSBUVSFFRVIMJICSBUXPPGOGIEFFUXFF
JEFBM BQQSPBDIUP RVBOUJGZJOH OPO BEJBCBUJD FnFDUT P



'ES—"51JT JHVSFTIPXTUXP QBTUBUUFNQUUPBOBMZ[FUIFJ
FnFDU MF| 51JT JHVSF XBT QSPEY¥DHFEEG SONBEBIFBN DA XBGT KB EF
UPDPNQBSFUIFJPOTFMG EJnVTIJPO PCUBJOFE GSPN CPUI ,4
BOEF'" OPO BEJBCBUJD NFUIPE SJHIU 51JT JHVSF XBT QSPE
#PUI TINVMBUJPOT XFSFDBSSJFEPVU XJUIO" %'5 CVUUIF-BOHF
VTIJOH 2-.% 5IF/PTF )PPWFSJTUIFBEJBCBUJD TINVMBUJPO N
2-.% JTUIFOPO BEJBCBUJD NFUIPE

BEJBCBUJD EFOTJUZGVODUJPOBMUIFPSZ NPMFDVMBS EZOB
TINJMBSMZ IJHI JEFMJUZ OPO BEJBCBUJD NFUIPE TVDIBT |
OBUFMZ UIFIJHIDPNQVUBUJPOBM DPTUPG TVDINFUIPET NB|
8%. JOGFBTJCMF 51JTJODSFBTFEDPNQVUBUJPOBMDPTU IB
OPO BEJBCBUJD TINVMBUJPO NFUIPET TVDIBTUIFFMFDU
UIFTFGBTUFS NFUIPET SFMZ PO NBOZTIJNQMJGZJOHBQQSP
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%FTQJUF OPUIBWJOHUIFJEFBM BQQSPBDI NBOZBVUIPS
ulBuU OPO BEJBCBUJD FnFDUT DBOBMTP JO MVFODF QSPDF
EJnVTIPBOE JPOBDPVTUIJD XBWPQSHAYBHBXIHRGNF PG UIFTF
QBTUBUUFNQUT BU QSPWJOHUIFTJHOJ JDBODF PG OPO BEJ
BSFDIBMMFOHJOHUPUFTUVTJOHBWBJMBCMF TINVMBUJF
EJTFOUBOHMF UIFJIJNQBDU PG OPO BEJBCBUJD JOUFSBDUJI
USFBUJOHUIF FMFDUSPOT 5IF QSJNBSZGPDVT PG UIJT XP



XIFUIFS OPO BEJBCBUJD FnFDUT J F UIPTFUIBUEP OPU FN
SFMFWBOU UP EZOBNJD JPO QSPQFSUJFT JO FRVIJMJCSJVN
EJTDSFQBODJFT CFUXFFO %'5S BOE F'" QSFEJDUJPOT UP OP
QSPYIJNBUJPOTVTFEGPSUSFBUJOH UIF FMPFDLBSNOQB SIKEF "
UP %'5 UIBU TVDI B DPNQBSJTPOG JFIBYEPBLTBMTP JOWFTUJI
BQQSPYIJNBUJPOT NBEFJOF'"UPJODSFBTFUIF MFWFM PG |
F'"UP NBLFJUBNPSFHFOFSBM B810®% NMIRKUIRESL CFODINBSLT
BSBOHF PG EFOTJUJFT BOEUFNQFSBUVSFT BHBJOTU IJHIF
UIFSNPEZOBNJD QBSBNFUFS TQBDF F>DBO CF FNnFDUJWFMZ



$IBQUFS

#FODINBSLJOHUIF FMFDUSP
NFUIPE F"

3 " %BVWJT "OHFSNF3FS5 )FSNTNFJFS BOES5 ( 8l1JUF *PO NPEFT.

JPOJ[FEQMBTNBTUISPVHI OPOBEJBCBUJD NPMFDVMBS EZOBNJDT
ODUPCFS EPJ 11IZT3FW3FTFBSDI 63-
IluuQT KPVSOBMT BQT PSH QSSFTFBSDI BCTUSBDU 11ZT3F

SIF XBSN EFOTF NBUUFS 8%. SFHIJNF EF JOFT B EFOTF QM
DPVOQMFEDMBTTIJDBMJPOTDPFYJTUXJUIQBSUUBVIBIRPSGM M
TUBUF PG NBUUFS XIFSF NVMUJ CPEZ QBSUJDMF DPSSFMB
JNQPSUBOU SPMFJO EFUFSNJOJOH UIFPWFSBMNWWPNQWEIWWSF
EFTDSIQUIJPOPG8%.JTINQPSUBOUGPSEFTDSJCJOH NBOZ C
QIBTF USBOTJUJPOT XJUIJO UIF JOUFSJIPSUPPGUFBIQHIKS BO WV S
SFMBYBUJPO SBUFTEVSJOHUIFJOUFSOBM QSPDFTTFT PG J



4USPOHJPO JPODPVQMJOHDPNCJOFE XJUIUIF RVBOUVI
NBLF TINVMBUJPOBOE NPEFMJOHDIBMMFOHJOH OOFBQQ
UIFTUSPOHMZ DPVQMFE CFIBWJPS PG UIFJPOTIBT CFFO NPI
BUPNJTUJD TINVMBUJPO PG UIFJPOEZOBNJDT UIBU SFTVMI
FRVBUJPOT PG NHUYPTOINVMBUIJPOT FYQMJDJUMZ DBMDVMBU
BSFBCMFUP QSPWJEF USBOTQPSU QSPQFSUJFT *®VDIBTV
BDPVTUIJD QSPQFSUJFT TVDIBTBOE UPNVSINPTEQOMBENRID WBSJIBC
JOHUIFFRVBUJPO>PGIFBBDODRKNSBDZBOEQSFEJDUJWF QPXFS P
FODPNQBTTFE XJUIJOUIFDBMDVMBUJPO PG UIFJOUFSBUPNJ
DPNJOHBUUIFFYQFOTF PG DPNQVUBUJPOBMDPTU 4JNVMI
BCMFUPNPEFMUIF MB SHKRWIFST QPNNTFOUJBMT DBMDVMBUFE
0' PS,PIO 41BNW<,4 EFOTJUZGVODUJPOBMUIFPSZ %'5 IBWF
XIFODPNQBSFEUPBWBJIJMBCMFPRYQFSINFOUBM SFTVMUT<

.% TINVMBUJPOT PG EFOTF QMBTNBT UZQJDBMMZ FNQM!
BQQSPYJNBUJPO BMTP LOPXOBTUIFBEJBCBUJDBQQSPYJN
EJTQBSBUF FOFSHZ TDBMFT PG UIFP FMBD B RG BOENEUO RO |
DPSOFSTUPOFPG BMNPYEBGBEMDBIVNBIAIBBNMNITUID TINVMBL
UIF FMFDUSPOT BSFBTTVNFE UP JOTUBOUBOFPVTMZ BEKYV
UIFNTFMWFT BSFDPO JOFE UP B $J G HRAVHO BEIG £€BYINDBTWMP®E
OFHMFDUT JNQPSUBOU EFUBIJMT PG UIFJOUFSBDUJPO BOE
EFOTJUZNBUUFS UIFEZOBNJDT PG FMFDUSRO | PR/G DRWIIMIIT J |
GPSNBOZFRVIJMIJCSIJVNQSPQFSUJFT >MULF BEEBREBUWD RC B3
QSPIJCIJUT EJSFDUFOFSHZUSBOTGFS CFUXFFO FMFDUSPOT
GPSUIFNPEFMMJOH PG USBOTQPSU QSPQRSWBIFT BOE OPO F

3FDFOU XPSLIBTJOWFTUJHBUFEUIFBQQMJIJDBCJIJMIJUZ PG B



FnFDUPG FMFDUSPO JPOJOUFSBDUJPO T O W WTFQ PROPAG BN
MPHIJDBM BQQSPBDI BOBEEJUJPOBM TUPDIBTUJD (BVTTJB
NPUJPO XJUIBTJOHMFDPMMIJITIJIPO GSFRVFODZ PS GSJDUJF
B QSIPSJ"OVNCFSPGDMBTTJDBM 3$BBMERMBOBVYN FH5RI®OM
QSPYJIJNBYIPOEFMT FYJTU CVUUIFISBQQMJIJDBCJIMJUZ JO UII
JODMVTIJPO PG UIFTF DPMMJTJPOT IBT CFFO TIPXO UP IBWI
OBNJDITJODMVEJOHBTUSPOHMZ EFDSFBTFEBEJBCBUJD TPV
NPEF BSIPVXOE

*OPSEFSUPFYQMIDIJUMZ HP CFZPOE UIF#0BQQSPYJNBU
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UIFMPX GSFRVFODZJPO EZOBNJDT UIJT NFUIPE SFNBJOT UF
.PSFSFDFOUMZ BUFDIOJRVFCBTFEPOUIF#PINUIFPSZ PG
JNQMFNFOUFE 51JT NFUIPE QSPQBHBUFT BO BSSBZ PG Ul
JOUFSBDUJOH XJUIBUIFSNBMMZ BWFSBHFE& BVEIBEBIUJPH RV
TQFFEJOBHSFFNFOU XJUIUIF MBOHFWJO BQQSPBDI XBT G
CFUXFFOUIF RVBOUVNBOEDMBTTJDBM MIJNJUT *OUFSFTUJC
BTJHOJ JDBOUMZ SFEVDFE EJnVTIJWF NPEF XIFODPNQBSFE

JFSF XFVUIJMJ[FBOBMUFSOBUJWF NFUIPE 8BWF 1BDLFU
*UJTBUJNF EFQFOEFOU RVBOUVN NFDIBOJDBM UFDIOJRVF B
UIFQSPQBHBUJPO PG UIFJPOTBTDMBTTIJDBM QPJOU QBSUJ
NFDIBOJDBM FOUJUJFX¥<5IF EJSFDUJODMVTJIJPO PG FMFDU
FnFDUT PG FMFDUSPO JPO JOUFSBDUJPOT NFBOT UIBU 81
BEJBCBUJD BQQSPYIJNBUJPOBOEJTDBQBCMFPG DBMDVMBU.
TZTUENT<
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XIFERITUIFJPOIJ®D DIBRSHFOUFS QBSUIJDMF TFQBBBHEJIJPO BO
SVOTPWFS FJUIFSBMMOVDMFIJIPS FMFDUSPOT "OBEEJUJP(
CFUXFFOTBNF TQJOFMFDUSPOT UP BDDPVOU GPS UIF MBDL F
QSPEVDU XIJMF B TNBMM SFQVMTIJWF UFSN JT BEEFE CFU:
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4INQMFBOBMZUJCEFBOEEFINIBAEG EEBEBSWFE GPS UIF TJOHNM
CBTJTBMMPXJOH GPS SBQJE FWBMVBUJPO PG U¥FTORFYQSFTT
BMPOH XJUIBOVNCFSPGPUIFSTDBMJOH QBSBNFUFST JO UIF
UPBTFUPGNPMFDVMBS UFPTUFWUBY DWY¥SFDBSUJBMMZ BDDPV
FMFDUSPO JPOBOEFMFDUSPO FMIFH UBPAZ FYDUBFOIHF &J'FSNTE
UPIBWFBOFYDIBOHF FOFSHZDPNQBSBCMPUPRIVGEFBWEJID
CFFOTPNFSFDFOU FNnPSUT UPJODMVEF NPSF SPCVTUDPSSF



'ES—"51F - EJnNFSFODFJO UIF TUBUJD TUSVDUVSF GBDUPST G
BSF bBMDVMBUFE CFUXFFO UIF FMFDUSPO GPSDF JFME &' |
VONPEJ JFEQBSBNFUFST BOE PSCJUBM GSFFEFOTJUZ GVOD
DBTF MPXFS WBMVFTGPS - IJHIMJHIUB SFHIJPO PG WBMJEJUZ
UFNQFSBUVSF SFHINF 1BOFMT B C BSF TINVMBUFE XJUI
E)BTL XIFSFBT D E VTF UIFJNQSE’1WF(EWEBGMP\/|\H:TPGB DBUIF
(BVTTJBOTBSFBSFQFSNJUUFEUPFYQBOE JOEF JOJUFMZ XIF
(BVTTJBO XJEUIDPOTUSBJOFECZBOBEEJUJPOBMIBSNPOJD C
VTFEUP QSPEVDFUIFTF QMPUTBSFTIPXOJO 'JHVSFT 4 JO UIF

JO81.%<> CVUDPSSFMBUJPOJT OPUDVSSFOUMZ USFBUFE .

*OBEEJUJPO GPSIJHI ; TZTUFNT B JYFETJ[F XBWF QBDL
DMBTTJDBMJPOTUPSFQSFTFOUUIFTUSPOHMZCPVOEDPSFF
&$1T QSPWIJEFOPUPOMZBOJODSFBTFEDPNQVUBUJPOTQEFF
BTTPDJBUFE XJUIUIFTF FMFDUSPOTEP OPUOFFE UP CF DBC
BTUIFZNBZFYIJCJUOPO (BV¥FT%B/®G UIBQHFTRKUSPOH CJOEJOH



IJHI GSFRVFODZPTDIJMMBUJPOT PG UIFTFDPSFFMFDUSPOT
SPMFJOUIFMPX GSFRVFODZJPO EZOBNJDT

&' JT BCMF UP TINVMBUF TZTUFNT DPOTJTUJOH PG UIPV
DPTFDPOET *UIBTCFFOBQQMJFE UP UIFTUVEZ PG NBUFS
NFOUT< > UFNQFSBUVSF SFMBYBUJPO SBUFTBI@WEXBSN |
XBWF QBDLFUTQSFBEJOH JO FMPEDUYBRPWIFGD MIFBNMPDOB 8 BR
JPONPEFTJOEFOTF QMBTNBT IBWF OPU ZFUCFFO FYBNJOFE

SIFJPONPEFTBSFUZQJDBMMZJOWFTUJHBUFEUISPVHIUIF
PGUIFEFOTJUZ EFOTJUZBVUP DPSSFMBUJPO GVODUJPO |
SIJTDPNNPO NFUSJD VTFEUPDPNQBSF EJNFSFOU UIFPSFU
EZOBNJD BOE UIFSNPEZOBNJD QSPQFSUJFTPG UIF QMBTNB C(
BMMPXJOH GPS DSJUJDBM CFOCD I'NCB@B $OH P\GMN\BRSE BPM MM FD U
BSFBQSPNJOFOUGFBUVSF XIPTFTQFDUSBBMMPX GPS WBM.
QSFEJDUJPOT GPS BEFISFBNBAUIWHINIO UIFSNPEZOBNJD FRVJI
HIWFTJUT SFTQPOTF UP MVBOYEXBIWKKWEOGKBERNVNHJOPE BT

1 Z
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XIFOFJTUIFUPUBMOVNCF S$tPGSFESHSIDWHBOBFADETFNCMF BWF
JTUIF'PVSJFSUSBOTGPSNPGUIFSFBMTQBDF UJNF EFQF
TZTUFN PG QBSUJDMHAtXUWUI DFPPISEWE B LT

b\

(k;t) = explik rj(t)]:

j=0
5l]FF TUBUJD TUSVDUVSF GBDUPS 44" JTUIFGSFRVFODZJOUI
SFMBUFT QVSFMZUPUIFTUSVDUVSFPGUIFTZTUFEN



5P WBMJEBUF UIF&''UFDIOJRVFBDSPTT UIF FOUJSF 8%. SF
UJPOTUIBU TQBOOFE B SBOHF PG UIFSNPEZOBNJD DPOEJUJP
DBMDVMBUFE VTJOH CPUI &' BOE0' %'5 XJUIUIF- EJnFSFOD
'JHVSB 5IF0' %'5 TINVMBUJPOTVTFE JPOTBOE XFSF QFS
QBDLBHF "#*/*5< &BDI TINVMBUJPO XBT SVO GPS QT BOE VUJ
"MM &' TINVMBUJPOT XFSF QFSGPSNFE VTJOHUYFJOHLA TP|X
JPOTBOE FMFDUSPOT &BDITJNVMBUJPO XBT SVO GPS
UJNFTUFQ "EEJUJPOBM EFUBJMT PG UIF TINVMBUJPO JO
BSF QSPWJEFE JO UIF TVQ UWPBNSEUBMWBDBSJBAMVTFE UP V
UISPVHIPVUUIF8%. SFHIJNF BTBEJBCBUJD NFUIPET IBWF CFF
UIF 44 0VS SFTVMUT TVHHFTUBO BSFB PG WBMJEJUZ JO U
TQBDF

5SXP NPEJ JDBUJPOTUPUIF &' UFDIOJRVF XFSF SFRVJSFI
UIF 0" %'5 TINVMBUJPOT GPS XBSN EFOTF BMVNJOVN 5IF
< > JTUIFJODMVTIJPOPGBIBSNPOJD QPUFOUJBM UPDPC
XBWF QBDLFU *O &'' UIF SFTUSBJOJOHIBBN%’I@BQQ?UFOU
S>Lpxe XIFBF=1)BSUSFPFT #M08l B DPOTUSBJOU JT OFFEFE
UIF TJ[F PG UIF XBWF QBDLFU GSPN JODSFBTJOH XJUIPVU
EJNJOJTIFEFMFDUSPO JPOBOE FMFDUSPO FMFDUSPO JOUF
JUTFMG VOQIZTJDBM B XBWF QBDLFU XJMM OBUVSBMMZ TQ
UIF MINJUFE CBTJT TFU QSFWFOUT MPDBMJ[BUJPO BSPVO
UlBUMFBET UP VOQIZTJDBMMZ MPX JOUFSBDUJPO 5IF JNC
IBSNPOJD QPUFOUJBMJIJTTKRRKOROVDHECEBHUFS BHSFFNFOU J
[JHI UFNQFSBUVSF IJHI EFOTJUZ SFHJPO

SIFTFDPOEDIBOHF NBEF XBT UPBMUFS UIF XJEUIPG UIF &
BUUBDIFEUPUIFJPOT SFQSFTFOUJOH UIF JOOFSTIFMM F



'ES—""51F TUBUJD TUSVDUVSF GBDUPS GPS XBSN EFOTF BMVN
OPO BEJBCBUJD FMFDUSPO GPSDF JFME NFUIPE CPUI XJUI JUL
&' QBSBNFUFST 1BOFM B JT°BUJMFFTBOEBUH BRBOE H DN
'PS DPNQBSJTPO SFTVMUT GSPN UIF NPSFDPNQVUBUJPOBMM
GVvODUJPOBM UIFPSZ 0' %'5 BOE ,PIO 4IBN EFOTJUZ GVODUJ
JODMVEFE< >

BSBEJVTaR'GEFUFSNJOFE GSPNUIFHSPVOE TUBUF PG GBDF
NJOVNs& 8FGPVOEUIBUUIJTOVNCFS ORR&RE UNPVDA B MPIFBT F
UP UIF SBEJVTIHP®ORBO "MHVBOFEFNPOTUSBUFT UIFJIJNQSPWFNFO
UIJT DIBOHF XIJHEBNMOWERFOUT CPUI NPEJ JDBUJPOT GPS UIF
SFGFSUP &' SVO XJUICPUINPEJ JDBUJPOTBTNPEJ JFE &' N
VTFEUP QSPEVDFUIFTFQMPUTBSF QSPWJEFE JO 'JHVSFT 4

SIFCIHHFTUEJTBHSFFNFOUCFUXFFON&''BOEO" %'5JT GP\
UFNQFSBUVSF SFHJIJNF UIJT EJnFSFODFJTBUUSJCVUFE UPD
UJPOTUIBUJT OPUBQQBSFOU XJUI &' )PXFWFS XJUIOFJUIF
NFOUBM SFTVMUT BWBJMBCMF JO UIJT SFHINF UIF WBMJEJUz
'PS GPVS UIFSNPEZOBNJD DPOEJUJPOT XF XFSFBCMF UP L
SFTVMUTUPQVCMJITIFE ,4 % BSMPTEBHSFFNFOUXBTGPVOE J(

H DBIOE F7 3 BIOEN F7 BOE®*B®EDNF7 "TTIPXO J® 'JHVSF
UIFSFTVMUT!BWE H FN EJTBHSFFE "UUIJTDPOEJUJPO N¢
UIFEFHSFFPGJPO JPODPSSFMBUJPOJOUIFTZTUFEN



'"ES—"B5IFEZOBNJD TUSVDUVSFGBDUPS GPS XBSNEROTFBMVNJC
DBMDVMBUFE XJUIUIFOPO BEJBCBUJD FMFDUSPO GPSDF JFNM
N&'' BOEPSJHJOBM &''" QBSBNFUFST 'PSDPNQBSJTPO SFTVNA
GVODUJPOBMUIFPSZ ,4 %'5 BSFJODMVEFE<

5IFDSPTTJOEIBWSF F7BOE NBISDNUIFCFTUBHSFFNFOUCF
UXPUFDIOJRVFC TIHAXISWFIF 44" DBMDVMBUFE XJUIN&'""BOE &''E
SIJTUIFSNPEZOBNJD DPOEJUJPO BMMPXT GPS EJSFDUDPNQ
QVCMITIFESFTVMUT CPUIBEJBCBUJDBOEOPO BEJBCBUJD |
DPNQVUBUJPOBMMZ JOUFOTJWF O0' %'5S BOE ,4 %'5 . % BSFJOD
GPVOECFUXFFOUIF44'DBMDVMBUFE XJUIN&'"BOE XJUIO0' %
DPNQVUBUJPOPMRWRNETN&'' FYQMIDIJUMZ JODMVEFT UIF FN
4 %'5 SFTVMUT BSFDVSSFOUMZ UIFNPTUBDDVSBUF BWBJM]
JOUFOTJWF 5IFZFYIJCJUBO JODSFBIGFEYRBIETRIHOH B BPY/ P
BUUIJTDPOEJUJPO OFJUIFS &'"'"PS0' %'5 DPNQMFUFMZ DBC
TZTUEN

8F OPXUVSOPVSBUUFOUJPO UP UIFEZOBNJD QMBTNB Q
UPWBSZNPSF XJUIUIFJODMVTIJPO PG OPO BEJBCBUJD FnF
UIFSNPEZOBNJDDPOEJUJPO XIFSFXF JOECFTUBHSFFNFOUJ
BU H BOE F7 "IBVISPXT UIF %4"'DBMDVMBUFE XJUI N&"'
SIFN&'"SFTVMUT BSF XFMM NBUDIFECZ UIF ,4 %'5 SFTVMUT
MPXFEFWBMVFTUFTUFE TNBMMEJNFSFODFTBSFBQQBSFOU



JOUFSNFEJBUF TQBWIBM'TDBMEFIUTMPOEJUJPO BT XJUI UII
&""BOEN&"" FYIJCIJUOFBSJEFOUJDEM GOBBSBFUJDHM'Z HB/TSX
#PINJBO .FDIBOJDT UFDIOJRVF XFTFF B TUSPOHMZ SFEVD
SFHURBO

5lFF QFBLQPTJUJPOJT FYDFMMWFWBMY WNIB WBBO I FEBNDGWI T B
EJTQFSTIJPO SFMBUJPO S§FPXOEBIBYDHWISH OU BHSFFNFOU CFL
NFUIPEBOE UIF ;4 %'5 SFTVMUT #PUIUFDIOJRVFT BHSFF P
HIWFO CZKUTM M@K PG UIFEJTQFSTJPO SFMBUJPO BT XFMM E
POTFUBOE TUSFOHUI PG OFHBUJWF EJTQFSTJPO 'PS DPNC

UIFSFTVMUT GSPNO' %'5 XJUIBMBOHFWJO UIFSNPTUBU
#PINJBO .FDIBOJDT UFDIOJRVF 8IIJMF UIF #PINJBO NFDIBOJD
XJulBlJHIDPMMJTIPO GSFRVFODZ [JHIMIJHIUJOH UIF JIJNQP S
UIF&"'"SFTVMUT TVHHFTU UIBU UIF FMFDUSPOT NBZIBWF MFT
UIBO QSFWJPVTMZ UIPVHIU

%FTQJUFJUT TVDDFTT UIFDPNQBSJTPO XJUI ;4 %'5 TVHI
BUUIFFYUSFNVNPGUFNQFSBUVSFBOEEFOTJUZ &WFO BU
52H BNUIFSFJTBMBDLPGDPSSFMBUJPOJOUIF44'XIFODPNQ
UIFEJTDSFQBODZ JO TkBQFGAG CIFWKFBIUNE' BOE ,4 %'5 TVHH
UIFSFNBZCFEJNFSFODFT JO USBOTQPSU QSPQFSUJFT CF
UIFTFEJTDSFQBODJFT XFTVHHFTUJIJNQSPWFNFOUT UP UIF
GVOEBNFOUBM BQQSPYJNBUJPOT GS5IFTF BSF B MINJUFE
(BVTTIJBO XBWF QBDLFU OFHMFDUPGUIFFMFDUSPO FMF
PGUIFFYDIBOHF FOFSHZ BOE OFHMFDU PG DPSSFMBUJ|
XBWF QBDLFU CSFBLVQBOEIBT QSFWIJPVTMZ CFRB®IER®UJ JI
FYQBOE UIF SFHIPOPGBQQMIDBCIMIUZPG N&""TIPVME GPL



'ES—"5IFEJTQFSTJPO SFMBUJPO GPS XBSNEFOTFBMVNJOVN
DBMDVMBUFE XJUIUIF OPO BEJBCBUJD FMFDUSPO GPSDF JFN
N&'' BOEPSJHJOBM &'" QBSBNFUFST 'PSDPNQBSJTPO SFTVN\
GVODUJPOBMUIFPSPS@GIWBM<GSFF EFOTJUZ GVODUJPOBM UIF
MBOHFWJO UIFSBNPUDUBGSJIJDUJPO QBSBNFUFST BOE UIF SFTVML
JDT<xBSFJODMVEFE

*OTVNNBSZ UIFN&''"UFDIOJRVFEFNPOTUSBUFT SFBTPO
QSPQFSUJFT PG XBSNEFOTFBMVNJOVN PCUBJOFE XJUI UII
UIFPSZ BDSPTTB MBSHF QPSUJPO PG UIF8%. QIBTFTQBDF 8.
UIFMPX EFOTJUZ IJHI UFNQFSBUVSF SFHJIJNF 51JTJT BDIJFW
BOEGVMMUSFBUNFOUPGUIFFMFDUSPO EZOBNJDT 5IF FnFD
JPONPEFT XFSFIJOWFTUJHBUFEBOE GPVOE UP IBWF MFTT F|
NFDIBOXX® W XKJIJUIBEJTQFSTIJPO SFMBUJPO JODMPTFS BHSFF
SFTVMUT S5IFTFSFTVMUT EJSFDUMZ BEEC RHTUONREP CPEQT PV



NFUIPEGPS EFOTF MPTWHEDOH DPSSPCPSBUJPO XJUI PUIFS

OWFSBMM UIFSFJTTUJMM NVDI XFEP OPUVOEFSTUBOE
EFOTF NBUUFS S5IFSFTVMUT PG UIF MBOHFWJO UIFSNPTUBU
OPX81. % UFDIOJRVFTQMBZBOJNQPSUBOU SPMF JO PVS VC
TPVOE TQFFET BOE USBOTQPSU DPF JDJFOUT JO EFOTF Q
WFSJ JDBUJPOBMPOH XJUI GVSUIFS DPNQVUBUJPOBM JOWF



$IBQUFS

&YUFOEJOHUIFFMFDUSPO G
NFUIPE F"

8 " "OHFSNBIAESS5 ( 81JUF "O*OWFTUJHBUJPO JOUP UIF"QQSPYJI

8BWF 1BDLFU .PMFDVMBS %ZOBNJDT GPS UIF4UVEZPG8BSN %FOT
. +VOF EPJ QMBTNB 63-
ITUUQT XXX NEQJ DPN

*OUSPEVDUJPO

8BSN EFOTF NBUUFS 8%. JT BDSJUJDBMMZ JNQPSUBOU QI
HBQCFUXFFO DPOEFOTFE NBUUFS BOEDMBTTIJDBM QMBTN|
JOTFWFSBMBTUSPQIZTIJDBM FOWJSPONFOUT F H >QMBOFL
*UBMTP IBT QSBDUJDBM BQQMJDBUJPOT GPS VOEFSTUBOI
BOENBUFSJBM SPZRUDBMMZ EFTDSICFEBTBTZTUFN PG
JNNFSTFEJOBEFHFOFSBUF FMFDUSPO TFB 8%. NBZFYJTU JC



[JHIMZ FYDJUFETPMJE TUBUF *O CPUITUBUFT UIFJPOT IBW
UIFUIFSNBM FOFSHZ XIJMFUIFFMFDUSPOT BUUFNQFSBU
FYIJCJU TUSPOH RVBOUVASVFOCROBMNPB LIBU TINVMBUF 8% . T
NPEFMUIFTMPXBOE MPOH UJNF CFIBWJPSPGUIFTUSPOHMZ
DBQUVSJOHUIFFMFDUSPOTR RVBOUVN NFDIBOJDBM OBUVSF
UIFGBIJMVSFPG QFSUVSCBUJWF UFDIOJRVFT SFTVMUJOH JC
RVBOUJUJFT 8IJMF EJNFSFOUNPEFMTHFOFSBMMZ BHSFF F
QSPQFSUJFTINQPSUBOU RVBOUJUJFTTVDIBTUSBOTQPSU DF
BOPSEFSPGNBHOJUVEF <

"UPNJTUJD NPEFMT JO XIJDIUIFJPOT USFBUFE UISPVHI
BSFDPVQMFE XJUIBRVBOUVNNFDIBOJDBM USFBUNFOU PG
TVDDFTT 5S5IFJPO USBKFDUPSJFT GSPN TVDI TINVMBUJPO"
TVDI BT WJTDPTJUZ BOE UBFB\DBAW EUQRDTRSWRQESUIFT TVDI
TQFFE<> BOEUIFSNPEZOBNJD WBSJBCMFT JODMVBIPH UIFF
NPTUQSFWBMFOUPGUIFTFUFDIOJRVFTIJTEFOTIJUZ GVODUJI
% JO XIJDIUIFFMFDUSPOTBSFUSFBUFE XJUIJO WWIF GSBNI
PS PIOL4IBNEFOTJUZ GVODUWI'BQBM NIHWBZT<UIF #PSOLOQQF
#0 BQQSPYJIJNBUJPO JO XIJDIUIFFMFDUSPOTBSFDPOTJEF
UIFJPOEZOBNJDT VTVBMMZ KVTUJ JFECZUIFEJTQBSBUF
NPUJPO "MUIPVHIBQQMIDBCMFGPSFRVIMJCSJVN @SPQFSU
UIF#0 USFBUNFOU PG UIFJPOTNBZOPUCFTVIJUBCMF GPS DB
BTTPVOE TQFFEBOEUSBOTQ@PSMBDPFSNPIHFOLCTZIUT WFSZ O
#0 BQQSPYJNBUJPO QSPIJCJUT EJSFDU FOFSHZ USBOTGFS
UIFSFGPSF QSPCMFNBUJD GPS NPEFMIGN OPNOBERVMIMIO DIV N
SFHINF JUJTTUJMM VOLOPXO IPXUIF#0BQQSPYJNBUJPO J



3FDFOUMZ TFWFSBMUIFPSFUJDBM UFDIOJRVFT IBWF CFFO
QSPYIJNBUJPO S5IFTINQMFTUUFDIOJRVFDPVQMFTUIFJPOT UF
UIFFMFDUSPOLJPO DPMMJTJPOTUISPVHI BO BEEJUJPOBM T
FRVBUJPOT PG NPUJPO < 8IJMF FGGJDJFOU UIJT QIFOPNFOP
VTFTBTIJOHMFDPMMJTIJPO GSFRVFODZ UIBUNVTUCFEFUFSN
CFZPOEUIF#0BQQSPYJNBUJPOJODMVEFVTJOHBUIFSNBMMZ
X1IJDI'IBT TVDDFTTGVMMZ EFTDSJCFEBDPVTUJD PTBIJMMBU.
BOEUIFNPTUXJEFTQSFBE XBWF QBDLFUNPMEDXY WBSEZOBN
EFQFOEFOU %'5 PGUFOVTFETVDDFTTS\OWEWMBJIJOTRYB® DN N @\
uJPOBMMZ IJOUFOTIWFUP TUVEZ UIF MBSHFTZTUFENT PG JOL
BOQOQOMIDBCIMJUZBOEBQQSPYJNBUJPOTVTFE XJUIJO 81.%

81.%JT B UJNF EFQFOEFOU RVBOUVN NFDIBOJDBM UFDI
TINVMBUFT UIFQSPQBHBUJPO PG UIFJPOTBTDMBTTJDBM
BT RVBOUVN NFDIBOJDBM FOUJUJFT *O81.% FBDIFMFDUS
XBWF QBDLFU BTQBUJBMMZ MPDBMJ[FEDPNQMFY GVODU.
CBTJ®* <" XBWFQBDLFUVOJRVFMZEF JOFTUIFTUBUFPGBT
NBOZ CPEZ XBWF GVODUJPO CFJOHDPOTUSVDUFE GSPN FJ
EFUFSNJOB® BDIPIJDF UIBUJT ESIWFO CZ UIFJIJNQPSUBODI
FNFDUT XJUI DPNQVUBUJPOBM DPTU &RVBUJPOT PG NPUJ
BSFFBTIMZ EFSIWFE GSPN WBSJBUJPO PG UIF UJNF EFQFC
GPSBTJOHMF (BVTTJBO CBTJT UIFZUBLF POSHH ENQMIFU B |
JODMVTIPOPGFMFDUSPOT BOEUIVTUIFFNFDUT PG FMFDUSF
JOUSJOTIJDBMMZHPFT CFZPOE UIF#0BQQSPYJNBUJPO *U JT
FOFSHZFYDIBOHFJO OPO FRVIJMJCSJVN TZTUENT UIF FnFCLC
NPSFHFOFSBMMZ DBMDVMBUJOHPCTFSWBCMBT JO RVBOUYV

.BOZ MBWPSTPG81.%FYJTUUIBUVUJMIJ[FWBSZJOH EFHSH



NPTUDPNNPOBQQSPYJNBUJPOTBSFBSFTUSJDUFECBTJT
FMFDUSPO B QBJSXJTFFYDIBOHF JOUFSBDUJPO P|FO JEF
FYDMVTIJPOPGDPSSFMBUJPO 'VSUIFSNPSF UIF1BVMJQPUF
POMZ PO UIFLIJOFUJD FOFSHZ DPNQPOFOU PG FYDIBOHF JC(
FMFDUSPO NPNFOUVN CFJOHBHORSFERKTINQMI JDBUJPOT
PCUBJO UIFTBNFDPNQVUBUJPOBMF JDJFODZBBUROINBOZ I
F JDIJFODJFTIBWFMFEUPUIF XJEFTQSFBEVTFPGBTFNJ FN
UIFFMFDUSPO GPSDF JFME F'" *OF'" TFWFSBMFYQFSJNF
BSFVTFE XJUISFNBSLBCMF TVDDFTT UP DPSSFDU GPS EF J
FYDIBOHF BOE MBDLJOHDPSSFMBUJPOT 5P EBUF F'""IBTC
QSPQFSUJFTJO FYUSFNF FOWJS PORNNDORESBYUVSF SFMBYBUJ
XBSNEFOTFIZESPHWNVO@E TQFFE JO XBSN EF OBIGFBBMMNIAYR JC
XBSNEFOTFIZESPHFO <

FTQJUFUIFTVDDFTTPGF'" FYBDUMZIPXUIFTDBMJOH QE
NBUJPOTJT OPUXFMM VOEFSTUPPE 5S5IFQSFEJDUJWF DBQI
SFHINFTTIPVME BMXBZT CF DPSSPCPSBUFE XJUIPUPKS NPEF
FYBNQMF F'" XBT SFDFOUMZ TIPXO UP VOEFSFTUJNBUF Ul
BMVNJOVN QMBTNB BU UFNQFSBUVSFT>P G8BJ® FXUFM3MD IBSTP
CFFO TPNF FnPSU NBEF UP VOEFSTUBOE UIF FnFDU PG B QE
ESPHFO K > UIFCBTJT TFUMJNJUBUJPO IBT OPU QSFWJ
JPXFWFS XPSLJOWPMWJOHBNVMUJQMF (BVTTJBO CBTJT |
QBDLFUTQSFBEJOH JO FMFDU S BOIEQ\WIDONM FBBIPOBRIG B FJOH M
BUPN< > XIFSFIJNQSPWFNFOUTVQUPB JWF (BVTTJBO CB~
TIPXTINQSPWFNFOUTJO UIFHSPVOETUBUF FOFSHZ PG UIF |7
OVNCFS PG (BVTTJBOTJOUIFFMFDUSPO CBTJT NJOJNBM JN
GPVS (BVTTJBOT



'"ES—"B5IFHSPVOETUBUFFOFSHZPGUIFIZESPHFOBUPN 5IFDSP
GSPN NJOJNJ[BUJPOPGUIFFOFSHZFRVBUJPOTBTUIFOVNCEF:¢
XFSFJODSFBTFE 5IFEPUUFE MJOFTIPXTUIFFYBDUHSPVOET
SIFIJOTFSU TIPXT UIF DIBOHFT UP UIFTIBQF PG UIF XBWF GVO!
OVNCFSPGCBTJT GVODUJPOT #FZPOE GPVS (BVTTJBOT JNQS
FOFSHZBOETIBQFPGUIF XBWFGVODUJPOBSFOFHMJHJICMF

8F GPDVTPVSFnPSUTPOEFOTFIZESPHFO UIFQSPUPUZQJL
BOEJOWFTUJHBUFUIFBDDVSBDZPG81.%BTUIFOVNCFS PG (B
'PS DPNQVUBUJPOBM F JDJFODZ XF SFUBJO B QBJSXJTF 1E
UIF XPSLPG) $8JBPEYUFOEUIF1BVMJQPUFOUJBM UP JODM
FOFSHZUFSNT 'JOBMMZ BTIJNQMFDPSSFDUJPOCBTFE PO U
JTIJOUSPEVDFE XJUIBTJOHMF TDBMJOH QBSBNFUFS UP BEE
BOE QBJSXJTF FYDIBOHF 8JUIUIJT DPSSFDUJPO BOE B UXF



FYBDUMZ NBUDI UIF MPX UFNQFSBUVSF QSFTTVSF DVSWF F
IPQFUPFYUFOEUIFQBSBNFUFS TQBDF UP XIFSF81.% BOET

51JT QBQFS JT PSHBOJ[FE B E BWPBUWPAXU FAFIF®SZBOE EFWF
UIF81.% FRVBUJPOTGPS TZTUFNT XJUIBNVMUJQMF (BVTTJBC
UP UIFEFWFMPQNFOU PG UIFVQEBUFE 1BVMJ QPUFOUJBM JO
1BVMJ QPUFOUJBM XJU| QBFWBXMSLU FDNUGSPWFNFOUT BnPSE
CBTFETZTUFNT 5IF SFTVMUT JODMVEF HFPNFUSZ PQUJNJ[B
EZOBNJDTPG UIFIZESPHFO NPMFDVMF BOE IZESPHFO VOEFS
XF CFODINBSLPVS DBMDVMBUJPOT XJUIFYQFEBNBOMB MESNA V
PGUIFFNFDUTPGBQQSPYJNBUJPOTJODVSSFOUS81.% UFDIOJ
UP QSPWJEF MBSHF TDBMF TINVMBUJPOT PG EFOTF QMBTNI|
QIBTF TQBDF

.BUFSJBMT BOE .FUIPET

*OUSPEVDUJPO UP 8BWF 1BDLFU .PMFDVMBS ¢

*O81.% UIFNBOZ FMFDUSPO USD BB XBNWVUG S OFEIPOB TFU PC
(q(t)) < L > %FWFMPQNFOU PGB GVMMZ BOUJ TZNNFUS.
UIFbDBMDVMBUJPOPGUIFAMBUFS EFUFSNJOBOUPGBMMTJ
UBUJPOBMMZ FYQFOTJIW¥ PFPHSHBDSIFPBOTE UIF DPNQVUBUJPO
JNQMFNFOUBUJPOTPG81.% JODMVEJOHF'"" VTFUIFTINQMF
UISPVHIUIF MJOFBS DPNCJOBUJPO PG UIKTSOHMNFE QBRI JD
QSPEVDU XBWH GYODPRUJIPGE BT



H(Xt) = k(4 1);
k=1

L UIFMFDUSPO 6TJOHUIF)BSUSFFQSPEVDUGPSUIFNBOZ C
UIFDPSSFDUBOUJ TZNNFUSZOFFEFE UP FOTVSF GFSNJPOJD
WIJPMBUF UIF1BVMJFYDMVTIPO QSJODJQMF 5P NBLF QSBLEL
VTFPG1BVMIJQPUFOUJBMT IFMQT BQQSPYJIJNBUF UIFNJTTJOI
VTFPG1BVMJQPUFOUJBMTJO NPSFEFUBIJMJO 4FDUJPO

"OPUIFSBQQSPYJNBUJPOJIJNQMFNFOUFE GPSDPNQVUBUJ
OJRVFT JTUIFVUIJMIJ[BUJPOPGBTJOHMFJTPUSPQJD (BVT
FBDIFMFDWUSPO x (BVTTJBOCBTFTIBWFCFFOVTFETJODF Ul
FMFDUSPOJD U SRKORWEE UP HFU UIF NPTU BDDVSBUF XBWF
VTFPGBOJODSFBTFECBTJT BT XBTEHFNP\OM BSBDV¥ETOI'B BVE
UPUIF81. % UIFPSZEVFUPBMBSHFSCBTJTTFUJO NPSF EFU

5IF (BVTTJBO XBWF GVODUJPO VTFEJO81.% JTUZQJDBN
UFO SFBM QIZTIDEMAV,RIBCMFET

L j‘F ’ij2+

3 ip (F %) .
42 o= -

k(%) =

SIFFMFHBODF PG UIJTf(IqE:FI’f‘iJ(D'UU.llIPBY]CDFUDB'BU\bF‘—’(hﬁiPG QPTJL

JTUIFFYQFDUBUJPO PG NPRPRFOMYNT BROEVODFSUBJOUZ JO G
XJUIUIFDPSSFTQPOEJOH DPOKVHBUF NPNFOUVN



&RVBUJPOT PG NPUJPO GPSUIFEZOBNJDBM QBSBNFUFST
PGUIFUJNF EFQFOEFOU 4DISPEJOHFS FRVBUJPO <

XIFSHFITUIFUPUBM FOFSHZPGTWHTIZHWIFE BMM EZOBNJD WB
OPSN NBNUSIYEF JOFEBT GPMMPXT

@@, wgy a
quql_@k@l In (q) (q)’

XIFSIE, JTBNBUSJY FMFNFOU Py $AR SPBMONBIUBST®FDJ JD FI
UIFTFUPG UJNF EFQFOEFOU WBSJBWIF OPMW QR 5 B PWKS/TH B
'PSUIF TIJIOHMF (BVTTJBO CBTUNHFWF¥BUIPORVEAINPOJPO U
TINQME )BNJMUWPO GPSN <

S5SIFUPUBM)BNJMUPOJBOPQFSBUPSPGUIFTFNJ DMBTTJDB
XJulbDMBTTIJDBM QPJOU MJLFJIPOTJT HIWFO CZ

A :(T\i"'\/)ii)"'(fe"'\?ei"'\?ee)"' |qHarm ;

XIFSFUIFPQFSBUPSTUBLFPOUIFIJSVTVBMDMBTTJDBM

X g 1X 7z,

fi= oy Vs

2 1;J jRI RJj

BOE RVBOUVN NFDIBOJDBM




EF JOJOQUPTQUNF FMFDUSPO LJOF ) DTFOIFSHHEZFIDQSSIBILRS O $PV
QPUFOUJBM FOYSHIZWPIG FSEFWRISPO FMFDUSPO $PVMPNCJD QP
TN JTUIFJPO LJOFUYDIFOFISH?Z BIQJPO $PVMPNCJD QPUFOUJB
FYQSFTpIr $SFQBFTFOUT UIFDMBTTJDBM NPWNFOLFVWBPIG PIG-U3 1B
*UIJBATUIFOVNCFS PG QSPUPOR;JISFQIFHTHOUAQW IB@EP TIUJIP
+ UIJPO

51F JOBMUFSNJOUIF)BNJMUPOJBOTEE IBGCRNEPDJI R ROEBESHZQ
VCIRVIJUPVT UISPVHIPVUSB1.MIJTRAFSNJITUZQIJDBMMZ VTFE U
FMFDUSPORT TJ[F XIJDINBZJODSFBTFUPUIFQPJOUUIBU
OFHMJHJCMF "TTVDI UIFIBSNPOJD FOFSHZUFSNJT OPUBO
BSHVNFOUT CVUJUDPNFTGSPNBDPNQVUBUJPOBM OFDFTT
UIF GPSN TVHHFTUFEF(UZB(;I‘MFJ@EINQBIH%MM=P::'jlg—ggZBOE
oJTTFUUP UP IBMG UIF TINVMBUIFCPURE MFGHPWRKE UIBU L
SFQSFTFOUTB TNBMM DPOUSJCVUJPO UPUIFUPUBM FOFSH_:
QBDLFUTBSFDPOTUSBJOFE FOPVHI GSPNUBIFJPOJD QPUFO!

&YUFOTJPOUP .VMUJQMF (BVTTJBOT

SIFQSIJNBSZBJIJNPGUIJT XPSLXBTUPJOWFTUJHBUF UIF JN
QMBTNBT XJUI 81.% XIFO UIF CBTJT TFUJT FYUFOEFE UP J
'PMMPXJOHUIF GSBNFXPSL PG .PSP{PWBOEOBWMWFFRBIIT UP J
NVMUJQMF (BVTTJBOTBT GPMMPXT

2%9

kGG = n e (aat)

=1

XIFSFSFQSFTFOUT UIF TIOHMF QBSUJDMF XBJ)A GVODRUBME P
P P_ R
OVNCFS PG (BVTTJBO XBWF QBDLFOTQFS FMFPUSBQ T



UIFOPSNBMIJ[BUXRO GBEWUPBWFRBEMBQ PG (B VI STIBIXSIF BTHBUTF S
UIF (BVTTJBO XBWP @BBLRU FMFDUSPO 'PS NVMUJQMF (B\
SFMBUJPOTIJQ CFUXFFO UIF QBSBNBOE YTV HFF¥Q B DWRYELO
FMFDUSPO QIZTJDBM DIBSBDUFSJTUJDTJT MPTU 5IVT UP°
FOFSHZUFSNTJOUIF)BNJMUPOJBO XFVTFUIFGPMMPXJOH

"k (—xk;t) = dy (t)e a (0 %)+ B (1) %o (1)

)FSF UIFTFUPG EZOBNJDBM WB $J B=OBET, QPG FBPTEBVTTJ
JWFDPNQMFY QBSBNFUFST QSPWJEF B UPUBM PG UFO SFBM E
OFDFTTBSZ UIFTFDBO CFNBQQFE EJSFDUMZ UP UIF UFO QIZTJ
51F QBSBMFUFSOPUBO JOEFQFOEFOU WBSJBCMF BOE JT VTFE U
(BVTTJIBO <

S5IFOPSN NBUSJY HIWFOQBPDS RWMBIUBEMPDL EJBHPOBM JO
1SPEVDUBOTBU[ XIFSFUIFCMPDLGPSUIFL UIFMFDUSPO J

nD E D Eo
Ng o = 2Im ()5 ( We (DY« (Y

X1JIDI XJUIJOUIFGSBNFXPSLPG NVMUJQMF (BVTTJBOT DB
EFSIWBUJWFT PG FBDIJOEJWJIEVBM (BVTTJBO <

D E
qu & 2Im r‘lkl (I k (X))gk (. k (X))gk Lk;qk I—k;qk

p D E
XIF&F, =(n) * "« ()% BQ@E)} JTUIFEFSIJWBUJWF XJUI SF

POFPGUEEOBNJID QBSBNFUFST



51F ) BSUSFF FOFSHZ PG UIF TZTUFN NBZ CF FYQSFTTFE
FMFDUSPO LJOFUJD FOFSHJFT BMPOH XJUI UIF FMFDUSPO
QPUFOUJBM FOFSHJFT
Huy = Ti+ Te+ Vi + Ve + Vee!

*OFBDIDBTF BOBOBMZUJDBM FYQSFTTJPO NBZCF EFSJW
UFSNT UIFZBSFNPTUFBTIMZFYQSFTTFEBT UIFQSPEVDUT
SFTJEVBM J F

D E X X
Te = H T\e Ho= Ok k Tk
k
D u HE X X X
Vei = \l)el = Ok Vikk
D E X %°
Vee = H \/7ee Ho= Okk O Vke|ek| ;

S

XIF®F SFQSFTFOUT UIF PWFS(WBB/QJ TFRIXRBWE IGIBDLFU PG |
FMFDUSPO BWH UJBO XBWF QBWILFMFDABFFO &YQSFTTJPOT (
SFTJEVBWMUFSNT®, BOEUIFPWFSMBQJOUFHSBM BSF FB
(BVTTJBO CBTJTBOEBSF QSPWJEFE JO SFGFSFODF <

%FWFMPQNFOUPGB1BJSXJTF1BVMJBOE $PS

5IF)BSUSFF QSPEVDU EF JOOFEHINOF&ORMBRYIPIBOHF FnFDUT DB
AMBUFS EFUFSNJOBOU 8JUIJOUIJTBQQSPYJNBUJPO JNQPS
RVBOUVN NFDIBOJDBMTZTUFN PG JOUFSBDUJOH GFSNJPOT 1
BSFOFHMFDUFE )FSFXFEFUBIJMUIFEFWFMPQNFOUPGB T
FYDIBOHFUFSNBEEFECFUXFFOFMFDUSPOT PG MJLFTQJO

CFUXFFOUIFFOFSHZDBMDVMBUFE XJUIUIF4MBUFS EFUFS



)BSUSFFQSPEVDU *O MJOF XJUIUIFF'"NFUIPE XFSFUBJO B
FOTVSFBDPNQVUBUJPOBM TDBMJOHDPNQBSBCMF XJUI DM
QBIJSXJTF1BVMJ QPUFOUJBM GSPN UISFFUFSNT

HP:T:+Ve'iD+VeF;

XIFSF
D E D E
T(f - sf s Hp Ho
D E D E
Ve'? = s ‘Oei s : Oei H ;
D E D E
Ve': = s Oee s H Oee H ;

BSFUIF1BVMJLJOFUJD 1BVMIJFMFDUSPOLJPO QPUFOUJBN
FOFSHZUFSNT SFTQFDUJWFMZ 6TJOHUIFVTVBMEF JOJUJP(

S(x: %) = pl—z[ () 2(%) (%) (%)

BOBMZUJD FYQSFTTIJPOT GPS UIFUXP QBSUJDMF 1BN3KH FOFS
EFSIWFE 5IFBOBMZUJDBM FYQSFTTIJPOTBSFBT GPMMPXT



X X (OyOk)Okk O T +T¢ O Ok Tg +T%

TP = ;

e o (nkn))(1 (OwOk))
VP = X X X (OwOk)Okk O Vg O Ok Vi

i Do (nkn))( Ok Ok) ’
VP = X X (OwOk)Okk O V&, Oki Ok Viix :

ee o (nkn|)(1 O OIk) ’

P .

XIF®R=(nn) 2 Hj'1i Ok=0y BOEUIF SFTIEYBWUFSNT

BOM®, BSFQSPWJEFEJ® SFGFSFODF <

SIFNBKPSJUZPG81. % UFDIOJRVFT UIBU EP OPU JNQMFNF(
UP VTFB1BVMIJ QPUFOUJBM CBTFE TPMFMZ PO UIF LJOFUJIL
DIBOHF < > *OBEEJUJPO XIJMFTPNFBVUIPST SFUBJO UIF
NPNFOUVN NBOZ NPEFMT JODMVEJOHF''" TINQMJGZ UIF UF
UIJTEFQFOEFODFHKVEBMPNQBSFTPVSQBJISXJTF1IBVMIQPUFO
MJIJTIFE SFTVMUT S5IF FRATBMOUEXO MBMZXUIF LIJOFUJD FOFSH
UP FYDIBOHF BOE GPS UIJT TTZ UFSWN BHBFF XPEIFFWBMTP NBL
PGUIFLJOFUJD FOFSHZRT 1BVMJ QP FRARIMEG RMUROUB BM-B5V G 3|
JODPSQPSBUJPO PG FNQJSJDB N0 VP BNJOIF B BB NPFREUIFSTT<I O |
PVSUPUBM 1BVMJUFSN DPOUBJWY K5/TT BOSN BB UTIPROR XU
FYDIBOHF FOFSHZ XIFODPNQBSFEUPCPUIUIF MBLPX QPUFO
MIJFT BCPWF UIF MBLPX NPEFM QFSGPSNTRVIJUF QPPSMZ G
BT XJUIBTINQMF GPSN JUJTBUUFNQUJOHUPDPSSFDU GPS



'"ES—"7BMJEBUJPO PG UIFUISFF BRSNILBWMI QPWFOWIBMDPOT]J
PGBMMUISFFFOFSHZUFSNTJTDPNQBSFEUPUIFQPUFOUJBM
Cz MBLPXFUBM XIJDIVTFT POMZ U®F BFOVFWMLUD BCGHFSHIAMFEOS G
UIF FYDIBOHF FOFSHZ CFUXFFO UXP EMBBIUSFOOMIIPB UIJFFE XJ
FMFDUSPTUBUJD FOFSHZ TIPXOCZUIFEBTIFEMJOF UIF1BVM
SBOHFE CFCBEM#3BSIDBUJPO PG UIF1BVMJ QPUFOUJBM GPMMPXJ
Cz9IJBWPBM> 5IFEJnFSFOUFOFSHZDPOUSJCVUJPOTVQPOBOUJ
USIQGMEZOUFN *OUIJTTZTUFN UIFVOSFTUSJDUFE )BSUSFFL'I
&BDIFMFDUSPOJT SFQSFTFOUFECZB TJOHMF (BVTTJBO PG SBEJ
/IPUF UIFF'"QPUFOUJBMEPFT OPUNBUDIUIFFYBDUG6)' SFTVMU

*O'JHVEFXFDPNQBSFUIFFOFSHZ PG ULMBPOMWFDCHME KJOH
UIBUQSFEJDUFECZVOSFTUSJDUFE )BSUSFFL'PDL 6)" 'PS
OPDPSSFMBUJPO XIJDINBLFTJUUIFNPTUTUSBJHIUGPSX
bBMDVMBUJPOT *UJTDMFBS UIBUUIFLJOFUJD FOFSHZUFSN
GPS UIF1BVMJ FYDMVTIJPO QSJODJQMF IPXFWFS UIF PUIF
JNQPSUBOU SPMFTJOTUBCIJMJ[JOHNPMFDVMFT>BBOEHFQSFWFO
BMMUISFF1BVMJFOFSHZUFSNTBSFBEEFEUPHFUIFS UIF S
BOEFTUBCMJTIFT PVS1BVMJQPUFOUJBMRT WBMJEJUZ /PUF
TPMJECMBDL MJOF EPFTOPUNBUDIUIFFYBDUG6)' SFTVMU

OOF PG UIF SFBTPOT GPS UIF TVDDFTT PG UIF F'" UFDIOJ
UIFJODMVTJPOPGBEEJUJPOBM TDBMJOH QBSBNFUFST JO |



NBUDIFE XJUIBTFUPG NPMFDVMBS UFTU TUSVDUVSFT BD
UIF MIJNJUFECBTJTTFU BOEUIF OFHMFDUPG DPSSFMBUJP
EJNFSFODF CFUXFFO UIF FYBDU FOFSHZ BOE UIF )BSUSFFL
FYQBOEFECBTJT UXPBQQSPYJNBUJPOTQFSTJTUJOPVS NPE
MBDL PG DPSSFMBUJPO 5IFJODMVTJPOPGDPSSFMBUJPO J(
PME QSPCMFNJO RVBOUVN NFDIBOJDBM NB QP WIRERZURZET OF |
F'' XFVTFEBWBMFODFCPOE 7# XBWF GVODUJPO UP EFWF
UFSNUPBDDPVOUGPSUIFTFEF JDJFODJFT 5IFBQQSPYJNB
1BVMJ QPUFOUJBM
He = TS + VS + VS

ee

XIFSF
D E D E
TS = ve f Ve Hf Ho.
D E D E
VAR VB ) Ve Hy, H
D E D E
Ve = VB ), VB g, Mo

"TCFGPSF VUIJMJ[JOHUIFVTVBMEF JOJUJPO PG UIF UXP

VB (%1 %) = pl—z[ 1(%1) 20%2) +  1(%2) 20x)];



XFEFSIWFE BOBMZUJD FYQSFTTJPOT GPS UIF QBJIJSXJTF 74
UJPOT SIFBOBMZUJDBM FYQSFTTJPOTBSFBT GPMMPXT

X X Og Ok T§ +T& (OuOK)Okk O T +T§

TS = ;
° . (Micm)(1 + (O Ow))

Ve = X X O Ok V§ (OuOK)Okk On Vg

° N (nien)(1 + O Oxc) '

Ve = X X O Ok V&, (CuOK)Okk O V&

e (nkni)(1 + Ok Ok )

Kklo5ss

SIF7# DPSSFDUJPO XBTIJNQMFNFOUFE CFUXFFO QBJST F
TQJO S5IFTBNFTQJO FMFDUSPOT XFSFBTTVNFE UP CF XFM
1BVMJ QPUFOUJBM BOEUP OPUDPOUSJIECVUFTIJHOJ JDBOUN

S5IFUPUBM FOFSHZ PG)RY¥SpTZTJUNRBIZXCF XSJUUFO BT GPMMF

H=(Ti+Vi)+(Te+ Vei+ Veo) + (TS + V& +VE) w + (TS + VS + V) e ;

e

XIFSFFRVBMT VOJUZ XIFOUIFTQJOTPGUIFFMFDUSPOT BS
% JT TFUUP [FSP XIFOUIFTQJOTPG UIFFMFDUSPOTBSF QBSE
SIFQBSBNFNWBU CF DIPTFO B QSJPSJGPS UIFTZTUFN PG J(¢
NPMFDVMF BWBMQPWSPEB8DIFT UIFFYBDU QPUFOUJBM FOFSHZ"®
UIFQSFTTVSFPGEFOTFIZESPHFO XFTDBMFE UIJT WBMVF L
OPUFUIBUUIBNJI[F PBIWFTBO JOEJDBUJPO PG UIFSFNBJOJO
UIFNPEFM



SIF*NQMFNFOUBUJPO PG 1FSJPEJD #PVOEBS ¢

SIFTINVMBUJPO PG EFOTFQMBTNBT OFDFTTJUBUFT UIF VT
VUIMI[JOH QFSJPEJD CPVOEBSZDPOEJUJPOT UIJT CSJOHT >
JTUIFFWBMVBUJPO PG MPOH SBOHF GPSDFTBTTPDJBUFE XJI
UIFTBNF TDIFNFBTF'"' XIFSFUIFFMFDUSPTUBUJD FOFSHJFT B
TOQMJIOFUIBUHPFT GSPN UP rp WEHS BOSEETUB MIBUTWIB-O DFT U
BOEUIJSEEFSIWBUJWFTBUUIFFOQERPJOUT BSF [FSP <

f ovuE20x’  70x+84x°> 354 +1:

XIFSE x=r,y SIFDVUPmMGBOHBIPTFO UP CFFRVBMUP IBMG UIF
MFOHUI 51JTUFDIOJRVFFOBCMFTUIFVTFPGUIFNJOJNVN J
PGUIFNPTUEFTIJSBCMF QSPQFSUJFTPG81.% XIJDIJT UIF B
PGQBSUJDMFT 'JOBMMZ BT BFNPOOBSHRUEE JDOPEHVYEBIBOHF
OPUFYIJCJUUIFTBNF MPOH SBOHFDIBSBDUFSJTUJDT BT UIF
NVMUJQMIJFECZ UIFTQMJOF

8IFOBQQMZJOH UIF NJOJNVNJIJNBHFDPOWFOUJPO UP UIFF
DPNQSJTFUIBUFMFDUSPO NVTUCFUSFBUFEBTB TJOHMEF (
TIJJFEUPHFUIFS 51IFSFBSFOPSFTUSJDUJPOT PO UIFQPTJI
FMFDUSPO IPXFWFS XIFOBQQMZJOHUIFNJOJNVNJIJNBHF DP(
PG FBDIFMFDUSPORT QPTJUJPO 4VQQPTFDBSFJT OPUUBLF
TIJJFE *OUIBUDBTF UIFVOQIZTIJDBM TJUVBUJPO XIFSF B (
FMFDUSPOPOCPUIUIFMF|BOEUIFSJHIUDBO BSJTF

‘JOBMMZ UIF1BVMJBOE 7#DPSSFDUJPOFMFDUSPOLJPOFO
UFSNT &BDIUFSNJOUIFTVNNBUJPO JOWPMWFT UXP FMFDUS



JUBUISFF CPEZQPUFOUJBM 5PFOTVSFDPOTJTUFOU DBM
TIJJUIFJPOMPDBUJPOUP QPTJUJPO JU XJUIJOIBMG PG UIFC
UIFUXP FMFDUSPOT 8F OPUF UIBUUIJT EJNFST GSPNDPOTJT
FMFDUSPO POMZ XIFOUIFUXP FMFDUSPOTBSFTQBUJBMMZ T
BOE7# DPSSFDUJPO FOFSHZUFSNTBSFOFHMJHJCMF

SFTVMUT

%FOTFIZESPHFOJT POFPGUIFTINQMFTUQIZTIJDBM TZTUFENT
UIFQSPUPUZQJDBM UFTU CFEGPS BUPNJTUJD NPEFMT PG E
JTINQMFNFOUFE TFSIJBMMZ JO ."5-"# BOE JT VOBCMF UP C
GPSBMMQFSNVUBUJPOTPGBQQSPYJNBUJPOT CBTJT TFUT
PVS JOWFTUJHBUJPO UP DPME EFOTF IZESPHFO XIJDIJT P
BQQSPYIJNBUJPOTCFGPSFCFJOHFYUFOEFEUPI3HIFS UFNQ

'JHVSEFNPOTUSBUFTUIBU81. % BQQSPBDIFTUIFBOBMZUJI
BUPN XJUIBO JODSFBTJOH (BVTTJBO CBTJT 5IFHSPVOE TI
XJUIJO POF QFSDFOU VUJMJ[JOH B GPVS (BVTTJBO CBTJT
POMZ NJOPS DIBOHFTJOUIFHSPVOE TUBUF FOFSHZ BOE UIF
TIPVMEBMTPCFOPUFEUIBUUIFNPTUTJIJHOJ JDBOU JNQSPW
CBTJT GSPNPOFUPUXP (BVTTJBOT

8F OPX UVSOPVSBUUFOUJPO UP NPEFMJOH UIF FOFSHZ
'JHVSHXF QMPU UIF QPUFOUJB ), BOESH 2 X \BOGEDFSP®V F N F C
SFQSFTFOUBUJPO BT UIF (BV T TIH\CS € ERNJITQMBIYJ DU F BIFAEF |
FOFSHZ DVSWF DBMDVMBUFE XJUIPVU JODMVEJOH UIE 7# D
FOFSHZBQQSPBDIFTUIFVOSFTUSJDUFE)BSUSFFL'PDL 6)' S|
JNQSPWENFOUTBSFPCTFSWBCMF CFZPOE TJY (BVTTJBOT TN



UIFIZESPHFOBUPN BDDECSBIURNMBZITHMERPUFOUJBM FOFSHZ
XJUIBOJODSFBTJOHOVNCFSPG (BVTTIJBOTQFSFMEDUSPO U
1 *OUIJTDBTF BTUIFOVNCFSPG (BVTTIJBOTJTJODSFBTFE
UPXBSEUIFHFOFSBMJ[FE WBMFODWENDIEB (2® HBTRVWMOQMFNF
UIFNVMUJQMF (BVTTJBO CBTJT 5IF F'" SKET\WMB T BMIA DI B K
POFBOEUXP (BVTTJBO MJOFT DMFBSMZ JOEJDBUJOH UIBU
BEESFTTUIFJIJNQFEJNFOU GSPNUIFMINJUFECBTJT BOE MBL

'ES—""#JOEJOH FOFIHIZPVMFDBAVI# DPSSFDUJPO JT FYDMVEFE
SFQSFTFOUUIFVOSFTUSJDUFE )BSUSFFL'PDL 6)' TPMVUJPO B
TPMVWIPHDPSSFBUJPDIODMVEFE $JSDMFT SFQSFTFOU UIF HF¢
CPOE (7# TPMVUJPOBOEDSPTTFTEFOPUFUIFFYBDUTPMVUJPC
UIFTPMVUJPO PCUBJOFE VTJOHUIFF'"NFUIPE

S5SIFQPUFOUJBMFOFSHZDVSWFTGPS UIF BORE PBOFT BB DTIBT
DBTFJO 'JBVGFUI FYIJCJUBLJOLBSPVOE #PIS 8F BUUSJCV
CBTJTBUUFNQUJOHUP SFQSFTFOU UXP QIFOPNFOPMPHJDBM
BOE SJHIUPGUIFLJOLMUIBUJT UIFFYQFDUBUJPO PG UIF UXF
CFUXFFOUIFUXPJPOT XIFODMPTFUPHFUIFS BOE DFOUFSTF
SIJTFnFDUJT MFTTBQQBSFOU XIFOBMBSHFSCBTJTJT VTFE



'ES—"7JCSBUJPOBM G $; RIWWMFDZ ME MUK BO JODSFBTJOH (BVT
TFU #MVFTUBSTBSFUIFGSFRVFODJFT XJUIOP 7#DPSSFDUJPO
DBMDVMBUFE XJUIUIET# BDPSCSMBODLEPUUFE MJOF SFQSFTFOUT U
UBMWBMVFPGUIFGVOERBRNEOBBMI@BFFUFIG BAZPEBNFOUBM GSFR
DBMDVMBUFECZEJTQMBDJOHUXP )JPOTCZ #PIS BOE PCTFSV

'JHVSBFQSFTFOUTUIFTUBUJDVTFPGUIFDPEF 5P WBMJEB
DBMDVMBUFE UIFGVOEBNFOUBMWS3® S BIU VPO B KIOBINUD\BAMODRZ\
PGNPUJPO *OUIFTINVMBUJPOT UIRJSFUXRMUZAZEISPKO6Q O VIO
XFSFTFQBSBUFECZB TNBMMEJTUBODF PG #PISBOE SFM
BOEUIFUPUBM SVOUJNF XBT GT 5IFFAQB¥HBIBEOP GTFSW
Vi FOFSHZ XBT QMPUUFEWFSTVT UJNF DSFBUJOHB TJOVTP
UIJNF XBT BWFSBHFEPWFSUFOPTDIJMMBUJPOTUP PCUBJO U
"TXFJODSFBTFEUIFOVNCFS PG (BVTTJBOTVTFE UIF SFTVN



SFTVMU 8JUIPVUUIF7# DPSSFDUJPO UBMNBTUGPVIOEIBB C
UIBOUIFFYQFSINFOUBMWBMMFRIG TINDMWMBUJPO JO XIJDIC
XBT BDDPVOUFE GPS UIF GSFRVFObZK¥YBTUGPINABESRICEO Ul
FYQFSINFOUBM WBMVF "TCFGPSF BTJHOJ JDBOU JNQSPWF
(BVTTIJBOT XBTJODSFBTFE GSPNPOF UP UXP

S8FIBWFEFNPOTUSBUFEUIFBQQMJDBCIMJUZ PG UIF NFUIP
QSFTFOUFEUIVT GBS 8FOPXUVSOPVSBUUFOUJPO UP NPEI
TZTUFN 'PSUIJT XPSL XFVUJMIJ[FETZTUFNTDPOTJTUJOH PC
FMFDUSPOT 5IVT GPSUIFNBKPSJUZPRFESBPNRBIRIOHTQ@ORTFE
PGBOFOFSHZ NJOJNJ[FETZTUFNBU , DBMDVMBUWVFEBDDPSI
FYQFSINFOUBM SFTVMUT BOE PUIFSNPEFMTDBMDVMBUFE BU
EJNnFSFODFJOQSFTTVSFCFUXFFO BOE ,JTOFHMJHJCMEF !
JO'JHVBFUIFEBUB GSPN BWMBUBPKCMVF MJOF BOEPVSLJOFUJD
EBTIFECMVF MJOF CPUIDBMDVMBUFE XJUIBTJOHMF (BVTT
PWFSUIF SBOHFPGEFOTJUJFTDPOTJEFSFE

*O'JHVSB8FXIJDITIPXTPOMZ SFTVMUT DBMDVMBUFE XJUI B
DBOTFFUIBUUIFSFTVMUT DBMDVMBUFE XJUIPVS QBJSXJTF |
+BLPOG BMIDI XFSFDBMDVMBUFE VTJOHBO FYBDU FYDIBOHF
PGUIF7#DPSSFDUJPO JO UIJT DBTF=03331 X FFEXTFL3 B MNBIOWVH QBS
CFUUFS NBUDIFYQFSIJNFOUBM SFTVMUT> COBUIOF D BODH 1Bl
7# DPSSFDUJPOJT BDDPVOUJOH GPS UIFQBJSXJTF FYDIBOH
DPSSFMBUJPO 8F OPUFUIBUPVS SFTVMUGPMMPXT NPSFDM



'ES—"5IF QSFTTVSFPG EFBTHIZEGBSFIPO PG PVS SFTVMUT UP
UIFMJUFSBUVSF GPSBTJOHMF (BVTTJBOCBTJT OVS SFTVMU
UIFQVCMJTIFE SFTVMUT CPUIFYQFSINFOUBMBOEUIFPSFUJD
TNBMMPnTFUCFUXFFOUIF MBLPXFUBM SFTVMUTBOEPVS S
FOFSHZDPNQPOFOUPG FYDIBOHF EFNPOTUSBUF WOF BQQMJDB(
&YUFOTJPO UP NVMUJQMF (BVTTJBOT 5IF SFEMJOFT DBMDVM|
TIPXUIBUJODSFBTJOH UIFOVNCFS PG (BVTTJBOTIBT POMZ B -
DVSWF 5IF7# DPSSFDUJPOJTOFFEFEUP OFOSWINBSDANCDIFSINF!
DSZTUBM TUSVDUVSFPGIZESPHFOBU B 8JHOFSL4FJU[ SBEJVTF
CBTJT BOE TDBMFE ##:B3 SES FHYWRIIP®OBM DMPTF QBDLFEDSZTUB
PGIZESPHFO BUB 8JHOFSL4FJU[ SBEJVT PG XJUI BUXP (BVT
D P S SF D1%20

*O'JHVERIIF FNnFDUPGBO JODSFBTFECBTJTJT TIPXO GPS
TZTUFN CPUI XJUIBOE XJUIPVUUIF7#DPSSFDUJPO *OUFSF
FYDIBOHF FOFSHZ BOJODSFBTFE (BVTTJBO CBTJT EPFT OPL
SIJT TVHHFTUT UIFTZTUFNRT MIJNJUBUJPO DBO CF USBDFE
UIF QBIJSXJTF FYDIBOHF )PXFWFS XJUI UIRJP#NDAP>SFSS-D LR P
QSFTTVSF 8JUIBUXP (BVTTJBO CBTJT BOOBB TOBMEEG 7# D
FYBDUMZ NBUDIUIFFYQFSIJNFOUBM SFTVMUT BDSPTT UIF E
TVHHFTUUIBUJNQSPWFEDPSSFMBUJPOBOE GVMM FYDIBOHI
CBTJT 8JUIUIBUTBJE JG XFJOWFTUJHBUFUIFDSZTUBM TUS
XJUIUIFDPSSFDUJPO XF JOEUIFTIJOHMF (BVTTJBOCBTJT I



‘JHVSB *ODPOUSBTU UIFUXP (BVTTJBOTZTUFNIBTUIFDPS
TUSVDUVSF DEG 'JHVSF

'PS PVSCFTUNPEFM UIF UXP EBYS2Z2TXBAEBHABTMFUIP SV
QFSJPEJD EZOBNJDBM TIJNVMBUJPO VTIJOH B BT UINFTL
XFTDBMFEUIFJPO WFMPDJUJFT UP IBWF B LJOFUJD FOFSH
FMFDUSPOT FRVIJMJCSBUF XJUIUIFJPOT %VSJOHUIJT TINV
PTDIMMBUF CFUXFFO BOE (1B EFOPUFE CZ UCF DSPTT
SIJTTINVMBUJPO EFNPOTUSBUFT UIFNPEFMRTBQQMJDBCJ!I
QBSBMMFMJ[JOHUIFDPEF GPS NPEFMJOH MBSHFS TZTUFNT

%JTDVTTJIPO

"UPNJTUJD TINVMBUJPOTTVDIBT81. % UIBUHP CFZPOE UIF #0
TBSZUPEFTDSJCFUIFEZOBNIJDTPGEFOTFQMBTNBTTZTUFENT
NBUUFS )PXFWFS JONBOZJNQMFNFOUBUJPOTPGS81.% NVM
UPBDIJFWFDPNQVUBUJPOBMF JDJFODZ 5I1JTF JDJFODZIB
F'* MBWPSPGS81.% XIJDI EFTQJUFUIFSFTUSJDUJWF TJOH
SFNBSLBCMF TVDDFTT 51JTDBO JOQBSU CFBUUSJCVUFE U
UFSTUIBUTIJNVMUBOFPVTMZBUUFNQU UPDPSSFDU GPS EF
UP FYDIBOHF BOE MBDL PG DPSSFMBUJPO )PXFWFS UIF \
UIFNFUIPERTBQQMJDBCJIJMJUZJO VOUFTUFE SFHINFT TVD
QMBTNBT RVFTUJPOBCMF

SPSFEVDFUIFOVNCFSPGTDBMJOHQBSBNFUFST XFIBWFJ
XJUIBOFYUFOEFENVMUJQMF (BVTTJBOCBTJTUP EFTDSJCF
EFOTFIZESPHFO 'VSUIFSNPSF XFVTFUIFINQSPWFE 1BVMJ
X1JDIJODMVEFTUIFFMFDUSPOLFMFDUSPOBOEFMFDUSPOLJI



PGUIFFMFDUSPOLFMFDUSPO FYDIBOHFJO UIF1BVMJ QPUF
BMMPXGPSTQBUJBM DPSSFMBUJPOTBNPOHEZOBNJDBMMZ !
FWFS JOPSEFSUPBDIJFWFDPNQVUBUJPOBM TDBMJOH DP!
UIFEJTUJODU BEWBOUBHFT PG UIFF''"NFUIPE XFSFUBJO UIF
S8F BDIJFWFEJNQSPWFNFOUTJOUIFEFTDSIJQUJPOT PG IZESP]
TZTUFNTBTUIFOVNCFS PG (BVTTJBOT XBTJODSFBTFE GSP?!
QSFWJIJPVT XPSLPOOPO QFSJPEJD TZTUPBNTPRIBE KB E XJFODRIFBI
UIFCBTJT GSPNPOFUPUXP (BVTTJBOT QSPWJEFE UIF HSFBL

JUIUIFINQSPWFE CBTJT BOE FYDIBOHF UIF NPTU TJHC
BUUSJCVUFEUPUIFNPEFMRTMBDLPGDPSSFMBUJPO 8FJNQN
POUIF7# XBWF GVODUJPO XIJDI XFEFNPOTUSBUFE JO UIF 1Z
JPXFWFS UP NBUDIFYQFSIJNFOUBM SFTVMUT XFNVTU VUJI
UIJTDPSSFDUJPO UFSN

'VUVSF XPSL XJMM GPDVT POJNQSPWJOHUIFDPSSFMBU.
CFNPEJJFEUPUBLFJOUP BDDPESOGYQWPBWIPEHBFE SPCVTL
GVODUJPOBMT X3UTO@BBEIIYIPO UIJT XPSLIBTCFFO SFTUSJ
MPX UFNQFSBUVSFEFOTFTZTUFNTEVFUPUIFTFSIBMJINQMF
DPNQVUBUJPOBM MJNJUBUJPOT BOE FYQMPSF IJHIFS UFNC
QMBO UP QPSUUIFDPEFPWFSUP$ XJUI$16 TDBMBCJIMJIUZ.
TINQMFS 81. % NPEFMT JO UPHVBERBET VT UP CFMJFWF PVS IJNQS
FYUFOEUIF SFHIJPO PG WBMJEJUZ IPXFWFS UIBUJT ZFU UP



$IBQUFS

SIFIJNQ@QBDUPG OPO BEJBCBU
JPOTFMG EJuVTJIPO

8 " "OHFSNF#AF4&S 4DIFJOFS / 3 4IBuFS BOES5 ( 8l1JUF

%JTFOUBOH
PG OPO BEJBCBUJD JOUFSBDUJPOTVQPOJPOTFMG EJpuVTIPO XJL

11IIJMPTPQIJDBM 5SBOTBDUJPOT PG UIF3PZBM 4PDJFUZ" .BUIFNBI

&OHJOFFSJOH 4DJFODFT +VMZ EPJ STUB

IlUUQT SPZBMTPDJFUZQVCMJTIJOH PSH EPJ STUB

*OUSPEVDUJPO

8BSNEFOTFNBUUFS 8%. JTBOJOUFSNFEJBUFTUBUF PG NB
BEFOTJUZ SBOHF PBOE UFNQIFSBUVSFT GSPN4IJNVMBUIPOT
PG8%. UZQJDBMMZ FNQMPZ UIF #PSO OQQFOIFJIJNFS #0 BQ
UIFBEJBCBUJD BQQSPYJIJNBUJPO XIJDIEJDUBUFTUIBUUIF F
UIFJPO J*MEHVBMMZ KVTUJ JFEUISPVHIUIFEJTQBSBUF FC

BOEJPONPUJPO JUJTUIFDPSOFSTUPOF PG NPEFSO TIJNV|



BOEDIFNJTUSAB4FUIFS TVDI B GVOEBNFOUBM QSFNJTFIPMET
PGNBUUFSJOUIFDFOUFSPGQMBOFUTBOE TUBSTJT VMUJ
SFENPWFUIJTBQQSPYJNBUJPO IBWF MFEUP DPO MJDUJOH
EZOBNJDTUP OPO BEJBCBUJD FnFDUT (JWFO UIF MBDL PG U]
PGFYQFSINFOUBMEBUB PO JPOUSBOTQPSUQSPQFSUJFT J(
OPO BEJBCBUJD FnFDUTJT TUJMM VCOEFS TDSVUJOZ<

/PO BEJBCBUJD FnFDUT BSF PSEJOBSIJMZ BTTPDJBUFE X
X1JDI'TIHOJ JDBOU FOFSHZ FYDIBOHF PDDVST CFUXFFO UIF
FYBNQMFJO 8%.JTUFNQFSBUVSFFRVIMJCSBUXPOBORUXFFO
BVUIPSTIBWFDMBJIJNFEUIBUOPO BEJBCBUJD FnFDUTDBO BM"
TVDIBTJPOTFMG EOBEVWPIPBREPVTUJIJD XBWF QB8REOWIHBUUPROF
DMBIJNTBSFEJ JDVMUUPUFTUVTJOHBWBJMBCMF TINVMBU.
EJTFOUBOHMFUIF FNFDUT PG OPO BEJBCBUJD JOUFSBDUJI
USFBUJOHUIF FMFDUSPOT 5IF QSJNBSZGPDVTPGUIJT QB
XIFUIFS OPO BEJBCBUJD FnFDUT J F UIPTFUIBU EP OPU EN
SFMFWBOU UPJPOTFMG EJnVTIJIPOJO FRVIJMJCSJVN 8%. *PO
USBOTQPSUQSPQFSUZPGJOUFSFTUBTJUJTTIJNQMFUP PC
QSFEJDUFEUPIBWFB MBSHFTFOTJU3WJUZ UP OPO BEJBCB

5,..2> *PO TFMG EJnVTJPO DPF JDJFOU PG XBSN EFOTF IZESP
TINVMBUJPOTGPS GPVSTQFDJ JEEREIAGTRITBOE DFNQFEBUVSF
DPVQMJOH QBSBNBEFS)RIFISFIF 8JHOFS 4FJUUSBERUDVNCFS
EFOTUUTZUIF UFNQF ZBUMSIF BWESBHF JPODIBSHF TUBUF XIJDIFTI
UIF5IPNBT 'FSNJ NPEFMgT=Er JTUIFFMFDUSPO EFHFOFSBDZ QB
XIFEF = ~%@3 2Zn)¥2=2me JTUIF 'FSNJF®FSHZ <

H BN 5 F72Z Doer cnY=s Dere cnY=s




SIFJEFBMBQQSPBDIUP RVBOUJGZJOH OPO BEJBCBUJD Fn
DPNQBSFBEJBCBUJD EFOTJUZ GVODUJPOBMUIFPSZ NPMEFED
SFTVMUTUPBTIJNJMBSMZ IJHI JEFMJUZOPO BEJBCBUJD NFU
60GPSUVOBUFMZ UIFIJHIDPNQVUBUJPOBMDPTUPG TVDI |
TUVEZUIFJPOEZOBNJDTJO8%. 51JTIJHIDPNQVUBUJPOBM D
PGGBTUFS OPO BEJBCBUJD TINVMBUJPO NFUIPET TVDIBTU
CVUUIFTFGBTUFSNFUIPETSFMZPONBOZTINQMIJIGZIJOHBQQ!

< >

OOF XPVMEMJLFUPBUUSJCVUF EJTDSFQBODJFT CFUXFF
BEJBCBUJD FnFDUT CVUUIFBQQSPYJNBUJPOT VTFE GPS U
TINOMJ JBBDPNQBSFE UP %'5UIBU TVDI B DPNQBEHBIOM®P JT EV
TIPXTUIFJPOTFMG EJnVTJPODPF JDJFOUGPS WBSJPVT UFI
8%. SFHINFVTIJOH %'5S . % BOEF'" S5IF%'5 . % EBUB XBT PCUB.
41BN %'5 ,4 %'5 GPSNVMBUJPO XJUIUIFTIJNVMBUJPO EFUBJN
NBUFSJBM /PUJDFBCMFEJNFSFODFTBSFTFFOCFUXFFO UI
CVUXFDBOOPUDPODMVTIWFMZBTDSJCF OPO BEJBCBUJD F
BWPJEFRVBUJOH NPEFMT XJUIGVOEBNFOUBMMZ EJNFSFOU
EFWFMPQFEBNFUIPECBTFEPOUIFFMFDUSPO GPSDF JFME |
FYBNJOBUJPO PG OPO BEJBCBUJD FnFDUT XIJMF DPOUSPMI
UIFVOEFSMZJOH NPEFM

SPIJOWFTUJHBUF UIF SFMFWBODF PG OPO BEJBCBUJD Fn
XFDPNQBSFUIFJPOTFMG EJNnVTIJPODPF JDJFOUT DBMDVM
CBUJD TINVMBUJPO )PXFWFS JO DPRESBIMIUF @ &SHVS DAV N B
UFDIOJRVF UP FYUSBDU BO FnFDUJWF JPO JPO JOUFSBDUJ
TINVMBUJPO GPSVTFJOBDMBTTIJDBMBEJBCBUJD . % TINVN
TFMG EJnVTIJPO QSFEJDUFE GSPN FBDITJNVMBUJPO BQQSPB



UIFJPOEZOBNJDT 4JODFCPUIBQQSPBDIFTBSFEFSIJWFE GS
BWPJETUIFQSPCMENTJOIFSFOUJODPNQBSJOHF'" XJUI %'5

.FUIPE

8F VTF F''"BT PVS OPO BEJBCBUJD T3 B\OMEBIPIWP OWINB U IPPEX G |
NBUDIJOH DIPE¥* <+'""JTB MBWPSPGUIF XBWFQBDLFUNPMFD\
UIBUUSFBUT UIFFMFDUSPOTBT RVBOUVN NFDIBOJDBM FOU
QPJOU MIJLFQBSUJDMFT CPUIUIFFMFDUSPOTBOEJPOT BSF
UJNF BDDPSEJOHUP )BNJMUPORT FRVBUJPOT PG NPUJPO 51|
NFUIPEPMPHZ JOUSJOTJDBMMZ JODPSQPSBUFT OPO BEJBC
BOEJPOTUP NPWFUPHFUIFS *OF'" TFWFSBMTJHOJ JDBOUT
FWPMWF JO UJNF XJUIDMBTTJDBM FRVBUJPOT PG NPUJPO XI
EFTDSJQUJPO S5IFTFIJODMVEFVTIJOHBTJOHMFTQIFSJDBM
XBWFQBDLFU USFBUJOHFMFDUSPOTBTEJTUJOHVJTIBCMI
UIFUPUBM XBWF GVODUJPO BOEBEEJOHFNQJSJDBMMZ QBSE
GPSUIFOFHMFDU PG BOUMWFIRNBBYZKVODPOUSPMMFE BQQS
OPIJHI JEFMJUZBMUFSOBUJWFFYJTUT GPS TINVMBUJOH
UJNFTDBMFT OFFEFEUPDPNQVUFJPOUSBOTQPSUQSPQFSU
NPEFM UIBU XPVME QSPWJEF B NPSFSPCVTUBMUFSOBUJW
FBDIFMFDUSPO XBWF QBDLFU IJNQMFNFOUB CFUUFS BQQ S
BOEJODPSQPSBUFBEJSFDUBQQSPYJNBUJPO GPS UIF FMF
BEEJUJPOTIBWFCFFOTUVEJFEJOBQSFWIJPVT QVCMJDBUJI

*O BEEJUJPO F''"BMMPXT GPS UIMEAOCPBOBBMMFBBE PXI b
IBT QSFWJPVTMZ CFFO VUJMJ[FE UP JODSFBTF UIF TINVMB
DPNQVUBUJPOBM XBPMMAWBS FWBSJBUJPO PG UIFEZOBNJD FM



CFFOVTFEUP NPEJGZ OPO BEJBCBUJD FMFDUSPO JPO JOL
UP CFUUFS NBUDIFYQFSIJNFOWBBMEBEBBCBUJD TINVMBUJP
%'5 .% UIFFMFDUSPOTR NBTTDBO CFUIPVHIUPGBTFnFDUJ
SFTQPOEJOTUBOUBOFPVTMZUPUIFNPUJPOPGUIFJPOTJOU
FMFDUSPONBTTBQQSPBDIFT[FSP F'""TINVMBUJPOTTBUJTGZ
BEJBCBUJD $POWFSTFMZ BTUIFEZOBNJD FMFDUSPO NBTT
CFDPNF NPSFQSFWBMFOU *OUIJT XPSN, KF B XB 4 @ FSHIRIAF
UIFTFOTJUJWJUZPGJPOEZOBNJDTUP OPO BEJBCBUJD FnF

S5IFF'"" . % TINVMBUJPOTJOUIJT XPSLVUJIJMIJ[FUIFF'"INQMF
DPEF>< 5IFF'""TINVMBUJR@FIJIPROOUBIIPBEMFDUSPOT BOE XF
JNQMFNFOUFEJOUIFNJDSPDBOPOJDBM /7& FOTLTBNCMF 5IF
100*GTRPS M XIFRFJTUIFQIZTIDBM FMFDUSPONBTT BOE UIF
UP FWPMTFBEFFS BO FRVJIJMJ®E868 T VYO UK MBAPFGMPDJIJUZ SFTDBMJ
'P®le< Im UIF UINF TUFQ S2HOHFELBEPN®> GT EFQFOEJOH P(
UFNQFSBUVSFBOEEFOTJUZPGUIFTZTUFN 5PQSFWFOUUIFF
FYDFTTIWFMZEJnVTF UIFXJEUI XBT SFHVMBUFE VT>OHBSFT
%VF UP UIFJODSFBTFE DPNQVUBUJPOBM DPTU PG F'" TINVI
XFQFSGPSWFEMWIF' TINVMB BIP®TEIFS FRVIJMWCSBUJ®H GP
BMMDBTFT DPOWFSHFODF XJUISFTQFDUUPUPUBM TINVM
UIFWFMPDJUZBVUP DPSSFMBUJWNO=0)V @O)iUJFKOT="$8FTVN SV N
FOTVSFEUIFJPOTIBE SFBDIFEFRVIJMICSIJVNCZWFSJGZJOI
MVDUVBUF NP SxJWBOP OPUJDFBCMF MPOH UFSN ESJ| 5IF FN
UPCFJOUIFSNPEZOBNJD FRVIJMJCSJVN XJUIUIFJPOTCBTF
XIJDIPTDIMMBUYEMBIDHIBIG TINVMBUJPO

*OPSEFSUP EJSFDUMZDPOOFDUUIFF'"SFTVMUT XJUI UIF ¢
FRVBM JEFMJUZBEJBCBUJD TINVMBUJPO NFUIPE 8F BDDPN



BGPSDF NBUDIFEJPO JPO QPUFOUJBM 'SPN1PU JU XF FYL
EF JOFECZUBCVMBUFEWBMVFTBOE TQMJOFJOUFSQPMBL
BOOFBMJOH NFUIPE UP NJOJNJ[FUIF NFBO TRVBSF EFWJBU
BOEDBMDVMBUWFERSPWBIDFXPSL XFVTFEBUBGSPNUIFF'" TJ
SFGFSFODFGPSDFTJOUIF GPSDF NBUDIJOHBMHPSJUIN I
TQFDJ JD UFNQFSBUVSF EFOTJUZ BOE EZOBNJD FMFDUSF
SFGFSFODF DPO JHVSBUJPOT VOJGPSNMZ TFMFDUFE GS
VTFEB :VLBXB QPUFOUJBM XJUIBSIPNBT '"FSNJTDSFFOJOF
UIF GPSDF NBUDIFE QPUFOUJBM 5IF FNnFDUJWF QPUFOUJB
FOTFNCMF BWFSBHFETDSFFOJOHFNFDUTEVFUPUIFQSFTFO
1PU JUQSPEVDFT B GPSDFE NBUDIFE QPUFOUJBM JO BO P\
JOUP -"..14 UP IJNQMFNFOU B DMBTT3DBM FB TVSNMKMRBRWYDBMAQL
VOEFSMZJOH BQQSPYIJNBUJPOT BOE BMMPX GPS B EJSFDU
TINVMBUJPO DMBTTJDBM . % XJUI GPSDF NBUDIFE QPUFOUJE
F''" XFDPNQBSFUIF SBEJBM EJTUSJCVUJPO GVODUJPOT
EFOTJUZ 'VSUIFSNPSF XFJODMVEF UIF 3%' GSPNCQUIFP%'5 . %
QSPWIJEF NPSFFWJEFODF GPS XIZF'"BOE %'5 TIPVME OPU CF
TINVMBUJPO IBEUIF TBNF QBSBNFUFSTBTUIFDPSSFTQPOE
UIFQBSBNFUFST XFSF NBUDIFEUPUIFF'"TINVMBUJPOT VTFI
QPUFOUJBMT

SFTVMUT BOE %JTDVTTJPO

*O'JH B XFTIPXBO FYBNQMF GPSDF NBUDIFE QPUFOUJB
TINVMBUMO X GIPS H DPRU 5 F7 51T QPUFOUJBM JT I
UP B $PVMPNC QPUFOUJBM BOE B :VLBXB QPUFOUJBM XJUI
PCUBJOFECZ JUUJOH UIF GP 3D FE NNBRUDT & E @NPRJTFTIOXJIWBING F T C



'€S—"" B 1MPU PG JPO JPO QPUFOUJBM FOFSHZ GPS B ) QMB"
TINVMBUJPO BUDN F7 BOE me S5IF TPMJE CMBDL MJOF JT
GPSDF NBUDIFEQPUFOUJBM PCUBJOFE GSPN 1PU JU S5IFEBTIFI
XJUIBOJOWFSTF TDSPEQWBOO MEFOAWUUJOHUP UIFGPSDF NBUD
JTEIJNFOTIJPOMFTT XJUI SFTQFDUaU B IFI EBUHEBFTY EEFAIM V § BEJO/FT
UIF$PVMPNC QPUFOUJBM GPS SFGFSFODF C 3BEJBMEJTUSJ
EFOTFIZESPHFO BUUIF TBNF UIFSNPEZOBNJD DPOEJUJPOT B~
MJOF SFQSFTFOUTUIF GPSDF NBUDIFE QPUFOUJBM GSPN 1PU JU
X'J Wl me UIFEBTIFE SFEMJOF SFQSFTFOMJ UIFie' TINVMBUJF
TPMJECMVF MJOF SFQSFTFOU UIF GPSDF NBUDIFEQPUFOUJBM
TINVMBUMRO YWUUIF EBTIFE MJHIUCMVF MJOF SFQSFTFOUT UIF F
Me me BOEUIFQVSQMF TRVBSFT SFQSFTFOUUIF3%'GSPNUIF,



8JHOFSLAFJH[®SIBFBFEI4)S(n) B BOEJTUIFJPO QBSUJDMF EFOT
JUUFE :VLBXB QPUFOUJBM NBUDIFT XFMM XJUIUIF GPSDF N
UIBUUIFQPUFOUJBM PCUBJOFE GSPNF'"DPOUBJOT TDSFEF(
JOUFSBDUJPOT JOBHSFFNFOU XJUI QSFWJPVT XPSL XIFSF
EFOTFIZESPHFO XBT TIPXO UPCF :VLBXB MJLF<

8F DPNQBSF UIF 3%'T GSPNUIFDMBTTJDBM TINVMBUJPO
F'" TINVMBUJPOT UP FOTVSF UIF UXP NFUIPET EFTDSJCF U
1SFWJPVT XPSLIBT TIPXOUIBU OPO BEJBCBUJD FnFDUT IB
TUSVDUVSPEGBDUPS K 3%' XIJDIJT SFMBUFEUPUIFTUBUJD T
BTQBUJBM 'PVSJFSUSBOTGPSN JTBMTP OPUFYQFDUFE UP
8F DPO JSN UIJT O "AHIDI TIPXT 3%'T GSPN TINVMBUJPOT Q
TBNFUIFSNPEZOBNJD DPOEBUJPIOFRIYRIFDQ@ RKEH UIF 3%'T GSPN
TINVMBUJPOT VTJOH B EZONN J DW.FBVORED U S P 1@ \NBBTUTDP G

*O'JH C XFEFNPOTUSBUF UIFWBMJEJUZPGUIF GPSDF NE
JOHBO FnFDUJWFJPO JPOQPUFOUJBMUIBU SFQSPEVDFT UIF
'PSWMF m:DBTF XFDPO JSNFEUIBUUIF3%'T GPS F'"BOE D
NBUDI 5IFTF SFTVMUT EFNPOTUSBUF UIBU XFIBWF TVDDFTT(
QPUFOUJBM UIBUDBQUVSFTUIFUJNFBOETQBUJBMMZ BWF
TINVMBUJPO XJUIUIFTBNF MFWFM PG VOEFSMZJOHBQQSPY
TBNF BHSFFNAQU GPBE.DIBETF XIJDIFYIJCIJUT FYBHHFSBUFE
JOUFSBDUJPOT "TUIF3%'T BSF SFRVIJSFEUP NBUDI GPS P
QFSGPSNUIJTWFSJ JDBUJPO GPSBMM UIFSNPEZOBNJD DPO
TVQQMFNFOUBM NBUFSJBM 8F JOEUIBUBMM3%'T B TUB!
SFHBSEMFTT PG IPXUIFOPO BEJBCBUJD FnFDUT BSF TDBMFE
NBTTJOUIFDPSSFTQPOEJOHF'"TINVMBUJPO



'"ES—""*POTFMG EJnVTJPODPF JDJFOUTPCUBJOFE GPS B SBOHF
BUWBSJPVTEFOTJUJFTBOEUFNQFSBUVSFT GSPN OPO BEJBCBU
CMBDL MJOF XJUIUSJBOHMFTJTUIFJPOTFMG EJnVTJPO PCUBJ
CSPXOMJOF XJUIDJSDMFTJTUIFJPOTFMG EJnVTJPO PCUBJO
XJUIUIFGPSDF NBUDIFE QPUFOUJBM 5IFFSSPS CBST XFSF MEF
ulBo MBS me JOUIF JHVSF BOEUIFFSSPSCBST XFSFTNBMMI
POUIFTDBMFPGUIF JHVSF

8F OPX GPDVTPOEZOBNJD QSPQFSUJFT XIFSFUIFJINQPSL
JTBOPQFORVFTUJPO 5IF(SFFO ,VCP SFMBUJPO

Z,
D

Wl =

w(0) ()i dt;
0

XBT VTFEUP DBMDVMBUF UIFJP®@TENMEBNECRPUTIROC DV B W.
VTJIJOH Ul M0)$ ¥w(t)i < > 5IFDBMDVMBUFEJPO TFEMG EJnVTJP(



GPSCPUITINVMBUJPO NFUIPERFBSFWB®BN UBNIHSBUVSFT
TQBOOJOHUIF8%. QBSBNFUFS TQBDF 5IFJPOTFMG EJnVTJ
UIFEZOBNJD FMFDUSPO NBTT XIJDINPEJ JFTUIFJIJNQPSUBO
FTUJNBUFEVODFSUBJOUZGPSUIFJPO TFMG EJNVTIJPODPF J
MFTTUIB®.,. G®SJO'JH S5IFEFUBIJMTPGUIFBOBMZTJT NFUIPE
UIFJPOTFMG EJnVTIJPO DPF JDJFOUBOE UIFVODFSUBJOU
NBUFSJBM

*OF'"'" UIFJPOT FYQFSJFODF UIF JOTUBOUBOFPVT GPSD
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